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The Score, Accuracy, and Certainty Functions determine 
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Abstract: In this paper we prove that the Single-Valued (and respectively Interval-Valued, as well 
as Subset-Valued) Score, Accuracy, and Certainty Functions determine a total order on the set of 
neutrosophic triplets (T, I, F). This total order is needed in the neutrosophic decision-making 
applications. 


Keywords: single-valued neutrosophic triplet numbers; single-valued neutrosophic score function; 
single-valued neutrosophic accuracy function; single-valued neutrosophic certainty function. 


1. Introduction 


We reveal the easiest to use single-valued neutrosophic score, accuracy, and certainty functions 
that exist in the literature and the algorithm how to use them all together. We present Xu and Da’s 
Possibility Degree that an interval is greater than or equal to another interval, and we prove that this 
method is equivalent to the intervals’ midpoints comparison. Also, Hong-yu Zhang et al.’s interval- 
valued neutrosophic score, accuracy, and certainty functions are listed, that we simplify these 
functions. Numerical examples are provided. 


2. Single- Valued Neutrosophic Score, Accuracy, and Certainty Functions 


We firstly present the most known and used in literature single-valued score, accuracy, and 
certainty functions. 

Let M be the set of single-valued neutrosophic triplet numbers, 

M = {(T,1,F), where T,/,F € [0,1],0<T+I+F <3}. (1) 

Let N = (T,1,F) ¢M bea generic single-valued neutrosophic triplet number. Then: 

T =truth (or membership) represents the positive quality of N; 

I =indeterminacy represents a negative quality of N, 

hence 1 —TJ represents a positive quality of N; 

F = falsehood (or nonmembership) represents also a negative quality of N, hence 1—F 
represents a positive quality of N. 


We present the three most used and best functions in the literature: 


2.1. The Single-Valued Neutrosophic Score Function 
s:M > [0,1] 


T+0=D+0=-F) _ 2+T=I-F 


s(T,1, F) = = (2) 


that represents the average of positiveness of the single-valued neutrosophic components T, I, F. 
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2.2. The Single-Valued Neutrosophic Accuracy Function 


a:M > [-1,1] 
a(T,1,F)=T-F (3) 


2.3. The Single-Valued Neutrosophic Certainty Function 


c:M > [0,1] 
c(T,1,F) =T (4) 


3. Algorithm for Ranking the Single-Valued Neutrosophic Triplets 


Let (%,4,F,) and (72,1,,F,) be two single-valued neutrosophic triplets from M, Le. 
j a OOM cea em ee cere =a] (0 Hp 

Apply the Neutrosophic Score Function. 

1. If s(Ty,1,,F,) > (To Io, Fo), then (Ty, 1,, F,) > (To, Io, Fo). 

2.1f s(Ty ly, F,) < S(T, bb, Fo), then (Ty, 11, F,) < (To Is, Fo). 

3. If s(T,1,,F,) = s(T9, Iz, Fz), then apply the Neutrosophic Accuracy Function: 

3.1 If a(Ty, 1, F,) > a(T>, Ip, Fy), then (Ty, 1, Fy) > (Tp, Io, Fo). 

3.2 If a(T,, 1, F,) < a(To, Ip, Fp), then (T,, 1, F,) < (To, by, Fo). 

3.3 If a(T,1,,F,) = a(12, Iz, Fz), then apply the Neutrosophic Certainty Function. 

3.3.1 If c(T,, 1, F,) > C(T>, 15, Fo), then (T;,1,, F,) > (To, Ip, Fo). 

3.3.2 If c(T,, 1, F,) < C(T, 15, Fo), then (T;,1,,F,) < (To, Ip, Fo). 

3.3.1 If c(Ty, 1, F,) = c(T, I>, Fy), then (T,,l,, F,) = (To, lp, Fy), ue. T, = Tp, 1, = hh, Fy = Fo. 


3.1. Theorem 


We prove that the single-valued neutrosophic score, accuracy, and certainty functions all 
together form a total order relationship on M. Or: 

for any two single-valued neutrosophic triplets (7,,1,,F,) and (T>, Iz, F2) we have: 

a) Either (T,,1,, F,) > (1, Ib, Fo) 

b) Or (1,1, F,) < (1, 12, Fa) 

c) Or (1T,,1,, F,) = (1, Ib, F2), which means that T, = Tz, 1, = In, Fy = Fp. 

Therefore, on the set of single-valued neutrsophic triplets M = {(T,/,F),withT,I,F € 
[0,1],0<T+1+F < 3}, the score, accuracy, and certainty functions altogether form a total order 
relationship. 

Proof. 

Firstly we apply the score function. 

The only problematic case is when we get equality: 

S(Ty,1,, Fy) = 812,12, Fo). (5) 

That means: 


24+T,-y-Fy _ 2+T2-Ig-Fy 
3 3 


or T, -— 1, =i = T, — I, — Fy. 
Secondly we apply the accuracy function. 


Again the only problematic case is when we get equality: 
a(T,,1,,F,) = a(T>, I>, Fz) or T; —= F, = T> — Fy. 


Florentin Smarandache, The Score, Accuracy, and Certainty Functions determine a Total Order on the Set of Neutrosophic 
Triplets (T, I, F) 


Neutrosophic Sets and Systems, Vol. 38, 2020 3 


Thirdly, we apply the certainty function. 

Similarly, the only problematic case may be when we get equality: 

CT h5 Fi) = ct bs5) or T= To. 

For the most problematic case, we got the following linear algebraic system of 3 equations of 
6 variables: 

Toe ep a To SF 
(aay Se ee 
Ly dp 

Let’s solve it. 

Since T, = Tz, replacing this into the second equation we get F, = Fy. 

Now, replacing both T, = T, and F, = Fy, into the first equation, we get I, = Ih. 

Therefore the two neutrosophic triplets are identical: (T,,1,,F,) = (To, Iz, Fz), i.e. equivalent 
(or equal), or T; = Tz, I, = Iz, and Fy, = Fy. 

In conclusion, for any two single-valued neutrosophic triplets, either one is bigger than the 


other, or both are equal (identical). 


4. Definition of Neutrosophic Negative Score Function 


We have introduce in 2017 for the first time [1] the Average Negative Quality Neutrosophic Function 


of a single-valued neutrosophic triplet, defined as: 


s- :[0,1f > [0,1],s° (ti, f)= wine = eee 


(6) 


4.1. Theorem 


The average positive quality (score) neutrosophic function and the average negative quality 


neutrosophic function are complementary to each other, or 


s(t,i, f)+s (t,i, f) =1. (7) 


Proof. 
Pree a Pe aaa sa (8) 
3 3 

The Neutrosophic Accuracy Function has been defined by: 

WO, TP Ast L We Gp) = 6 =7. (9) 

We have also introduce [1] for the first time the Extended Accuracy Neutrosophic Function, defined 
as follows: 

he (OP alo Li nat ate, (10) 


which varies on a range: from the worst negative quality (-2) [or minimum value], to the best 


positive quality (+1) [or maximum value]. 


4,2. Theorem 
If s(T1, lh, F1) = s(T2, b, F2), a(T1, Lh, F1) = a(T2, b, F2), and c(T1, I, F1) = c(T2, lz, Fa), 


then T1 = T2, li = ln, Fi = F2, or the two neutrosophic triplets are identical: 
(T1, I1, F1) = (To, L, F2). 
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Proof: 


It results from the proof of Theorem 3.1. 


5. Xu and Da’s Possibility Degree 


Xu and Da [3] have defined in 2002 the possibility degree P(.) that an interval is greater than 


another interval: 
[a,, az | = [by, bo | 


for Q,,Qz,b,,b2 € [0,1] and a, < az,b, < bz, in the following way: 


P({a,, az] = [b,, b2|) = max {1 — max Gace 0) 0}, 


a2—-ayz +b 


where a, — a, + bz —b, #0 (i.e. dp # A, or by F Dy. 


They proved the following: 


5.1. Properties 
1) P([a,, az] > [b,, bz]) E [0,1]; 
2) P([a,,a2] ~ [b,,b2]) = 0.5; 
3) P([a,,a2] = [b,,b2]) + P([by, bz] = [ay, az]) = 1. 


5.2. Example 
Let [0.4,0.7] and [0.3,0.6] be two intervals. 
Then, 
P((0.4, 0.7] => [0.3, 0.6]) = max {1 — max es 0) 0| = max {1 — max (~~) 0| 
0.7 —0.44+ 0.6 — 0.3 0.6 
= max {1 — ~-,0| = a =~ 0.66 > 0.50, 
0.6 0.6 
therefore [0.4, 0.7] = [0.3, 0.6]. 
The opposite: 


0.7 — 0.3 


P((0.3, 0.6) = ([0.4, 0.7])) = max {1 — max (ea 


= {1 ae 0} =~ 0.33 < 0.50 
= max 06° — 06 : OU, 


therefore [0.3, 0.6] < [0.4, 0.7]. 
We see that 


P({0.4, 0.7] = [0.3, 0.6]) + P([0.3, 0.6] > [0.4, 0.7]) = — + — = 1, 


Another method of ranking two intervals is the midpoint one. 


6. Midpoint Method 


Let A = [a1, a2] and B = [b1, b2] be two intervals included in or equal to [0, 1], with 
My, = (a1+a2)/2 and mg = (b1+ b2)/2 the midpoints of A and respectively B. Then: 


1) If my < mg then A < B. 
2) If my > mg then A> B. 


3) If m4, = mg then A =y B,i.e. A is neutrosophically equal to B. 


0),0} = max }1 — max ( 


0.4 0) of 
0.6° /’ 
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6.1. Example 


1) We take the previous example, 


0.4+0.7 


where A = [0.4,0.7], and m, = = 0.55; 


and B = [0.3,0.6], and mz =~ = 0.45. 





Since m, = 0.55 > 0.45 = mg, we have A> B. 
Let C = [0.1,0.7] and D = [0.3, 0.5]. 


0.1+0.7 0.3+0.5 
Then mc = So Oe and Mp = SOM: 








since Mc = Mp = 0.4, we get C =,y D. 
Let’s verify the ranking relationship between C and D using Xu and Da’s possibility degree 
method. 


0.5—0.1 0.4 
P({0.1, 0.7] = [0.3, 0.5]) = max {1 — max (ee, 0) F 0| = max {1 — max (=, 0) ) 0| 
_ (1 0.4 of _ - of Ge 
= max 0.8” = max 097 of =O 
and P({0.3, 0.5] > [0.1, 0.7]) = max {1 — max (— 0) 0} = max {1 — 


max (~=,0),o} = max {1 — ~*,0} = max {~=,o} =0.5; 
thus, [0.1, 0.7] =, [0.3, 0.5]. 


6.2. Corollary 


The possibility method for two intervals having the same midpoint gives always 0.5. 

For example: 

p([0.3, 0.5] = 10.2, 0.6]) = max{1 - max( ((0.6-0.3) / (0.5-0.3 + 0.6-0.2)), 0), Of = 

= max{1-max( ((0.3)/(0.6)), 0), 0} = maxf{1-max( 0.5, 0), 0} = 0.5. 

Similarly, 

p(10.2, 0.6] = [0.3, 0.5]) = max{1 - max( ((0.5-0.2) / (0.6-0.2 + 0.5-0.3)), 0), Of = 0.5. 

Hence, none of the intervals [0.3, 0.5] and [0.2, 0.6]) is bigger than the other. 

Therefore, we may consider that the intervals [0.3, 0.5] =, [0.2, 0.6] are neutrosophically equal 


(or neutrosophically equivalent). 


7. Normalized Hamming Distance between Two Intervals 


Let’s consider the Normalized Hamming Distance between two intervals [a1, a2] and [b1, bz] 
h : int([0, 1]) x int([0, 1]) > [0, 1] 
defined as follows: 
h(fat, bi], [a2, b2))= %2(\a1- b1| + lae- bl). 


7.1. Theorem 
7.1.1. The Normalized Hamming Distance between two intervals having the same midpoint 


and the negative-ideal interval [0, 0] is the same. 
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7.1.2. The Normalized Hamming Distance between two intervals having the same midpoint 


and the positive-ideal interval [1, 1] is also the same (Jun Ye [4, 5]). 


Proof. 
Let A=[m-—a,m+a] and B=[m-—b, m+b] be two intervals from [0, 1], where m-a, mta, m-b, m+, 
a,b,m €[0, 1]. A and B have the same midpoint m. 
7.1.1. h([m-a,m+al, [0, OP=%(|\m-—a-0l+\lm+a-0l)=%(m-a+m+a)=m, and 
h([m-b, m+b], [0, Op= “%(|\m—b-01 + |m+b-0l)=“%(m-bim+b)=m, 
7.1.2. h([m-a metal [1, 1)p=Ylm-—a-11+\lm+a-1|)=“Y1-mt+at+1-m-a)=1-m, and 
h(lm-b,m+b], [1, 1p=“%(|\m—b-11 4+ \lm+b-1l))=”¥01-m+b+1-m-b)=1-m. 


8. Xu and Da’s Possibility Degree Method is equivalent to the Midpoint Method 


We prove the following: 


8.1. Theorem 


The Xu and Da’s Possibility Degree Method is equivalent to the Midpoint Method in ranking 


two intervals included in [0, 1]. 


Proof. 

Let / and B be two intervals included in [0,1]. Without loss of generality, we write each interval 
in terms of each midpoint: 

A= |m,-—a,m,+a]| and B =|m,—b,m, + bl, 

where ™m,,m, € [0,1] are the midpoints of A and respectively B, and a,b € [0,1], A,B & [0,1]. 


_ 0.4+0.7 


(For example, if A = [0.4,0.7], m, = = 0.55, 0.55-0.4=0.15, then A = [0.55 — 0.15,0.55 + 


0.15]). 
1) First case: m, < mz. According to the Midpoint Method, we get A < B. Let’s prove the same 
inequality results with the second method. 
Let’s apply Xu and Da’s Possibility Degree Method: 
P(A => B) = P([m, —a,m, + a] = [m, — b,m, + b]) 


_ 1 (mz + b) — (m, — a) 0) 0 
= max wn (a ) 


Mz —-mMm,+at+b ) 0} 


= 1- ( 


M,—-mM,+atb 


Fab Db ,0} because Mm, <M, 


= max {1 - 
_ SS ae ec 
tee 2a+ 2b oe ce 2a + 2b ‘ 
ee 


i) If a+b+m,—m, <0, then p(A > B) = max { 2a+2b 


} = 0, hence A<B. 
1) If a+b+m,—m,>0, 


then p(A = B) = max { 


a+b+m,-m2 } _ at+b+m4-m?2 
2a+2b 2a+2b 


> 0. 
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a+b+m,-—mMm 2 
2a+2b 


We need to prove that < 0.5, 


orat+b+m,—m, <0.5(2a + 2b), 
oratb+m,—-m,<artb, 
or m,—m, <0, 
or mM, < Mm, which is true according to the first case assumption. 
2) Second case: m, = mz. According to the Midpoint Method, A is neutrosophically equal to B 
(we write A =y B). 
Let’s prove that we get the same result with Xu and Da’s Method. 
Then A = |[m,—a,m,+ a], and B = |m, —b,m, +b]. 
Let’s apply Xu and Da’s Method: 
(m, + b) — (m, — a) 
P(A=>B)= max {1 wn (a ary = ee Ce ae 55°0) 0} 


+b 


1 
sae 3p'0) 0} = max |1 — 5,0} = oe 


= max {1 — max ( 
Similarly: 


p(B > A) = max} ~ max ( Se) ).o} 


(m, + b) — (m, —b) + (m, +a) —(m, — a)" 
= max {1 — max — 0),.0| = 0.5 
2a+2b 
Therefore, again A =y B. 
3) If m, > mz, according to the Midpoint Method, we get A > B. 
Let’s prove the same inequality using Xu and Da’s Method. 
P(A => B) = P([m, —a,m, + a] = [mz — b,m, — bI) = 
max I — max oe EA SS 0) | 
(m, + a) — (m, — a) + (m, +b) —(m, —b) 
M,—-mMm,+atb ) 0} 
2a + 2b ae is 
i) If my —-m,+a+b<0,then P(A => B) = max{1 — 0,0} = 1, therefore A > B. 
11) If mz —-m, +a+b> 0, then 


= max {1 — max ( 


M,—-m,+atb 2a+2b—m,+m,-a-b at+b+m,—-m, 


P(A>B)= 1 —- = 
(A 2 B) max | 2a+ 2b 2a+2b 2a+ 2b 


a+b+m,—-—mM 2 
2a+2b 


We need to prove that > 0.5, 


ora+b+m,—™m, > 0.5(2a + 2b) 
oratb+m,—-—m,>a+b 
or m,— mM, > 0 


or mM, > M2, which is true according to the third case. Thus A > B. 


8.2. Consequence 


All intervals, included in [0, 1], with the same midpoint are considered neutrosophically equal. 
C(m) = {[m -—a,m +a], where all m,a,m—a,m+ae [0,1]} 


represents the class of all neutrosophically equal intervals included in [0, 1] whose midpoint is m. 


Florentin Smarandache, The Score, Accuracy, and Certainty Functions determine a Total Order on the Set of Neutrosophic 
Triplets (T, I, F) 


Neutrosophic Sets and Systems, Vol. 38, 2020 8 


i) If m = 0 or m = 1, there is only one interval centered in 0, i.e. [0, 0], and only one interval 
centered in 1, i.e. [1, 1]. 


ii) If m € {0, 1}, there are infinitely many intervals from [0, 1], centered in m. 


8.3. Consequence 


Remarkably we can rank an interval [a,b] € [0,1] with respect toa number n € [0,1] since the 
number may be transformed into an interval [n,n] as well. 

For example [0.2,0.8] > 0.4 since the midpoint of [0.2, 0.8] is 0.5, and the midpoint of [0.4, 0.4]= 
0.4, hence 0.5 > 0.4. 

Similarly, 0.7 > (0.5, 0.8). 


9. Interval (-Valued) Neutrosophic Score, Accuracy, and Certainty Functions 


Let T,/,F € [0,1] be three open, semi-open / semi-closed, or closed intervals. 

Let T” = infT and TY = supT; I* =infI and I” = supl; F" =infF and FY’ = supF. 

het Por dl? foe” ] (Olathe? ST a Fee Pe, 

We consider all possible types of intervals: open (a, b), semi-open / semi-closed (a, b] and [a, b), 
and closed [a, b]. For simplicity of notations, we are using only [a, b], but we understand all types. 

Then A = ((T*,T"], [/*,17], [F*, F’]) is an Interval Neutrosophic Triplet. 

T* is the lower limit of the interval T, 

T” is the upper limit of the interval T, 

and similarly for I*,1°, and F",F” for the intervals I, and respectively F. 

Hong-yu Zhang, Jian-giang Wang, and Xiao-hong Chen [2] in 2014 defined the Interval 
Neutrosophic Score, Accuracy, and Certainty Functions as follows. 

Let’s consider int([0, 1]) the set of all (open, semi-open/semi-closed, or closed) intervals included 
in or equal to [0, 1], where the abbreviation and index int stand for interval, and Zhang stands for 


Hong-yu Zhang, Jian-qiang Wang, and Xiao-hong Chen. 
9.1. Zhang Interval Neutrosophic Score Function 


ses - Snt([0,1])}° — int([0, 1]) 


int 
s20"8 (a) = [TE 41-1 +1—F", TY 41-2 41-F*4] (11) 


int 


9.2. Zhang Interval Neutrosophic Accuracy Function 


as + Snt([0, 1])}° — int((0, 1]) 


a"’ (A) = [min{T? — FY, TY — FY}, max{T! — FY, TY — FY] va) 
9.3. Zhang Interval Neutrosophic Certainty Function 

c"s + Sint([0, 1])}° — int((0, 1]) 

Ge AST] (13) 
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9. New Interval Neutrosophic Score, Accuracy, and Certainty Functions 


Since comparing/ranking two intervals is equivalent to comparing/ranking two members (i.e. 


Zhang 


the intervals’ midpoints), we simplify Zhang Interval Neutrosophic Score (S;,,°° ), Accuracy 


Zhang 
int 


Zhang 


mt) functions, as follows: 


sf : Sint({0,1])° — [0,1] 


a’ : fint({0,1])}? > [-L1] 
ce’ : fint((0,1])}° > [0,1] 


int 


(a ), Certainty (c 


where the upper index FS stands for our name’s initials, in order to distinguish these new functions 


from the previous ones: 


10.1. New Interval Neutrosophic Score Function 


FS Th4+TU4(1-14)+(1-14)4+(1-F4)4+(4-FY) athe Uy U Fh _fY¥ 
Clea (Ci coy al A cere cal coe occa) ror sGor Ger Grr Gr) Sse ea 


which means the average of six positivenesses; 


10.2. New Interval Neutrosophic Accuracy Function 


FS TH4TU_plL_rU | which means the average of differences 
ain (rt, 74], U4, 12), (Ft, Fe) = e 
between positiveness and negativeness; 


10.3. New Interval Neutrosophic Certainty Function 


2 rat, 
ee ee ee) 


which means the average of two positivenesses. 


10.4. Theorem 


Let M;,, = {(T,1,F), where T,I,F © [0,1],andT,/,F are intervals} , be the set of interval 
neutrosophic triplets. 
The New Interval Neutrosophic Score, Accuracy, and Certainty Functions determine a total 


order relationship on the set M;,, of Interval Neutrosophic Triplets. 


Proof. 


Let’s assume we have two interval neutrosophic triplets: 

Py = (Ty, Tr], bee bale [Fr, Eyl); 

and P, = ((T,TY], (4, 12], [F£, FZ]), both from Mint. 

We have to prove that: either P; > Pz, or Py < Pp, or Py = Po. 


Apply the new interval neutrosophic score function ( Ss," ) to both of them: 


Gj eee 
int (a 6 
Cae ely Hl eh Se =F 


Fs 
St (P2) = 6 
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If rs 


FS , then P, > Po. 
St (P,) > St (P2) . . 


If rs 


FS , then P, < Po. 
Sint (P,) < Sint (P2) . ° 


If Fs FS 
Sint (P,) = Sint (P2) 


TrtTy —Iy — ly — Fe-Fy = Ty+Ty — ly — Ly — Fy—Fy 


In this problematic case, we apply the new interval neutrosophic accuracy function 


, then we get from equating the above two equalities that: 


(ae ) to both P,and Pz, and we get: 
L U L U 
afs(py= FSA A 
2 
L U L U 
rsd 2) poet ee 
2 
If , then P, > P. 


FS FS 
Aint (Pi) > Gin, (P2) 


If , then P, < P. 


FS FS 
Aint (Pi) < Gin, (Po) 


If , then we get from equating the two above equalities that: 


Fs FS 
Ging (Pr) = Ging (Pa) 
Tet? = FeSF, SHTes+Ty Sa Fee 
F, 


Again, a problematic case, so we apply the new interval neutrosophic certainty function (ce ) 


to both P, and P,, and we get: 
FS 
Cat (P,) = Ty+Ty 


Fs 
C., (Po) = Ty+Ty 


If , then P, > Pp. 


Fs FS 
Cint (P,) > Cint (P2) 


If , then P, < P. 


Fs FS 
Cint (P,) < Cint (P2) 


If , then we get: 


Cine (Pt) = Cine (Pe) 
Trt+Ty = Tz+Ty 
We prove that in the last case we get: 
P, =y Pz (or P, is neutrosophically equal to P). 
We get the following linear algebraic system of 3 equations and 12 variables: 
TrtTy —Iy-ly — Fy-Fy = Ty+Ty — ly — Fy-Fy 

etl, =Feh aT 4Ty Sey 

Tet+Ty = Tzy+Ty 
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Second equation minus the third equation gives us: 

—FL-FY = —FL—-FY, or FE + FY = FE + FY. 

First equation minus the second equation gives us: 

afl =]=f-L ory ai =Llai. 

The previous system is now equivalent to the below system: 
Tr+Ty Ty +Ty 


LypU — plapu 2 Z 
pe me Re +i +18 
+i =4+Y oy 24.7 4 














2 2 

E U _ Gl U 

PUTED = P2462 Veh RY BE RY 
Ze 


which means that: 

i) the intervals [Ti,T/] and [TZ,T;’] have the same midpoint, therefore they are 
neutrosophically equal. 

ii) the intervals [I{, 17] and [I%, 1] have also the same midpoint, so they are neutrosophically 
equal. 

iii) similarly, the intervals [F{, Fy] and [F¥,F,’] have the same midpoint, and again they are 
neutrosophically equal. 


Whence, the interval neutrosophic triplets P, and P, are neutrosophically equal, i.e. Py =y Po. 


10.5. Theorem 


Let’s consider the ranking of intervals defined by Xu and Da, which is equivalent to the ranking 
of intervals’ midpoints. Then, the algorithm by Hong-yu Zhang et al. for ranking the interval 


neutrosophic triplets in equivalent to our algorithm. 
Proof 


Let’s consider two interval neutrosophic triplets, P, and P,; € Mint, 
P; = (Ty; Tr, nee rel, [Fr Fi’), 
and P, = dees Ty], [z, bar [Fy, Fy’). 


Let’s rank them using both methods and prove we get the same results. We denote by ae ; 


FS FS FS 


Zh Zhan g : 
as Ce, and sf>., af’., ck’ the Interval Neutrosophic Score, Accuracy, and Certainty 


int 4 int 


a 


Functions, by Hong-yu Zhang et al. and respectively by us. 


Interval Neutrosophic Score Function 
so! (P,) = (Te +1 —- i +1 — Fe Te 4+ - +1 - Fe 


si’ (p,) = [TE +1—-W41-Fe,7 +1-24+1- Fe] 


a) If then 


Zhang Zhang 
Sint (P. v > Sint (P. 2) 


the midpoint of the interval midpoint of the interval 


Zhang Zhang 
Sint (P;) > Sint (P,)’ 
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: TEAST) P18 eT 41 ae = Ty HISty Fo Ty PIS Sey 
2 2 


Or eel, jaa SH aH, Se ae, SH ea SF a 


r atte y —ib il Fb? 2 atte ety —i—-1d —Fh FY 
6 6 


or Sine(P1) > Sinr(Pa). 


b) If the proof is similar, we only replace the inequality symbol > by 


Zhang Zhang 
Sint (P v < Sint (P. 2) 


< into the above proof. 


c) If the proof again is similar with the above, we only replace > by = 


Zh Zh ; 
ca (P. 1) = Sin (P. 2) 
into the above proof. 


Interval Neutrosophic Accuracy Function 
a"® (P,) = [min{ TL — FL, TY — FL3,max{ri — FL, TY — FES 
int 1/7 1 se 1 J» 1 ‘le aa 1 


Lh : ‘ 
Gn (P.) = [min{Ty — Fy,Tz' — Fy’},max{Ty — Fy, Ty’ — Fy} 


a) If then 


Zhang Zhang 
Aint (Pi) > Ging” (Po) 
Hong 
int 


(P,) > the midpoint of the interval a;’°"9(P,), 


the midpoint of the interval a ae 


TROPREETO SR Te SRS ATS SE 
=e ei 


OF Aine (P1) > Gin (P2). 


b) Similarly, if hang (py just replacing > by < into the above proof. 
2 


Zhang Zi 
Gint (P. i) < Gint 


c) Again, similarly if only replacing > by = into the above proof. 


Zhang ___, Zhang 
Gint (P. = Gin (P. 2)” 


Interval Neutrosophic Certainty Function 
Zh 
Cit (P,) = [Ty, Ty] 


Zh 
eae: (P,) = [Ty , Ty] 


a) If , then 


Zhang Zhang 
Cint (P 1) > Cint (P 2) 


b)the midpoint of the interval the midpoint of the interval Zhang 


int 


Zhang 


(P2)’ 
(ee hee 
2 








or Cin¢(P1) > Cine (Pz). 


b) Similarly, if Zhan (py just replacing > by < into the above proof. 
t 2 


Zhang 
Cint (P 1) < Cin 
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c) Again, if P only replace > by = into the above proof. 


Zhang Zhang 
int (P,) = Cint (P,)’ 


Therefore, we proved that, for any interval neutrosophic triplet P, 


g Zhang (P)~s?S (PY where ~ means equivalent; 


int int 
Zhang FS 
Qt (P)~Qint (P)’ 


and zh 
Ca (P)~ci7.(P) 


11. Subset Neutrosophic Score, Accuracy, and Certainty Functions 


Let Msupset = {(Tsubset» /subset» Fsubset), Where the subsets Tsubset, subset» Fsubset © [0, 1]}. 

We approximate each subset by the smallest closed interval that includes it. 

Let’s denote: 

T” = inf (Teubset) and TY = sup(Tsypset); therefore Tsubser C [T4, TY]; 

I” = inf Uoupset) and 1" = sup(leypbset); therefore Isubsee C [I¥, IY]; 

F* = inf (Feubset) and FY = sup(Feypset); therefore Fsubse) C [F*, FY]. 

Then: 

((7",T° ),[0",L° ],[F",F- ]), where 74,7", 14,14, F4, FY € [0,1], 
and Ee Gd ae 


M inet = 


11.1. Definition of Subset Neutrosophic Score, Accuracy, and Certainty Functions 


Then, the formulas for Subset Neutrosophic Score, Accuracy, and Certainty Functions will 
coincide with those for Interval Neutrosophic Score Accuracy, and Certainty Functions by Hong-yu 


Zhang, and respectively by us: 


11.2. Theorem 


Let N be the Interval Neutrosophic Triplet 

N=(T*, T°) FFD, 

where T) < TY,  <I¥, Fh < FY, 

and all [T*,T"], [I*,17], [F*, F’] © [0, 1]. 

If each interval collapses to a single point, i.e. 

T’ = TY =T, then [T4,T/] = [T,T] =T € [0,1], 

TE = [4% =], then [2,1] = [1,1] =1 € [0,1], 

FL = FY =F then [F!,F/] =[F,F] =T € [0,1], 

then si°.(N) = s(N), a;?.(N) = a(N), and ci°.(N) = c(N). 


int 


Proof 
a 4476479 —J2 JU —FE- PU A4T4+T—-1-1-F—-F 44+2T-21-2F 
aT aT sr 
Dela ae 
ge 


T° +TY—F*—FY T+4+T-F-F 2T-F) 


a’°.(N) = ; = ; ; = a(N). 


int 
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oe Pome si oeae 20 
Cint(N) = i 2 Be = = OWN). 


12. Conclusion 


The most used and easy for ranking the Neutrosophic Triplets (T, I, F) are the following 
functions, that provide a total order: 
Single-Valued Neutrosophic Score, Accuracy, and Certainty Functions: 
wipe = 
3 
a(T,I,F) =T —F 
c(T,1,F) =T 
Interval-Valued Neutrosophic Score, Accuracy, and Certainty Functions: 
ee ad a a 


s (Cr, 7"), (7), [F., FeD) : 


Th 4+T7U — FL Fu 
Fs 
2 ere Le) = 


2 
(hae a ta 
Fs 
ir (ier eA Go Gd Fer) Vo 


All these functions are very much used in decision-making applications. 
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Abstract. NeutroSophication and AntiSophication are processes through which NeutroAlgebraic and AntiAlgebraic 





structures can be generated from any classical structures. Given any classical structure with m operations (laws and 
axioms) where m > 1 we can generate (2 — 1) NeutroStructures and (3™” — 2™) AntiStructures. In this paper, we 
introduce for the first time the concept of NeutroHyperGroups. Specifically, we study a particular class of NeutroHy- 
perGroups called [2,3]— NeutroHyperGroups and present their basic properties and several examples. It is shown that 
the intersection of two [2,3]— NeutroSubHyperGroups is not necessarily a [2,3]—NeutroSubHypergroup but their union 
may produce a [2,3]|— NeutroSubhypergroup. Also, the quotient of a [2,3]—NeutroHyperGroup factored by a [2,3]— 
NeutroSubHyperGroup is shown to be a [2,3]|—NeutroHyperGroup. Examples are provided to show that in the neutro- 
sophic environment, [2,3]— NeutroHyperGroups are associated with dismutation reactions in some chemical reactions 


and biological processes. 


Keywords: NeutroHyperGroup, NeutroSubHyperGroup, NeutroHyperGroupHomomorphism, NeutroHyperGroupIso- 


momorphism. 


1. Introduction 


In 2013, Agboola and Davvaz established the connections between neutrosophic set and algebraic 


hyperstructures. In they studied neutrosophic hypergroup, neutrosophic canonical hypergroup 





and neutrosophic hyperrings. Since then several neutrosophic algebraic structures have been studied 
and many results have been obtained and published. Recently, Ibrahim and Agboola in studied 
Neutrosophic Hypernearrings and presented some of their properties. In 2019, Florentin Smarandache 
in presented the concept of NeutroAlgebraicStructures and AntiAlgebraicStructures which can be 


generated from classical algebraic structures through processes called NeutroSophication and AntiSoph- 





ication respectively. He recalled, improved and extended several definitions and properties of these new 


structures in [19]. These new concepts have provided new methodologies for handling indeterminate, 
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incomplete and imprecise information and processes. The work of Smarandache in was studied viz- 
a-viz the classical number systems N, Z, Q, R and C by Agboola et al. in (4). In [5i{6), Agboola formally 
presented the notions of NeutroGroups, NeutroSubgroups, NeutroRings, NeutroSubrings, Neutroldeal, 
NeutroQuotientRings, and he established several properties of these structures and their substructures 
for the classes he considered. Recently, Rezaei and Smarandache in introduced the concepts of 
Neutro-BE-algebras and Anti-BE-algebras and in Agboola and Ibrahim introduced the concept 
of NeutroVectorSpaces and AntiRings. The present paper will be concerned with the introduction of 


the concept of NeutroHyperGroups and presentations of their basic properties and examples. For more 


details on Neutrosophy and applications, the readers should see (8}/9)[14}16]]18}/22). 


2. Preliminaries 


In this section, we will give some definitions, examples and results that will be used in the sequel. 


Definition 2.1. Let H be a non-empty set and o: H x H —+ P*(H) bea hyperoperation. The couple 
(H, 0) is called a hypergroupoid. For any two non-empty subsets A and B of H and x € H, we define 


AoB= L) acob, Aox=Aof{a} and rzoB={arsoB. 
a€A,beEB 


Definition 2.2. A hypergroupoid (H,0°) is called a semihypergroup if for all a, b, c of H we have 
(ao b)oc=ao (boc), which means that 
L) LoC= L) aov. 
ueaob veboc 
A hypergroupoid (H, 0) is called a quasihypergroup if for all a of H we have ao H = Hoa = H. This 


condition is also called the reproduction axiom. 


Definition 2.3. A hypergroupoid (H,°) which is both a semihypergroup and a quasi- hypergroup is 
called a hypergroup. 


Definition 2.4. Let (H,o) and (H’,0’) be two hypergroupoids. A map ¢: H —>+ H’, is called 


(1) an inclusion homomorphism if for all x,y of H, we have ¢(a0 y) C (a) 0’ d(y); 
(2) a good homomorphism if for all x, y of H, we have ¢(x 0 y) = ¢(x) 0’ d(y). 


Definition 2.5. Let H be a non-empty set and let + be a hyperoperation on H. The couple (H, +) is 
called a canonical hypergroup if the following conditions hold: 
1) e¢+y=y7, for all x,y € H, 
2) e+(yt+z)=(e+y)+2, for all x,y,z € A, 
) 
) 


( 

( 

(3) there exists a neutral element 0 € H such that x +0= {x} =0+42, for all x € H, 

(4) for every x € H, there exists a unique element —x € H such that 0 € «+ (—2%)N (—ax) +a, 
( 


5) z€a+y implies y € -~+2z and x € z—-y, for all z,y,z € H. 
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Definition 2.6. 


(i) A classical operation is an operation well-defined for all the set’s elements. 














(ii) A classical hyper-operation is a hyper-operation well-defined for all the set’s elements. 





(iii) A neutro operation is an operation partially well-defined or partially indeterminate or partially 
outer defined on a given set. 


(iv) (Anti) Operation is an operation that is outer defined for all set’s elements. 





(v) A classical law/axiom defined on a nonempty set is a law/axiom that is totally true (i.e., true 





for all set’s elements). 


(vi) A NeutroLaw/NeutroAxiom defined on a nonempty set is a law/axiom that is true for some set’s 





element [degree of truth (T)|, indeterminate for other set’s elements [degree of indeterminacy 


(I)|, or false for the other set’s elements [degree of falsehood (F’)|, where T, J, F’ € [0,1], with 





(T,I,F) € (1,0,0) that represents the classical axiom, and (T,/, F’) 4 (0,0,1) that represents 
the AntiAxiom. 

(vii) An AntiLaw/AntiAxiom defined on a nonempty set is a law/axiom that is false for all set’s 
elements. 


(viii) NeutroHyperOperation is a hyper-operation partially well-defined, partially indeterminate, and 





partially outer-defined on a given set. 





(ix) AntiHyperOperation is a hyper-operation outer-defined for all set’s elements. 

(x) A NeutroAlgebra is an algebra that has at least one NeutroOperation or one NeutroAxiom 
(axiom that is true for some elements, indeterminate for other elements, and false for other 
elements). 

(xi) An AntiAlgebra is an algebra endowed with at least one AntiOperation or at least one Anti- 


Axiom. 


Theorem 2.7. Let U be a nonempty finite or infinite universe of discourse and let S' be a finite 
or infinitre subset of U. If n classical operations (laws and axioms) are defined on S where n > 1, then 


there will be (2” — 1) NeutroAlgebras and (3" — 2”) AntiAlgebras. 


Definition 2.8. [Classical group] Let G be a nonempty set and let * : Gx G > G bea binary operation 
on G. The couple (G, *) is called a classical group if the following conditions hold: 


(Gl) xxyeGVz,y € G [closure law]. 
(G2) xx (y*z)=(axy)*z Va,y,z © G [axiom of associativity]. 
(G3 
( 


There exists e € G such that x*e =e xx =a Va € G [axiom of existence of neutral element]. 





) 
) 
) 
G4) There exists y € G such that x * y = y* x = e Vx € G [axiom of existence of inverse element 
where e is the neutral element of G. 


If in addition Vx,y € G, we have 
(G5) «xy =y*x, then (G, x) is called an abelian group. 
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Definition 2.9. |NeutroSophication of the law and axioms of the classical group] 


(NG1) There exist some duplets (x,y), (u,v), (p,q), € G such that «*y € G (inner-defined with degree 
of truth T) and [u * v = indeterminate (with degree of indeterminacy I) or p* q ¢ G (outer- 
defined /falsehood with degree of falsehood F)| |NeutroClosureLaw]. 

(NG2) There exist some triplets (x, y, z), (p,q,7), (u,v, w) € G such that x * (y*z) = (a*y) * z (inner- 
defined with degree of truth T) and |[p * (q * r)Jor |(p * q) * r] = indeterminate (with degree of 
indeterminacy I) or u « (uv * w) # (wu * v) * w (outer-defined/falsehood with degree of falsehood 
F)| [NeutroAxiom of associativity (NeutroAssociativity)]. 

(NG3) There exists an element e € G such that x *e = e x x = x (inner-defined with degree of truth 
T) and [|x « elorle * z] = indeterminate (with degree of indeterminacy I) or rxe Ax AEX 
(outer-defined/falsehood with degree of falsehood F)]| for at least one « € G [NeutroAxiom of 
existence of neutral element (NeutroNeutralElement)]. 

(NG4) There exists an element u € G such that « *u = u* x = e (inner-defined with degree of truth 
T) and |[a * ujor|w * «)] = indeterminate (with degree of indeterminacy I) or r*u#AefAux*ex 


(outer-defined/falsehood with degre of falsehood F)] for at least one « € G [NeutroAxiom of 








existence of inverse element (NeutroInverseElement)] where e is a NeutroNeutralElement in G. 

(NG5) There exist some duplets (x, y), (u, v), (p,q) € G such that x*y = yx*x (inner-defined with degree 
of truth T) and |[w * vjor[v * u] = indeterminate (with degree of indeterminacy I) or p*xq # 
q * p (outer-defined/falsehood with degree of falsehood F)] [NeutroAxiom of commutativity 
(NeutroCommutativity)]. 


Definition 2.10. {AntiSophication of the law and axioms of the classical group| 


(AG1) For all the duplets (x,y) € G, xx y ¢ G |AntiClosureLaw]. 

(AG2) For all the triplets (x,y,z) € G, x * (y* z) (ax y) * z [AntiAxiom of associativity (AntiAsso- 
ciativity)]. 

(AG3) There does not exist an element e € G such that x*e =exx = x Vax ©€ G [AntiAxiom of 
existence of neutral element (AntiNeutralElement)]. 


(AG4) There does not exist u € G such that x *u =uxa =e Vx € G [AntiAxiom of existence of 








inverse element (AntilnverseElement)| where e is an AntiNeutralElement in G. 


(AG5) For all the duplets (x,y) € G, xy 4 yxax [AntiAxiom of commutativity (AntiCommutativity)]. 


Definition 2.11. A NeutroGroup NG is an alternative to the classical group G that has at least 
one NeutroLaw or at least one of {NG1, NG2, NG3, NG4} with no AntiLaw or AntiAxiom. 


Definition 2.12. An AntiGroup AG is an alternative to the classical group G that has at least 
one AntiLaw or at least one of {AG1, AG2, AG3, AG4}. 
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Definition 2.13. A NeutroAbelianGroup NG is an alternative to the classical abelian group G 
that has at least one NeutroLaw or at least one of {NG1, NG2, NG3, NG4} and NG5 with no AntiLaw 


or AntiAxiom. 


Definition 2.14. An AntiAbelianGroup AG is an alternative to the classical abelian group G that 
has at least one AntiLaw or at least one of {AG1, AG2, AG3, AG4} and AG5. 


Proposition 2.15. [5y Let (G, *) be a finite or infinite classical non abelian group. Then: 


(i) there are 15 types of NeutroNonAbelianGroups, 
(ii) there are 65 types of AntiNonAbelianGroups. 


Proposition 2.16. [Sy Let (G,*) be a finite or infinite classical abelian group. Then: 


(i) there are 31 types of NeutroAbelianGroups, 
(ii) there are 211 types of AntiAbelianGroups. 


Definition 2.17. Let (NG, x*) be a NeutroGroup. A nonempty subset NH of NG is called a 
NeutroSubgroup of NG if (NA, *) is also a NeutroGroup of the same type as NG. If (NH, *) is a 
NeutroGroup of a type different from that of NG, then NA will be called a QuasiNeutroSubgroup of 
NG. 


Example 2.18. 
(i) Let NG = N = {1,2,3,4---,}. Then (NG,.) is a finite NeutroGroup where ”.” is the binary 
operation of ordinary multiplication. 
(ii) Let AG = Q*. be the set of all irrational positive numbers. Then (AG, *) is an infinite Anti- 
Group. 
(iii) Let U = {a,b,c,d,e, f} be a universe of discourse and let AG = {a, b,c, } be a subset of U. Let 
* be a binary operation defined on AG as shown in the Cayley table below: 





Then (AG, *) is a finite AntiGroup. 


3. Formulation of a NeutroHyperGroup 


Definition 3.1. [Classical Hypergroup] 
Let H be a non-empty set and o: H x H —+ P*(H) bea hyperoperation. Then (H, °) is a hypergroup 
if the following conditions hold: 


(H1) for all x,y € H, xoy C A (closure law), 


(H2) for all x,y,z € H, (roy)oz=20 (yo z) (associative axiom), 
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(H3) for alla € H, xo H = Hox =H (reproductive axiom). 


Definition 3.2. |NeutroSophication of the law and axioms of the classical hypergroup| 

(NH1) There exist some duplets (u,v), (x,y), (p,q) € H such that uov C A (inner-defined with the 
degree of truth T) and [xo y = indeterminate (with the degree of indeterminacy I) or pog ¢ H 
(outer-defined/falsehood with degree of falsehood F)]. 

(NH2) There exist some triplets (u,v,w),(x,y,2),(p,¢,7) € H such that uo (vow) = (wov)ow 
(inner-defined with the degree of truth T) and |x 0 (yo z) or (xo y) o z = indeterminate(with 
the degree of indeterminacy I) or (po q)or £ po(qor) (outer-defined/falsehood with degree 
of falsehood F)]. 

(NH3) There exists at least a triplet (u,v,x) € H such that uo H = H ou = A (inner-defined with 
the degree of truth T) and [vo H or H ov = indeterminate (with the degree of indeterminacy 
I)orxoH AH # FH oz (outer-defined/falsehood with degree of falsehood F)|. 


Definition 3.3. |AntiSophication of the law and axioms of the classical hypergroup | 
(AH1) uwov Z H Vu,v € A (anti closure law). 


(AH2) uwo(vow) € (uov)ow Vu,v,w € A (anti associative axiom) 


(AH3) coH AH and Hox A Va € A (anti reproductive axiom). 


Definition 3.4. A NeutroHyperGroup (N4H,°o) is an alternative to the classical hypergroup (H, °) 
that has a NeutroLaw or at least one of NAH2 and N#A3 with no Antilaw or AntiAxiom. 


Definition 3.5. An AntiHyperGroup (AH, °) is an alternative to the classical hypergroup (H, 0) that 
has an AntiLaw or at least one of AH2 and AHS. 


Theorem 3.6. Let (H,0) be a classical hypergroup. Then, 


(1) there are 7 classes of NeutroHyperGroup. 
(2) there are 19 classes of AnttHyperGroup. 


Proof. The proof follows easily from Theorem [2.7]. q 


Theorem [3.6] shows that there are 7 classes of NeutroHypergroups. The classes where NH1— NA3 
hold are called the trivial NeutroHyperGroups. Examples of NeutroHyperGroups in this class are 





presented below. 
Example 3.7. Let V = {u,v,w, s,t, z} be a universe of discourse and let NH = {v,w,s, z} be a subset 


of V. Define on NA the binary Operation o as shown in the table below. 


It can easily be deduced from the table that (NH, o) is a trivial NeutroGroup. The subset NK = {v,s} 


of NA is also a trivial NeutroGroup and hence a NeutroSubgroup of NA. 
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O V W Ss ra 
VU Ss t z VU 
W Z U V Ss 
Ss V W Ss Z 
z z U V Ss 


Now, consider the NeutroSubgroup NK = {v,s}. Defined on NK a hyperoperation «y 7 as follows 


coNKoy={rozoy:zENK}bif c=y, 
LKNK Y = 
1h OU) oP ey, 


From this definition we construct the table below: 


TABLE 1. Cayley table for the hyperoperation "xy" 


v 0,2) Atv} 10,2) Av. 

w {w,z} {t,u} f{v,w} {s,w} 
S {s,v}  {s,w} {s,z}  {s,z} 
z 12} 4.2 AUS, 180} 


It can be seen from Table 1 that «yx satisfies : 


(1) NeutroClosureLaw (NH1) : Except for the composition 
vxnK w= {t,v},wxnK w = {t,u} and z*nyxK w = {u, z} which are false with 18.75% degree 
of falsehood, all other composition are true with 81.25% degree of truth. 

(2) NeutroAssociative (N H2) : 


SKNK (v KNK v) = (s KNK v) KNK VU = 13; Uy z bs 


skunk (WxknK UV) = {5,w,z} but (sxnK w)*nK U = {s,0, wu, z} 4 {s, wu, z}. 


(3) NeutroReproductionAxiom (N#H3) : 
skunk NH = NH xyx s= {v,u,s,z} = NH. 
wknk NH = NH xnx w= {u,v,u,8,t,z} A NA. 


Hence, (NH, xn x) is a trivial NeutroHyperGroup. 


Example 3.8. Let V = {u,v,w,s,t,z} be a universe of discourse and let NH = {u,v,w,z} bea 


subset of V. Define on NA the binary operation o as shown in the table below. 


It can be shown from the table that (VH,0) is a NeutroGroup and the subset NK = {u,v} of NZ is 


a classical group with respect to o. 
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O U VU Ss ra 
U U V Ss Z 

VU U t W 
Ss Ss W U i 
= io rp W U 


Now, defined on NA a hyperoperation «yx as follows : 


coNKoy={xozoy:zENK} ifxFAuyAuandzcFy, 
EZ*NK Y= TOY ifv=y, 


{x,y} otherwise. 


Note, if xo y is indeterminate, we write roy = I. 


From this definition we construct the table below: 


TABLE 2. Cayley table for the hyperoperation "“*yK” 


u u {u,v}  f{u,s}  {u,z} 
0) {u,v} su {s,t} 10,2} 
s {u,s} {w,s} u {u, t} 

z {u,z}  {t, I} {w,I} ou 


It can be seen from the table that xy) x satisfies : 


(1) NeutroClosureLaw (NH1) : Except for the compositions 
vxnK 8 = {8,th,uxny z = {w,z}, sknx vu = {w,s} and sxnyq z = {v,t} which are false 
with 25.0% degree of falsehood, and the compositions z xy x v = {t,I} and z*nK s = {w,I} 
which are indeterminate with 12.5% degree of indeterminacy all other compositions are true 
with 62.5% degree of truth. 

(2) NeutroAssociative (NH 2) : 


UkNK (UkNK U) = (UXNK VU) kKNK U= {U,V}. 
Skunk (uxknK Vv) = {u,w,s} but (sxnK U) *knK UV = {u,v, wu, 5} ~ {u, wu, s}. 
(3) NeutroReproductionAxiom (NHs3) : 
uxnxk NH = NH «nx s = {u,v,8,2} = NH. 
zkunx NH = {u,w,t,z,1} ANH and NH xnK z= {u,v,w,t,z} A NA. 


Hence, (NA, xn x) is a trivial NeutroHyperGroup. 
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4. Study of a Class of NeutroHyperGroup 


In this section, we are going to consider a particular class of NeutroHyperGroups (NV H,x«) where 
(i) (NH, x) is a classical hypergroupoid, 
(ii) the hypergroupoid (NH, x) is a NeutroSemiHyperGroup and 
(iii) the hypergroupoid (NH, x) is a NeutroQuasiHyperGroup. 
We will refer to this class of NeutroHyperGroups as [2,3]-NeutroHyperGroup (i.e., H2 and H8 of 
Definition are NeutroAxioms). 


Example 4.1. Let NH = {u,v,s,t} be a non empty set and let ”-” be a binary operations defined on 
NH as shown in the table below. 


wo |S 
a & ¢ |e 
t+ 3 ° 
TH H | 
€& © & S& | 


~ 
& 
& 
- < 


Now consider the subset Nk = {u,v}. Defined on NA a hyperoperation xy x as follows : 


a NK -y={a-z-y:zENK} if OY Onda Ss, 
LENK Y = 


“L-Y otherwise. 


From this definition we construct the table below. 


TABLE 3. Cayley table for the hyperoperation "xy «” 


KNK U U S t 
U U i 8 U 

v {tist} {set} u 
s s {u,t} {u,v} ou 
L U iE 8 U 


It can be seen from Table 3 that : 


(1) (NA,xnx) is a hypergroupoid. 


(2) xnxK is NeutroAssociative, since 
(t KNK v) zaANKtL=UxnK (v KNK t) = eae 


(v KNK s) KNK = {u} but UXNK (s KNK t) = {u} a ae 


Hence, the hypergroupoid (NH,x«nx x) is NeutroSemiHyperGroup. 
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(3) xv xK Satisfies NeutroReproductiveAxiom, since 
SKNK NH = NH xnx Ss = fl, 08.0}. — NG. 


uxnK NH = {u,v,s,t} - {u,t} = NH «nx v. 


Hence, the hypergroupoid (NH, «nx x) is a NeutroQuasiHyperGroup. 
Accordingly, (NH,*yx) is a [2,3]-NeutroHyperGroup . 


Example 4.2. Let NH = {a,(,7,¢,wW} and let « be a hyperoperation defined on NH as shown in 
the table below ; 


TABLE 4. Cayley table for the hyperoperation x” 
* a 6B y wy) wy 
a a a a a a 
B a {7, P} {, v} {B, y} {a, Pp} 
y a {a, 7} {a, 7} y {a, 7} 
d a {a, b} d {a, b} {a, b} 
p a {7, O} {8, } {7, v} {a, B} 


Then, (NH, x) is a |2,3|—NeutroHyperGroup. 
It can be seen from ‘Table 4 that : 


(1) (NH,x) is a hypergroupoid. 
(2) x is NeutroAssociative, since 


(Px B) xP = Gx (Bx) = {a, PF. 


(Bx d)xy={a,7, 0, V} but Bx (b*7) = {6,7} F {a,7,9,V}- 
Hence, the hypergroupoid (NH, x) is NeutroSemiHyperGroup. 


(3) x satisfies NeutroReproductiveAxiom, since 


x NH = NH xw = {a,8,7,6,0} = NH. 


ox NH = 10,6} F{,8,7,0,~} =NA x». 


Hence, the hypergroupoid (NH, x) is a NeutroQuasiHyperGroup. 
Accordingly, (NH, x) is a |2,3]-NeutroHyperGroup. 


Example 4.3. Let NH = {m,n,p,q} and let o be a hyperoperation defined on NH as shown in table 
5 below. 
Then, (NH, oc) is a [2,3]—NeutroHyperGroup. It can be seen from the Table 5 that : 


(1) (NA, °) is a Hypergroupoid. 
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TABLE 5. Cayley table for the hyperoperation 


O m mr Pp qd 

m m {m, n} {m, p} {m, a} 
n {m,n} p n {n, p} 
Pp p {p, q} Pp {p,q} 

q q {m, qh q {m, q} 


(2) o is NeutroAssociative, since 


(mom)on=mo(mon) = {m,n}. 


(mon)og={m,n,p,q} but mo(nog) ={m,n, p} A {M, Nn, p, gf. 


Hence, the hypergroupoid (NH, o) is NeutroSemiHyperGroup. 


(3) 0 satisfies NeutroReproductiveAxiom, since 
moNH = NHom=({m,n,p,q} = NH. 
poNH =ip,q} #{m,n, p,q} = NH op. 


Hence, the hypergroupoid (NH, oc) is a NeutroQuasiHyperGroup. 
Accordingly, (NH, 0°) is a |2,3]-NeutroHyperGroup. 


Example 4.4. Let NH = {1,2,3,4,5,6} and let « be a hyperoperation defined on NAH as shown in 


the table below ; 


Mtl 
* 


TABLE 6. Cayley table for the hyperoperation 


6 


2 3 4 ) 


1 

{2,4} 
{1,3} 
{2,4} 

{2, 4,5, 6} 


* 1 

1 1 1 1 1 1 

2 1 {1,2} 2 {2,4} 1127 

3 1 3 {13 3 {1,3} 

4 1 {1,4} 4 {2.41 {1,4} 

) 1 {3,5} {2,5} {5,6} 12 O88 
6 1 {3,6} {4, 6} {5,6} {1,3,4, 6} 


It can be shown from Table 6 that, (NH,x) is a |2,3]—NeutroHyperGroup. 


{2, 4, 5,6} 


Proposition 4.5. Let (NAjy,*,) and (NH, x2) be any two [2,3|—NeutroHyperGroups. Let 


NA, x NH» = {(v, k) -vENA, andke N Hp}, 
for x = (v1,k1), y = (vo, ke) € NH, x NH» define : 
BReY = ((v4 K1 v2), (ky x2 k2)). 


Then (NH, x NHo2,x) is a [2,3]—NeutroHyperGroup. 
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Proof. (1) Let x = (v1,k1), y = (v2, ke) € NAH, x NAbd, then 
LKY = (v1, ky) x (v2, ka) = (U1 *1 U2, ky xk) C NHAH1YxN Ab. "Up ky V2 © NA, and k1xoke C N Ao. 


Hence, (NA, x N H2,x) is a hypergroupoid. 
(2) There exists at least a triplet ((v1, k1), (v2, k2), (v3, k3)) € NH x N Ho such that 

((v1, ki) x (v2, k2)) * (v3, ks) ((v1 *1 V2), (ky x2 k2)) * (us, k3) 
((v1 *1 V2) *1 U3, (Ki x2 ke) x2 kz) 
= (vy *1 (V2 *1 U3), ky ke (ke *e k3)) ‘- NH2 holds in NHAj,and NAb. 
(v1, k1) x ((v2 *1 U3), (ke x2 k3)) 
(v1, k1) 

t 


* 
* 


V1, k1) * ((v2, ko) * (v3, k3)). 
Also, there exists at least a triplet ((a@1, 61), (a2, b2), (a3, b3)) € NH x NHAp2 such that 
((a1, 61) x (a2, b2)) x (a3,63) = ((a, *1 G2), (by *2 b2)) x (az, b3) 
= ((a@1 *1 a2) *1 a3, (b1 x2 bz) *2 b3) 


( 
( 
A (ay 1 (@2 *1 a3), by 2 (b2 x2 b3)) ‘- NH2 holds in NHj,and NAb. 
( 
( 


a1, 61) x ((a2 *1 a3), (b2 *2 b3)) 
a1, b1) * ((a2, b2) x (as, b3)). 


Hence, N H2 holds in NA, x NAb». 
(3) There exists at least a (v,k) € NH, x NH2 with v € NH, and k € NAb such that 

(v,k)*NA, x NHg = (v,k)*{(v1,k1): 01 © NAy, ky © NH>} 
= {(v,k)x«(u1,k1): 01 © NM, ky € NH2} 
= {((v*1 11), (ko k1)): v1 € NM, ki © NA} 
= (vx, NAy,k x2 NA2) 
= (NH, *,v,NH2%2k) — (.*. NH3 holds in NH, and NH) 
= NH, x NH2x(v,k) 


NA, x N Ao. 
Also, there exists at least a (u,q) € NH, x NH» with u € NA, and q € NAp2 such that 
(u,q) x NA, <NaS = (u, q) x {(v1, k1) : rae 0 Ne NA, ky eS N Hz} 


= {(u,q)*(v1,k1):0, € NAy, ky © NH2} 

= {((u*1 01), (q*2k1)):01 € NA1, ky © NAg} 

= (ux, NA, ¢*o NA2) 

# (NH, x, u, NH2 x2 q) (.: NH3 holds in NH, and N Hp) 
= NH, x NH2x(u,q). 


Accordingly, (Ny x NHo2,x) is a |2,3]—NeutroHyperGroup. 5 


Proposition 4.6. Let (NV, *1) be a [2,3)—NeutroHyperGroup and (H,x2) be any hypergroup. Let 
NV x H={(v,h):veE NV andhe H}, 
for x = (v1,h1), y = (v2, he) € NV x HT define : 
xx Yy = ((U1 *1 V2), (hy x2 hea). 


Then (NV x H,x) is a [2,3]—NeutroHyperGroup. 
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Proof. The proof follows similar approach as the proof of [4.5]. 0 


Definition 4.7. Let NH be a [2,3]—NeutroHyperGroup, a non-empty subset NK of NH is called a 
[2, 3) —NeutroSubHyperGroup of NH if NK is itself a [2,3]—NeutroHyperGroup. 


Example 4.8. Let (NH, 0) be the [2,3]— NeutroHyperGroup defined in Example [4.3] and let 
NK = {m,p,q} be a subset of NH. Let o be defined as shown in the table below. 


tt 
O 


TABLE 7. Cayley table for the hyperoperation 


O m Pp qd 

m m {m,p}  {m, gq} 
Pp p P {p, a} 
q q q {m, q} 


It can be shown from Table 7 that (NK,o) is a [2,3]—NeutroHyperGroup. Then, (NK,0o) is a 
[2, 3])—NeutroSubHyperGroup of NH. 


Example 4.9. Let (NH, 0) be the [2,3]— NeutroHyperGroup defined in Example [4.4] and let 
NK = {1,2,3,4} and NW = {1,2,3,5} be subsets of NH. 


Let x be defined as shown in the tables below : 


TABLE 8. Cayley table for the hy- TABLE 9. Cayley table for 
peroperation /x” the hyperoperation “*”’ 

* 1 2 3 4 * il 2 3 ts) 

i 1 il 1 1 1 il i i 1 

2 1 ee ne {2,4} 2 1 vio, 9 £1} 

3 1 3 {1,3} 3 3 1 3 {1,3} {1,3} 

4 1 {1,4} 4 {2,4} 5 1 {3,5} {2,5} {1,2,3,5} 


We can see from Tables 8 and 9 that (NK,x) and (NW,x) are [2,3])—NeutroHyperGroups. Then, 
(NK,x) and (NW, x) are [2,3]— NeutroSubHyperGroups of NH. 
Now, consider the following: 

(1) NK UNW = {1,2,3,4,5}. 

(2) NKN NW = (1,2, 3}. 
It can be shown from Table 6 that NK U NW isa [2, 3|— NeutroSubHyperGroup of NR but Nk N NW 
is a non-trivial NeutroSemiHyperGroup of NAH. 


These observations are recorded in Remark |4.10 


Remark 4.10. Let NK and NW be two [2, 3]|—NeutroSubHyperGroups of a |[2, 3|— NeutroHyperGroup 
NH. Then 
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(1) NK UNW can be a [2,3|— NeutroSubHyperGroup of NH. 
(2) NK 1 NW is not necessarily a [2,3)]— NeutroSubHyperGroup of NH. 


Proposition 4.11. Let NH be a |2,3|— NeutroHyperGroup and let NW be a [2,3]— NeutroSubHy- 
perGroup of NH. For aNW,bNW © NH/NW with a,b © NH, let x be a hyperoperation defined on 
NH/NW by 

aNW xbNW = {cd | cE aNW, de bNW}. 


Then, (NH/NW, x) is a |2,3|— NeutroHyperGroup which is known as a [2,3]— NeutroQuotientHyper- 
Group. 


Proof. The proof of this Proposition will be by a constructed example as given in Example f 


Example 4.12. Let (NH,0o) be the [2,3]— NeutroHyperGroup defined in Example [4.4] and let NW 
be the [2, 3]|—NeutroSubHyperGroup of Example [4.9]. Then we have 


NH/NW ={NW,pco NW,no NW,qo NW}. 
Define on NH/NW a hyperoperation x as shown in the table below 


TABLE 10. Cayley table for the hyperoperation ”*” 


x NW pNW nNW gNW 

NW  {NW.pNW,qNW}  {NW,pNW,gNW} {NW,pNW,nNW} {NW,pNW,qNW} 
pNW  {pNW,qNW} {pNW,qNW } {pNW,qNW} {pNW,qNW } 

nNW {NW,pNW,nNW}  {pNW,nNW } {NW,nNW } {pNW,qNW,nNW } 
gNW  {NW,qNW} {NW,qNW} {nNW, qNW} gNW 


Then, it can be seen from the table that : 
(1) (NH/NW,x) is a hypergroupoid. 
(2) there exists at least a triplet (pNW,nNW,qNW) © NH/NW such that 


pNW x (nNW «qNW) = (pNW xnNW) xqNW = {pNW,qNW }. 
And, there exists at least a triplet (qNW,nNW,qNW) € NH/NW such that 
(qNW xnNW) xqNW = {pNW,nNW,qNW}4{NW,nNW,qNW} = qNW x(nNW xqNwW). 
(3) there exists nNNW € NH/NW such that 
nNW x«NH/NW = NH/NW xnNW = NH/NW. 


And, there exists pNW € NH/NW such that 
pNW « NH/NW = {pNW,qNW}4{NW,pNW,nNW,qgNW} = NH/NW x pNW. 
Accordingly, (NH/NW, x) is a |2,3]— NeutroHyperGroup. 
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Definition 4.13. Let (NH,x) and (NW, oc) be any two [2,3|— NeutroHyperGroups . The mapping 
@o: NH — NW 


(1) is called a NeutroHyperGroupHomomorphism if ¢(a * b) C (a) o g(b) for at least a duplet 
(x,y) © NA. 

(2) is called a good NeutroHyperGroupHomomorphism if ¢(a*b) = ¢(a)o ¢(b) for at least a duplet 
(x,y) € NH. 

(3) is called NeutroHyperGroupIsomorphism if ¢ is a NeutroHyperGroupHomomorphism and ¢~! 


is also a NeutroHyperGroupHomomorphism. 


Definition 4.14. Let (NH,x) and (NW,x) be any two [2,3]— NeutroHyperGroups with NeutroNeu- 
tralElements ey yg and enw respectively. 

Let 6: NH —>+ NW bea good NeutroHyperGroupHomomorphism. 

The kernel of @ denoted by NH Ker¢@ is defined as 


NH Kergd = {x : $(x) = enw}. 
The image of ¢ denoted by NHIm¢ is defined as 
NHIm¢o= {ye NW : y= ¢(a) for at least one ye NW}. 
Example 4.15. Let (NK, 0) be the [2,3|— NeutroHyperGroup of Example [4.8] and let 
6: NK x NK —> P*(NK) 


be given by $(k1,k2) = ki 0 kg for all ki, kg € NK. 

Then ¢ is a good NeutroHyperGroupHomomorphism. 

We have NH Kero = {(m,m), (p,m), (p,p),(q,m), (q,p)} and 

NHIm@ = {m,p,q, {m, p}, {m, a}, (p, GF. 

It can be shown that NA Ker¢@ is a [2,3]— NeutroSubHyperGroup of (NK x NK,o) and NHIm¢@ is 
a |2,3]— NeutroSubHyperGroup of (P*(NK), 0). 


Proposition 4.16. Let (NH,x) and (NW,x) be any two [2,3]—NeutroHypergroups. 
Let 6: NH —>+ NW be a good NeutroHperGroupHomomorphism. Then : 


(1) NH Ker@¢ is a NeutroSubHyperGroup of NH. 
(2) NHIm#@ is a NeutroSubHyperGroup of NW. 


Proof. The proof follows from Example aa 
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5. Applications of [2,3)— NeutroHyperGroups in Biological and Chemical Sciences 


In [10], Davvaz et al. provided some examples of hyperstructures and weak hyperstrutures associated 
with dismutation reactions. In what follows, we will provide examples to show that when dismutation 
reactions take place in the neutrosophic environment, they are associated with [2,3]— NeutroHyper- 


Groups. 


Example 5.1. Let NX = {x = Sn,x2 = Sn?*,x24 = Sn**} be a set of Tin in different oxidation 





state. Define on N_X, a hyperoperation x as shown in the table below, where x is a comproportionation 


reaction} (without energy). Then, it can be seen from Table 11 that : 


Wot 
* 


TABLE 11. Cayley table for the hyperoperation 


* Xo L2 LA 
XO XO {X0, X2 } LQ 
L2 {#0522} Le {x2, £4} 
LA x2 { £2, 04} LA 


(1) (VX, x) is a hypergroupoid. 
(2) For the triplet (x2, 74,272) € NX, we have 


Lo * (4 * LQ) = (Lo * £4) *k LQ = {X2, x4} 

and for the triplet (vp, 72,74) € NX, we have have 
(to: Ho) * ta = 4 Ho, Ga F406; a} = Tok (Go * Va). 
(3) For rg € NX, we have 
tg* NX = NX «xq = {X0, £2, 04} 

and for 74 € N_X, we have 

vq x NX = NX ka24 = {20,24} ¢ NX. 

Accordingly, (N.X,x) is a [2,3]— NeutroHyperGroup. 


Example 5.2. Let BG = {aj = AA,a; = AS,a3 = SS} be a set of blood group. Define on BG, a 
hyperoperation « as shown in the table below, where « denote mating. 


Then, it can be seen from table 12 that : 
(1) (BG,x) is a hypergroupoid. 


A Comproportionation is a chemical reaction where two reactants each containing the same element but with a different 


oxidation number, will give a product with oxidation number intermediate of the two reactant. 
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TABLE 12. Cayley table for the hyperoperation ”*” 


* ao a1 a3 
ao ao {ao, a1 } at 
at {ao, a1 } {do, a1, az } {a1, a3 } 
a3 Q1 {a1, a3 } a3 


(2) For the triplet (a1, a3,a1) € BG, we obtain 
ay x (a3 * 4) = (a1 * a3) * ay = {a0, a1, a3}. 
and for the triplet (ao, a1,a3) € BG, we obtain 
(ap x a1) kag = {a 1, a3} # {ao, a1} = ag x (a1 * a3). 
(3) For an element a; € BG, we obtain 
a,x BG = BG xa, = {ao, 41,03} = BG 
and for an an element a3 € BG, we obtain 
a3 x BG = BG x az = {a1,a3} # BG. 
Accordingly, (BG, x) is a [2,3]— NeutroHyperGroup. 
Remark 5.3. It is evident from Examples and [5.2] that in the neutrosophic environment, [2, 3]— 


NeutroHyperGroups are associated with dismutation reactions in some chemical reactions and biological 


processes. 


6. Conclusions 


In this paper, we have for the first time introduced the concept of NeutroHyperGroups. Specif- 


ically, a class of NeutroHyperGroups called [2,3]— NeutroHyperGroup was investigated and some 








of their elementary properties and several examples were presented. It was shown that the inter- 
section of two [2,3]— NeutroSubHyperGroups is not necessarily a [2,3]— NuetroSubHyperGroup but 
their union may produce a [2,3]— NeutroSubHyperGroup. Also, it was shown that the quotient of a 
[2, 3) —NeutroHyperGroup factored by a [2,3]— NeutroSubHyperGroup is a [2,3]— NeutroHyperGroup. 
Examples were provided to show that in the neutrosophic environment, [2,3]— NeutroHyperGroups 
are associated with dismutation reactions in some chemical reactions and biological processes. In our 
future work, we hope to use the algebraic properties of NeutroHyperGroups to analyze some chemical 
reactions and biological processes. 
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Abstract. In this paper, we introduce the notion of commutator of two elements in a specific NeutroGroup. 








Then we define the notion of a NeutroNilpotentGroup and we study some of their properties. Moreover, we 
show that the intersection of two NeutroNilpotentGroups is a NeutroNilpotentGroup. Also, we show that the 
quotient of a NeutroNilpotentGroup is a NeutroNilpotentGroup. Specially, using NeutroHomomorphism we 


prove the NeutroNilpotentcy is closed with respect to homomorphic image. 


Keywords: NeutroGroup; NeutroSubgroup; NeutroNilpotentGroup; NeutroQuotientGroup; NeutroGroup Ho- 


momorphism. 


1. Introduction 


One of the most important concepts in the study of groups is the notion of nilpotency [6]. 
Nilpotent groups arose in Galois theory, as well as in the classification of groups. By Galois 
theory, certain problems in field theory reduced to group theory. In [10]/11], Smarandache in- 
troduced the notions of NeutroDefined, AntiDefined laws, NeutroAxiom and AntiAxiom. Then 
in [9], he studied NeutroAlgebras and AntiAlgebras. Rezaei et al. in [5], proved that there are 
(2” —1) NeutroAlgebras and (3” — 2”) AntiAlgebras in a classical algebra S with n operations 
and axioms all together, where n > 1. Agboola et al. in (1), studied NeutroGroups (NG, x) 





where the law of composition and axioms defined on NG may either be only partially defined 
(partially true), or partially undefined (partially false), or totally undefined (totally false) with 


respect to *. Moreover, they considered three NeutroAxioms (NeutroAssociativity, existence 








of NeutroNeutral element and existence of NeutroInverse element) to show the difference be- 
tween groups and NeutroGroups. Also, in [3], Agboola studied NeutroRings by considering 


three NeutroAxioms (NeutroAbelianGroup (additive), NeutroSemigroup (multiplicative) and 
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NeutroDistributivity (multiplication over addition)). Scholars applied the notion of NeutroAx- 
ioms and NeutroLaw on Rings, Subgrings, Ideals, QuotientRings and Ring Homomorphism 


to present some new notions and several results are obtained (see [3], [7]). In this paper, we 





consider a class of NeutroGroups was introduced in (1), and define the notion of NeutroN- 
ilpotentGroups. Moreover, we investigate elementary properties of NeutroNilpotentGroups. 


Specially, we show that the intersection of two NeutroNilpotentGroups is a NeutroNilpotent- 





Group. Also, we prove the NeutroNilpotency is closed with respect to homomorphic image. 


2. Preliminaries 


We recall some basic definitions and results which are proposed by the pioneers of this 


subject. 


Definition 2.1 ( [3}). (i) A classical operation is well defined for all the set’s elements. 


(ii) A NeutroOperation is an operation partially well defined, partially indeterminate, and 





partially outer defined on the given set. 

(iii) A classical law/axiom defined on a nonempty set is totally true (i.e. true for all set's 
elements). 

(iv) A NeutroLaw/NeutroAxiom (or NeutrosophicLaw/NeutrosophicAxiom) defined on a 
nonempty set is a law/axiom that is true for some set’s elements (degree of truth 
(T)), indeterminate for other set’s elements (degree of indeterminacy (I)), or false 
for the other set’s elements (degree of falsehood (F)), where 7T,J,F € [0,1], with 
(T, I, F) € (1,0,0) that represents the classical axiom. 


(v) A NeutroAlgebra is an algebra that has at least one NeutroOperation or one Neu- 





troAxiom (axiom that is true for some elements, indeterminate for other elements and 


false for other elements). 





Definition 2.2 ( [4]). For a nonempty set G and a binary operation « on G the couple (G, x) 


is called a classical group if the following conditions hold: 


Gl 
G2 
G3 
G4) There exists y € G such that x * y = yx x = e for all x € G, where e is the neutral 


xx*xy €G for all z,y € G. 
Gey Xe) = (oxy) *z for all ¢,y,2 6G. 


(G1) 
(G2) 
(G3) There exists e € G such that rte =exx =x forall x EG. 
(G4) 


element of G. 


If for all x,y € G, (G5) xx y=y*a, then (G, *) is called an abelian group. 
Note that x « y will be written as xy for all x,y € G. 
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Definition 2.3 ( [6]). A group (G,*) is called nilpotent if it has a central series, that is, a 
normal series e = Gp < Gy <--: < G, =G such that Gj41/G; is contained in the center of 


G/G; for all 7. The length of a shortest centeral series of G is the nilpotent class of n. 


Definition 2.4 ( [6]). Let (G,*) be a group and 71, ..., Zp, be elements of G. Commutator of 
£1 and £2 is |x, £2] = £7 ty 2122. A commutator of weight n > 2 is defined by [x1,...,2n] = 
IZ1,---,%n—1],%n], where by convention [x1] = 71. 


A NeutroGroup is an alternative of a group that has either one NeutroOperation (partially 





well-defined, partially indeterminate and partially outer-defined), or at least one NeutroAxiom 





(NeutroAssociativity, NeutroNeutralElement or NeutroInverseElement) with no AntiOpera- 





tion (is an operation outer-defined for all the set’s elements (totally falsehood)) or AntiAxion 
(is an axiom that is false for all set’s elements). It is possible to define NeutroGroup in another 


way by considering only one NeutroAxiom or by considering two NeutroAxioms or etc. 


Definition 2.5. Let NG be a nonempty set and « be a binary operation on NG. The couple 
(NG, *) is called a NeutroGroup if the following conditions are satisfied: 


(NG1) There exists some triplet (x,y,z) € NG such that x*(y*z) = (axy)*z and ux(uxw) F 
(u * uv) * w for some (u,v,w) € NG or there exists some (r,s,t) € NG such that 
r *(s *t) =indeterminate or (r * s) * t =indeterminate (NeutroAssociativity). 

(NG2) There exists at least an element a € NG that has a single neutral element i.e., we have 
e € NG such that axe = ex a = a and for b € NG there does not exist e € NG 
such that bx e =e*xb + 6 or there exists e1,e2 € NG such that b* ey =e, *b = 6b or 
b* eg = e2 *b = b with e; ¥ eg or there exists at least an element c € NG that there 
is d € NG such that cx d = d* c =indeterminate (NeutroNeutralElement). 

(NG3) There exists an element a € NG that has an inverse b € NG w.r.t. a unit element 
e€ NGie., axb=bxa =e, or there exists at least one element b € NG that has 
two or more inverses c,d € NG w.r.t. some unit element u € NG i.e., bkc=cxb=u, 


bxd=dx*b=u or there exists at least one element r € NG that has one element 





s © NG such that r * s = s * r=indeterminate (NeutroInverseElement). 

(NG4) There exists some duplet (a,b) € NG such that a * b = b*a and there exists some 
duplet (c,d) € NG such that cx d #4 dx*c, or there exists some (r,s) € NG, r x 
s =indeterminate or s*r =indeterminate, then (NG, «) is called a NeutroAbelianGroup 


(NeutroAbelianGroup). 


Example 2.6. Let U = {a,b,c,d,e, f} be a universe of discourse and NG = {a,b,c,d} bea 
subset of U. Define the operation *; on NG in table {1} Then *, is a NeutroLow since c*; d = 





indeterminate. Also, 


a *, (b*, c) = (a *1 6) x1 c and c x; (a *, c) = c *; d = indeterminate 


Elahe Mohammadzadeh, Akbar Rezaei, On NeutroNilpotentGroups 





Neutrosophic Sets and Systems, Vol.38,2020 19 


TABLE 1. The table of NeutoGroup (NG, *1) 


*1 a b Cc d 
a b C d a 
b C d a C 
Cc a b ? 
d a b ? a 


Thus, (NG, *,) is a NeutroGroup. 
Note that x * y will be written as xy for all x,y € NG. 


Theorem 2.7 ( (1]). Let (NH, x) be a NeutroSubgroup of the NeutroGroup (NG, *). The sets 
(NG/NA), = {x#NH : «2 € NG} and (NG/NH), ={NHa: x € NG} are two NeutroGroups 
with operations 01, 0, where for any xNH, yNH © (NG/NA),, NHaz, NHy ©€ (NG/NB#),, 
x,y © NG we have 


t*NHoyNH =ayNH, NHxo, NHy= NA cy. 
Definition 2.8 ( (1}). Let (NG,*) and (NK,o) be two NeutroGroups. The mapping 


y : NG > NK is called a NeutroGroup Homomorphism if for every duplet (x,y) € G, 
we have p(x * y) = y(x) o yy). 


In addition, if y is a NeutroBijection, then vy is called a NeutroGroup Isomorphism. Neu- 
troGroup Epimorphism, NeutroGroup Monomorphism, NeutroGroup Endomorphism are de- 


fined similarly. 


Theorem 2.9 ( (1]). Let (NG,x) and (NK,0o) be NeutroGroups and let eng and eny be 
NeutroNeutralElements in NG and NK respectively. Suppose that p : NG ~ NK is a 


NeutroGroup Homomorphism. Then y(enc) = enK:- 


From now on, NG is a NeutroGroup with tree NeutroAxioms (NeutroAssociativity, Neu- 





troNeutralElement and NeutroInverseElement). Also, for all s € NG, N, and I, represent 





the NeutroNeutralElement and the NeutroInverseElement respectively. 


3. Some Results On NeutroNilpotentGroups 


In this section, we introduce the notion of commutator of two elements in a NeutroGroup 
and study a new concept as NeutroNilpotentGroups and their properties are given. 

Let x,y be elements of a NeutroGroup NG. The commutator of x,y, denoted by |, y], is 
the element J,1,xry, i.e., [z,y] = I,lyxy. If I, or Iy does not exist, then put J, = x and I, = y. 





Also, for any ©, Y1,---,;Yn © NG, define the commutator |x, y1,.--, Yn] by [@,y1,---, Yn] = 


I[x, Y15-++, Una Yn). 
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TABLE 2. The table of NeutoNilpotentGroup (NG, *2) 


*9 a b Cc d 
a b C d a 
b C d a C 
Cc a b d 
d a b C a 


TABLE 3. The table of NeutoAbelianGroup (NG, x3) 


*3 a b Cc c 
a b a b a 
b C f C b 
Cc d C C C 
ec a b C e 


Definition 3.1. A NeutroGroup (NG, *) is called NeutroNilpotentGroup if Z,(NG) = NG 


for some n € N, where 
Zn(NG) = {a € NG: |x, 91, 92,---;9n] = Nz for at least one gi,...,9n,z € NG}. 


The smallest such n is called the NeutroNilpotency of NG. 
Note that, if NG is a NeutroNilpotentGroup, then for any x € NG there exists at least one 
91,---59n,% € NG such that [x, gi, g2,---,9n| = Nz. 


Example 3.2. Let U = {a,b,c,d,e, f} be a universe of discourse and NG = {a,b,c,d} bea 
subset of U. Define the operation *2 on NG in table [2| Since |a, b] = d, [d,b] = d, |c,c] =d 
and [b,b] = a, we have [c,d,b] = [b,b,b] = [a,b] = d = Ng, [d,b,b] = [d,b] = Na and 
la, b, b] = |d,b] = Nag. Therefore, NG is a NeutroNilpotentGroup of class 2. 





Example 3.3. Let U = {a,b,c,d,e, f} be a universe of discourse and let NG = {e,a,b,c} be 
a subset of U. Define the operation *3 on NG in table [3] Since [a,b,a] = e = Ne, [b,a,e] = 


le,e] = e, |c,e,c] = |c,c] = e, [e,a,a] = [b, a] = e, we have NG is NeutroAbelianGroup and a 





NeutroNilpotentGroup of class 2. 
In what follows we have a non Abelian NeutroNilpotentGroup. 


Example 3.4. Let U = {a,b,c,d} be a universe and NG = {a,b,c} be a NeutroGroup by the 
Cayley table [4] Then H = {a,b}, by the operation *4, is a NeutroSubgroup of NG (see [1}). 
Since Ng = a, Ig = a, No, Ip does not exist, we have |a, a] = aaaa = a = N, and [b, b] =a = Ng. 


Therefore, H is a NeutroNilpotentSubgroup that is not an AbelianNeutroGroup. 
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TABLE 4. The table of non Abelian NeutoAbelianGroup (NG, *,) 


* 4 a b C 
a a Cc b 
b Cc a Cc 
Cc a Cc d 


TABLE 5. The table of NeutoSubgroup (4, *4) 


* 4 a b 
a a Cc 
b Cc a 


TABLE 6. The table of NeutoSubgroup (NA, *5) of (VG, x5) 


5 a Cc d 
a b d a 
Cc d b d 
d a C 


Theorem 3.5. Let NG and NK be two NeutroGroups. Then Z,(NG x NK) = Z,(NG) x 
Zn(NK). Moreover, NG x NK is a NeutroNilpotentGroup of class n if and only if NG and 
NK are NeutroNilpotentGroups of class n. 


Proof. Assume (x,y) € Znj(NG x NK), z€ NG andt € NK. Then for some 
(01,41), ---; (Ln, Yn) € NG x NK, we have 
(NeyNi) = [(es4)s(ersta)seo-s (ns t)] = (Lesa s2tnls sans -+-s¥nl) 
SIP Wis eaa5 al =) 5 Vigo Ua 
& £EZL,(NG), y€ Z,(NK) 
& (2,y) © Zn(NG) x Z,(NK). 
Therefore, Z,(NG x NK) = Zn(NG) x Zn(NK). 


Moreover, NG x NK is NeutroNilpotentGroup if and only if Z,( NG x NK)=NGx NK = 
Zn(NG) x Z,( NK) if and only if NG and NK are NeutroNilpotentGroups. 5 


In what follows we have a NeutroSubgroup that is not NeutroNilpotentGroup. 





Example 3.6. Consider the NeutroGroup NG from Example |3.2} Define the operation *5 on 
NG in table {6 Then NH = {a,c,d} is a NeutroSubgroup of NG (see [1}). Since |a,d] = a, 
la,a| and [a,c] does not exist, we get |a,g1,---,9n] does not exist for any g1,...,gn € NH, 
and so a ¢ Z,(NHA) i.e., NH is not NeutroNilpotentGroup. 
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Theorem 3.7. Let NH be a NeutroSubgroup of the NeutroNilpotentGroup NG. Then Neu- 
troQuotientGroups (NG/N#H), and (NG/NH), are NeutroNilpotentGroups. 


Proof. Assume NH be a NeutroSubgroup of NG and gH ©€ (NG/NH),. Since NG is a 
NeutroNilpotentGroup, we have [g,g1,---,9n| = Nz for some gi, ..., gn, z € NG, and 
so [gNH,giNH,...,9,.NH| = |9,91,---,9nINH = N-NH. Since (zNH) 9; (Nz,NH) = 
(z* N,)NH = zNH = (N.,)NH o zNH, we get (N,)NH is a NeutroNaturalElement of 
(NG/N#A));. Therefore, (NG/N#H), is a NeutroNilpotentGroup. Similarly, (NG/N#H), is a 
NeutroNilpotentGroup. 5 


We recall that the intersection of two NeutroGroups is a NeutroGroup (see [1}). Now we 


have the following: 


Theorem 3.8. Let NG and NK be two NeutroNilpotentGroups. Then NG NK is a Neu- 
troNilpotentGroup. 


Proof. Straightforward. 5 


Theorem 3.9. Let NA be a NeutroNilpotentSubgroup of a NeutroGroup NG and for all 
x,tE NG we have 
tNH=NH>xeéENH, (M)NH=NH. 


If (NG/NH), is a NeutroNilpotentQuotientGroup, then NG is a NeutroNilpotentGroup. 


Proof. Assume (NG/NH), is NeutroNilpotentGroup of class n and NH is NeutroNilpo- 
tentGroup of class m. Then for any xNH ©€ (NG/NH),, there exist g,NH,...,g,NH € 
(NG/NH), such that |aNH,qiNH,...,g,.NH| = (N.)NH, where z € NG. Then 
IZ, 91,---,9nJNH = (Nz)NH = NH, and so [z,91,.--,9n] € NH. Since NH is NeutroN- 
ilpotentGroup, we get there exist k,,...,km € NH such that |[7,91,...,9n|,k1,---, km] = Nt, 
for some t € NG. Consequently, NG is NeutroNilpotentGroup of class n +m. 4 


Theorem 3.10. Let NH be a NeutroNilpotentSubgroup of a NeutroGroup NG and for all 
x,tE NG we have 
NHx=NH>xéENH, NH(N)=NH. 


If (NG/NB#),. is a NeutroNilpotentQuotientGroup, then NG is a NeutroNilpotentGroup. 


Proof. Similar to the proof of Theorem 3.9} 


Theorem 3.11. Every homomorphic image of a NeytroNilpotentGroup is NeutroNilpotent- 
Group. 
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Proof. Assume NH be a NeutroSubgroup of a NeutroNilpotentGroup NG and ej, e2 be 
NeutroNeutralEKlements in NG and NH, respectively. Suppose that ~w : NG -— NH 
is a NeutroGroup Epimorphism. Then for any h € NH, there exists x € NG such 
that h = w(x). Since NG is NeutroNilpotentGroup, for « € NG, there exist gi, ..., 
Gn € NG such that |x, 91,.--,9n] = e1. Take ky = v(g1),.--,kn = W(gn). Therefore, 
lh, k1,..., kn) = w([x, 91,---,9n]) = W(e1) = e€2, and so NA is a NeutroNilpotenGroup. 7 


4. Conclusion 


In this paper, we defined a class of NeutroGroups, named NeutroNilpotentGroups, and 








their elementary properties were presented. The intersection of two NeutroSubgroups is not 
necessarily a NeutroSubgroup while their union is a NeutroSubgroup. We hope to study 
NeutroSolvabelGroups, NeutroEngelGroups in our future works. 
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Abstract. The fundamental intent of this article is to develop the idea of neutrosophic 6-cluster point, neutro- 
sophic 6- closure operator, neutrosophic e#@q-neibourhood in neutrosophic topological spaces. We characterize 
some types of functions like neutrosophic 6-continuous, neutrosophic strongly-6-continuous, neutrosophic weakly 
continuous functions in terms of \V6-closure operator are discussed. Further, neutrosophic regular space is also 


introduced. 


Keywords: neutrosophic quasi coincident; V2 — nbd ; N°% — nbd; N6-cluster points; V6-closure; V6-closed 


set, VV Strongly 6-continuous; MN weakly-continuous. 


1. Introduction 


Fuzzy set theory is introduced and studied as a mathematical tool concern with uncertainties 


where every element had a” degree of membership, truth(t)”, by Zadeh [28]. A fuzzy set is one 











where every element had a” degree of membership” which lies between 0 and 1. Atanassov 





developed intuitionistic fuzzy set(IFS) as a generalization of fuzzy sets where besides, the 





” degree of non-membership” is assigned to each elelment. Both degrees belong to the interval 
10,1] with the restriction that their sum is should not exceed 1. In IFS, the ”degree of non- 
membership” depends on the ” degree of membership”. 

Neutrality (i), ” the degree of indeterminacy”, as an independent notion, was proposed by F. 
Smarandache [26]/27]. In addition he described neutrosophic set on ”three components (t , f, i) 
= (truth, falsehood, indeterminacy)”. In neutrosophic set respectively ” degree of membership, 
indeterminacy and non-membership” assigend to every elememt and it lies between [0,1]*, 


non-standard unit interval. Unlike in IFS, where the uncertainity depends on both ” degree of 
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membership” as well as ”*non-membership”, here the uncertainity is independent of ” degree of 
membership and non-membership”. Neutrosophic sets are certainly too general than IFS as 
there are no restrictions between ” degree of membership, degree of indeterminacy and degree 
of membership”. 


Neutrosophic notion have many applications in the fields of Information Sytems, Artificial 





Intelligence , decision making and evaluating airline service quality .As developments goes 





on, some researchers have extended the idea of neutrosophic set into plithogenic set and 
applied it in MCDM, MADM and optimization technique supply chain based model. Salama 
et al developed Neutrosophic topological space in 2012. This gave the way for investigation 
in terms of neutrosophic topology and its application in decision making problems. ‘The prop- 
erties of neutrosophic open sets, neutrosophic closed sets, neutrosophic interior operator and 
neutrosophic closure operator gave the way for applying neutrosophic topology. Researchers 
established the sets which are close to neutrosophic open sets as well asmneutrosophic closed 
sets. Like this, Neutrosophic closed sets as well as Neutrosophic continuous mappings were 
developed in [24]. Arokiarani et al. introduced neutrosophic semi-open (sequentially, pre- 
open as well as a-open) mappings and discussed their properties. R. Dhavaseelan et al. 
introduced generalized neutrosophic closed sets. In the concept of neutrosophic gener- 
alized a-contra continuous along with neutrosophic Almost a-contra-continuous functions are 
introduced and studied their properties.Dhavaseelan et al. presented the idea of neutro- 
sophic a”™-continuity. Narmada Devi, et al. presented the idea of Neutrosophic structure 
ring contra strong precontinuity. The notion of fuzzy 6-closure operator introduced in 
Hanafy et al established the notion of intuitionistic fuzzy 6-closure operator and intuion- 
istic fuzzy weakly continuous functions. 


The main contribution of the article is 


e To establish the notion of neutrosophic 6-closure operator along with its properties in 
neutrosophic topological spaces. 

e Neutrosophic 6-closed set is also defined using the operator defined. 

e As application of this new notion, neutrosophic 6-continuous, neutrosophic strongly 
d-continuous and neutrosophic weakly continuos functions are charcterized in terms of 
neutrosophic 6-closure operator. 

e At the end we have shown the relation between these neutrosophic continuous functions 


through implication diagram. 


2. Preliminaries 


Definition 2.1. For a nonempty fixed set Nx a neutrosophic set [in short, NS] K 
is an object of the form K = {(x, uy, (%),0,(2),Y,(“)) : © € Nx} where pp, (x),o,(x%) and 
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7,(x) respectively denotes the ”degree of membership function ( ,(x))”, the ”degree of 


99 99 


indeterminacy ( 0, (2)) of each element 


x € Nx to the set K. 


Remark 2.1. 


(1) ANS Kk = {(j, 4,7), 0¢(9);¥e()) 1 9 € K} can be recognized as an ordered triple 


as well as the ”degree of nonmembership ( 7, («)) 


(Mes Os Vxe) in ]O-,17[ on Nx. 
(2) For covenience, we write K = (u,,0,,7,) for the NS set K = 


1 ia cera Cb ara Oey, “9 CNX}. 


Definition 2.2. Consider a nonempty set Nx along with NSs K as well as H in the 


form 
K=41 Grey Ox re GO) 27 GNX = 1 olla On Gite GD) 7 Sx} Then 


(a) K CA iff wu, (9) < Uy (J), Ox 9) S OyVV) and ¥, (9) = Vy (J) for every j € Nx; 
(b) K=HiffK CHandHCK: 


(c) K = {99K (9), Ox), Ux) 2 7 © Nx}; [Complement of K] 

( 

(6) LOW IE = 4G, He) V tg 92) Oe 2) V Og 7) AMD) 7 eI 
(f Le 9 fie 4 ) O29), pig) oy ea eT 


) 
) 
\K 
a) DO SAA) Nie) Oe) Ne) 9) Ve) 9 SN x 
LK 
) 
) 


| 
(g) DK = {7,1 = Vic (J); Cx J), Vx J) 77 © Nx}. 


Definition 2.3. Let {K;:7€ J} be any family of NSs in Nx. Then 


(a) (\ AG = Ut, At, (2), AOR, (2); Vie, (@)) 2 @ E NX F; 
(b) ORG = (Ut, View, (2), Vox, (@); Mx, (#)) © © Nx}. 


Since our main work is to construct the tools for generating neutrosophic topological spaces, 


so we present the NSs 0, and 1, in Nx as below: 
Definition 2.4. 0, = {(z,0,0,1):26€ Nx} and 1, = {(z,1,1,0):2€ Nx}. 


Definition 2.5. A neutrosophic topology (NT) on a nonempty set Nx is a collection 2 
of NSs in Nx satisfy the axioms given below: 
(i) O,,1, €Q, 

(ii) R, ON Ro € Y for any Ry, Re € Q, 

(iii) UR; € Q for arbitrary collection {R; |i ¢ A} CQ. 
Here the ordered pair (Nx,{) or only Nx is termed as neutrosophic topological space (NTS) 
and each NS in 2 is known as neutrosophic open set (NOS). The complement R of a NOS R 
in X is known as neutrosophic closed set (NCS) in Nx. 
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Definition 2.6. Consider a NS, K ina NTS Nx. Then 
Nint(K) =U{R| Risa NOS in Nx also R C K} is referred as neutrosophic interior of K; 
Ne(K) =(\{R| Risa NCS in Nx with RD K} is referred as neutrosophic closure of K. 


Definition 2.7. Consider a nonempty set as Nx. Whenever t,2, f be ”real standard or 
non standard” subsets of ]0~,1*[ then the NS 2,; 7 is named as neutrosophic point(shortly, 


NP )in Nx given by 


(t,7,f), whenever t = %p 


Xt,i,f (Lp) = 
(0,0,1), whenever x 4 xy 


for Zp» € Nx is called the support of x; ¢.where t denotes the ” degree of membership” ,7z the 


” degree of indeterminacy” and f is the degree of non-membership” of 2;,;,. 


3. Neutrosophic §—Closure Operator 


Definition 3.1. (1) A NP 2(q,g,,) in Nx is termed as quasi-coincident with the NS A = 





{(x, HA(L), oa(x), ya(x))}, represented as Xq,g GA iff a+ wa > 1, GB +o > 1 and 
Ay =< Is 

(2) Consider A = {(a, wa(x),on(@), ya(x))} along with T = {(x, up(x), op(x), yr(x))} as 
NSs in Nx. Then A is said to be quasi-coincident with I’, indicated as AgI iff there 
exists an element « € Nyx such that pa(x) + pr(x) > loa(x) + or(a) > 1 and 
ya(x) + yr(@) <1. 


The expression ”not quasi-coincident” will be summarized as q. 
Proposition 3.1. Let A and I’ be two NSs along with a NP aq,g,,) in Nx. Then 
ei) AG(Tif ACT. 
ii) Aq if AZT. 
@ iii) L (a, 3,2) c A iff X(a,8,) A 


© iv) 2a,a,r)9 A iff ta,8,.) ZA 
Definition 3.2. Let : Nx — Ny be a function and %q,g,) be a NP in Nx. Then the 


preimage of 24g.) under jz, designated as p4(%(q,g,,)) is defined by 
[2 (a,8,d)) = UY Hp )ar M(Xp) a, (1 — w(@p)1—-a)) 2 y © Ny}. 


Proposition 3.2. Let f : Nx — Ny be a function and 2(q,g,)) be a NP in Nx. 


i) ieea, 1) if f(2(o,e,r))QU. for any NST in Ny. 
ii) f(®e,8,r) Of (A) if t(a,6,,)¢A for any NS A in Nx 


Definition 3.3. Let (X,0) be a NTS on Nx and 2(q,g,,) be a NP in Nx. A NS A is called 
Neq — nbd of X(~,g,y), if there exists a neutrosophic open I in Nx such that L(q,8,r)QL and 


ICA. The family of all Neg — nbd of %(q,g,,) is indicated as NN2(2(q,,)))- 
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Definition 3.4. A NP 2 (q,¢,) is known as neutrosophic 6-cluster point(N6-cluster point,for 
short) of a NS A iff for each [ in Neg —nbd of x(q,¢,y) and Nel([)qA. The set of all V6-cluster 
points of A is named as neutrosophic 6 closure of A and denoted by N clo. 

A NS A will be N’@—closed set(N@CS for short) iff A = Nclg(A). The complement of a 
N6—closed set is M@—open set (in short OS ). 


Proposition 3.3. Let (Nx,0) be a NTS and let A and I be two NSs in Nx. Then 
i) ACT > Nealg(A) C Nclo(T) 
ii) AUTS N clg(A) U Nelg(T) 
iii) Ninte A= Nelg (A) 
Definition 3.5. A NS A of a NTS Nx is named as Ne@q — nbd of a NP 2(q,g.) if there arises 


a Neg — nbd T of 2(,8,,) such that Ncl([)gA. The family of all Ne0q — nbd of x(¢,8,y) is 
represented as NNE1(2(0,8,))- 





Remark 3.1. For any NS A ina NTS Nx, Ncl(A) C Nelg(A). 
Proposition 3.4. If A isa NOS ina NTS Nx, then Nel(A) = Nclg(A). 


Proof. It is enough to prove Nel(A) 2D Nelg(A). Consider 24,3) be a NP in Nyx so as t 
L(o,8,) € Nel(A), then there exists T €¢ NNé(%(q,g,,)) such that PgA and hence I C A. Then 
Nel({) C Nint(A) C A, as A is a NOS in Nx. Thus Nel(P)GA which implies one Wee 
Nclg(A). Then Nclg(A) C Ncl(A).Thus Nel(A) = Nelg(A). 5 


Proposition 3.5. Let (Nx,0) be a NTS, the conditions are satisfied 


i) Finite union and arbitrary intersection of neutrosophic 6-closed sets in Nx is a N@CS. 
ii) For two neutrosophic sets A and [ in Nx, if A CT, then Nclg(A) C Nelg(T). 


iii) Oy and 1y are neutrosophic 6-closed sets. 


Corollary 3.1. Let A be a NS in NTS Nx. Nclg(A) is evidently NCS.The converse of the 
Corollary doesn’t hold . 


Example 3.1. For Nx = {k1,k2,k3} NSs A,T and K in Nx are defined as : 


A= (a, (hs 8 BB): (Be BB) (Bs Be BD) 

D> (a, (Fs 05> 05)» (Ga 75> 05) (OS 76 TH) and 

K = (2, (s4, 3, bi (sh, £2, a2), (Fe, Ge, G%)). Then the family © = {0,,1,,A,T} is NT 
on Nx. So, (Nx,9) is NTSs. Let vosoannth 1) and 2(9.¢.0.8,0.1)(k1) are neutrosophic points 


in Ny. Here 

X(9.6,0.6,0.3)(ki) € Nelg(K), that is x7(0.6,0.60.3)(kKi)gA C A and Nel(A) = ly q K. Now 
£0.8,0.8,0.1)(k1) € Nelo(K), that is t9.8.0.8,0.1)(Ai)gl, Nel(P) = Tqk. But 29.8,0.8,0.1)(k1) € 
N clo (x(0.6,0.6,0.3) (k1)) G Nclg(Nelg(K)). Hence Nclo(K) is not NOCS. 

Md. Hanif PAGE, R.Dhavaseelan and B.Gunasekar, Neutrosophic @—Closure Operator 





Neutrosophic Sets and Systems, Vol.38,2020 | 46 


Proposition 3.6. A NS A is N@OS in NTS Ny iff for each NP 2q,g,,) in Nx with r(9,3)q@A, 
A is a NeOq — nbd of 2(¢,6.)). 


Proposition 3.7. For any NS A in a NTS (Nx,9), Nelg(A) = M{Nelg(T) : T € O and 
ACT. 


Proof. Obviously Nclg(A) CO{Nclo(T): PT € O and A CT}. 
Now, let t(9,3,4) € MNelg(P) :P €¢ O and A CP}, but 279.6.) ¢ Nelg(A). Consequently there 
arises a Neq — nbdn of 2(q,g,,) 80 that Ncl(n)qA and hence by Propositior3.1| A C Neal(n). 


Then 2(q,g,) € Nelg(Nel(n)) and consequently, Nel(n)qNel(n).Which is a contradiction. 5 


Definition 3.6. A NTS Nx is named as neutrosophic regular(NVRS in short) iff for each 
X(q,8,) In Nx and each Neq — nbd n of T(q,8,r)> there arises Neq — nbd I of T(q,8,r) Such that 
Ncl(T) © n. 


Proposition 3.8. A NTS Nx is VRS iff for each NS A in Nx, Necl(A) = Nelo(A). 


Proof. Let Nx bea NRS. It is true that Ncl(A) C Nclg(A) for any NS A. Now, consider 
(q,8,) be NP in Nx with xqg,) € Nelg(A) and let T be a Neq — nbd of x(q,g,)). Then by 
NRS X, there exists Neq — nbd 7 of x(9,g,,) such that Nel(n) CT. Now, 24,3) € Nelo(A) 
implies NVecl(n)qA implies PgA implies x/o,g,,) € Nel(A). Hence Nelg(A) C Nel(A). Thus 
Ncl(A) = Nclg(A). 

Contrarily, let 2(q,5,;) be a NP in Nx and A be a Neq — nbd of a(q,g,,). Thereupon 
(a3) € A = Nel(A) = Nelg(A). Thus there exists a Neq — nbd 7 of t(4,g,,) such that 
Nel(n)qA and then Ncl(n) C A. Hence Nx is NRS. 5 


4. Applications 


Here we characterize some types of functions in terms of N’6-closure operator as application. 
Using this operator, we characterize neutrosophic strongly-6-continuous, neutrosophic weakly 


continuous functions. 


Definition 4.1. A function f : (Nx,0) — (Ny,2) is termed as neutrosophic strongly 
é—continuous (NN Str6é-continuous, for short), if for each NP Tia,g,) mM Nx and I € 
N NE (f((a,8,r))), there exists A € NNE(2(9,8,)) Such that f(Nel(A)) CT. 


Proposition 4.1. For a function pp: (Vx,0) > (Ny, =) the conditions are equivalent : 


i) pw is N Str6-continuous. 
ii) u(Nclg(A)) C Nel(u(A)) for each NS A € Ny. 
iii) Nelg(uwt(L)) C pt (Nel (L)) for each NST € Ny. 
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iv) p(T) isa NOCS in Ny for each NCS T € Ny. 
v) w +(L) isa NOOS in Nx for every NOS T € Ny. 


Proof. 1) = it) Let tag) € Nelg(A) and QD € NNE(B(2(0,8,,))). By (i) , there ex- 
ists 7 € NNE(2(9,8,,)) Such that BN cl(n)) C Q. Now, using Definition and Propo- 
sition we have 2g,,) € Nelg(A) > Nel(n)qA => BNe(nqu(A) > Oqu(A) => 
1(X(a,8,r)) € Nel(u(A)) > ta,8,) € H'(Nel(u(A))). Hence Nelg(A C p7t(Nel(u(A))) and 
so p(Nelg(A)) € Nel(B(A)) 

ii) > iti)Is obvious by substituting A = w~1(A). 

iii) > iv) Take be aNCS in Ny. By (iii), we have Nclg(u—*(L)) C B7'(Nel(L)) = ph (PL) 
which implies that w~!([) = Nelg(T). Hence p71(L) is a NOCS in Nx. 

iv) > v)Let T as a NOS in Ny. By (iii), we have Nelg(u-!(L)) > u-!(Nel(T)) = u-l(T) 
which implies that u-1([) = Nclg(T). Hence p(T) is a MOOS in Nx. 

v) => i) Consider 2 (,,,) bea NP and 2 € NE(B(a(0,8,y))). By (v), w*(Q) isa NOOS in Nx. 
Now, using Proposition |3.1| we have U(2(o,8,,))qQ => X(o,8,»)d *(Q) => La,8,r) u-(Q). 
Hence p~!(Q) is a NOCS, such that x96.) ¢ w-1(Q). Then there exists 7 € N2(8(2(a,8,r))) 
such that Nel(7)qu-1(Q) which implies that (NV el(n)) C Q. Hence p is a NStr6-continuous. 





U 


Definition 4.2. A function 6 : (Nx,0) — (Y,&) is termed as neutrosophic weakly 
continuous|Vw-continuous for short], iff for each NOS A in Y, B~1(A) C Nint(68~1(Nel(A))). 


Proposition 4.2. Let 6 : (Nx,90) — (Ny,&) be a function. Then for a NS [ in 
Ny .8(8-1(L)) CT, wherein equality holds if 8 is surjective. 


Proposition 4.3. Let D be a NS and 24,4) be NP ina NTS (Nx,@). Then the function 
f : (Nx, 0) > (Ny,&) if t(a,8,) € D then f(t(a,g,.)) € f(D). 


Proposition 4.4. The successive results are equivalent for a function 6 : (Nx,0) > (Ny, =): 


B is a Nw-continuous. 

B(Necl(D)) C Ncl(G(D)) for each NS D in Nx. 
Nel(8~'(6)) C B7+(Nelg(G)) for each NS 6 in Ny. 
Nel(8~'(6)) C B7'(Nel(6)) for each NOS 6G in Ny. 


a 
b 
C 


d 


Nee” Nae Na NL” 


Proposition 4.5. Let f : (Nx,0) > (Ny,&) be a Nw-continuous function, then 


i) f 1(L) isa NCS in Nx, for every NOCS T in Ny. 
ii) f-([) isa NOS in Nx, for each NOOS T in Ny. 
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Definition 4.3. A function w : (Nx,90) — (Ny,&) is known as neutrosophic 6 
continuus(V@—continuous, for short), iff for each NP 2g) in Nx and each T € 
NE(u(%(a,8,r))), there arises A € NE(X(o,8,,)) 80 as uN el(A)) C Nel (LT). 


Proposition 4.6. For w: (Nx,0) > (Ny,=) , the successive results are identical: 


a) pis a N6-continuous. 

b) u(Ncle(D)) C Nelo(u(D)) for each NS D inNx. 

c) Nclg(u~*(6)) C w-(Nelg(G)) for everry NS 6 in Ny. 
d) Nelg(u~'(G)) C p!(Nel(G)) for each NOS 6 in Ny. 


Remark 4.1. Based on the above results we have implication diagram as shown below. 


N Str—continuous = N-continuous == Nw-continuous 


y 


N6-continuous 


5. Conclusion 


This research article presents and establishes the idea of neutrosophic 6-closure operator in 
neutrosophic topogical spaces. Using this operator neutrosophic 6-closed set is defined. Some 
results are discussed and further more, as applications of these concepts, certain functions 
like neutrosophic 6-continuous, neutrosophic strongly 6-continuous together with neutrosophic 
weakly continuous are characterized interms of neutrosophic 6-closure operator. Neutrosophic 


regular space is also introduced and characterized interms of neutrosophic 6-closure operator. 





In future, using this operator, one can define the neutrosophic @-generalized closed set and do 


the further interesting research. 
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Abstract. In this paper, the concept of neutrosophic 4—topological spaces is introduced. We define and study 
the properties of neutrosophic —open sets, jz—closed sets, w~—interior and —closure. The set of all generalize 
neutrosophic pre-closed sets GN PC(r) and the set of all neutrosophic a-open sets in a neutrosophic topological 
space (X,7) can be considered as examples of generalized neutrosophic p1—topological spaces. The concept 
of neutrosophic ys — continuity is defined and we studied their properties. We define and study the proper- 
ties of neutrosophic ys — compact, u-Lindelof and p-countably compact spaces. We prove that for a countable 
neutrosophic pi-space X: p-countably compactness and ul-compactness are equivalent. We give an example of 
a neutrosophic -space X which has a neutrosophic countable jz-base but it is not neutrosophic p-countably 


compact . 


neutrosophic p.—topological spaces;jz-open; ju—closed; j—interior; j—closure; generalize neu- 


trosophic pre-closed sets; neutrosophic a-open sets; neutrosophic ps — continuity; neutrosophic 


tu — compact; neutrosophic y-Lindelof; neutrosophic p-countably compact space. 


1. Introduction 


The fuzzy set was introduced by Zadeh in 1965, where each element had a degree 
of membership. The intuitionstic fuzzy set (Ifs for short) on a universe X was introduced 


by K. Atanassov in 1983 as a generalization of fuzzy set, where besides the degree 











of membership we have the degree of non- membership of each element. The concept of 


neutrosophic sets first introduced by Smarandache as a generalization of intuitionistic 





fuzzy sets, where we have the degree of membership, the degree of indeterminacy and the degree 
of non-membership of each element in X. After the introduction of the neutrosophic sets, 
neutrosophic set operations have been investigated. Many researchers have studied topology 
on neutrosophic sets, such as Smarandache [22], Lupianez and Salama [17]. The 
neutrosophic interior, neutrosophic closure, neutrosophic exterior, neutrosophic boundary and 


neutrosophic subspace can be found in (20). Neutrosophy has many applications specially 
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in decision making, for more details about new trends of neutrosophic applications one can 
consult (1), [2], and [4]. 


Definition 1.1. [19]: A neutrosophic set A on the universe of discourse X is defined as 
A = {(r,a(x),o4(x),va4(x));2 € X} where p,o,v : X >]~0,17[ and ~0 < u(x) + a(x) + 
7 ee ae 


The class of all neutrosophic set on X will be denoted by V(X). We will exhibit the 
basic neutrosophic operations definitions (union, intersection and complement. Since there 
are different definitions of neutrosophic operations, we will organize the existing definitions 


into two types, in each type these operation will be consistent and functional. 


Definition 1.2. [18] [Neutrosophic sets operations of Type.I| Let A, Ag, BE N(X) such that 
a € A. Then we define the neutrsophic: 





(1) (Inclusion): AE B If pwa(x) < p(x), o4(x%) > op(x) and va(x) > vp(z). 

(2) (Equality): A= B if and only if AC Band BEA. 

(3) (Intersection) ay Sele) =e, Na tAc (x), Ww ATAl2): A VAlt))s ce X}. 

(4) (Union) we Ael2) =. a PAa (x), a TAlt)s AV Ale) cE X}. 

(5) (Complement) A° = {(x,v4(z),1—o,4(x), wa(x)); 2 € X} 

(6) (Universal set) 1x = {(x,1,0,0); 2 € X}; will be called the neutrosophic universal set. 
(7) (Empty set) Ox = {(@,0,1,1);” € X}; will be called the neutrosophic empty set. 


Definition 1.3. [18] [Neutrosophic sets operations of Type.IT| Let A, Ag, B € N(X) for every 





a € A. Then we define the neutrsophic: 


(1) (Inclusion): AE B If wa(x) < pp(x), o4(@) < op(x) and va(x) > vp(z). 

(2) (Equality): A= B if and only if AG Band BEA. 

(3) (Intersection) ay Sele) =e A bAe CaP TA (2): A VAlt))s xe xX}. 

(4) (Union) we Ael2) =, a bAe (x), Ww ATAlt)s WANZACZIE ce x}. 

(5) (Complement) A° = {(x,va(z),1—o,4(%), wa(x)); 2 € X} 

(6) (Universal set) 1x = {(x,1,1,0);” € X}; will be called the neutrosophic universal set. 
(7) (Empty set) Ox = {(x,0,0,1);2 € X}; will be called the neutrosophic empty set. 


(1) ANA=A, AUA=A, ANOx =0x, AUOx =A, ANI1xX =A, AU1Lx =I1x. 
(2) AN(BNC) =(ANB)NC and AU(BUC) = (AUB)UC. 
(3) AN ( U Aa) = U(An Aa). 
(4) AU( N Ag) = [1 (AU Aa). 
Qe 
(5) (A°)S= A 
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(6) De Morgan’s law: 
r= Ta. 
(0) (0,4) = Us 
== iia. 
CEA Eee ee 


Definition 1.5. |Neutrosophic Topology] Let Tr C N(X). Then 7 is called a neutrosophic 
topology on X if 

(1) Ox, 1x € 7. 

(2) The union of any number of neutrosophic sets in 7 belongs to 7, 


(3) The intersection of two neutrosophic sets in 7 belongs to T. 


The pair (X,7) is called a neutrosophic topological space over X. Moreover, the members 
of rT are said to be neutrosophic open sets in X. For any A € N(X), If A° € 7, then A is said 


to be neutrosophic closed set in X. 


Definition 1.6. [20 [Neutrosophic interior] Let (X,7) be a neutrosophic topological space 
over X and A € N(X). Then, the neutrosophic interior of A, denoted by int(A) is the union 


of all neutrosophic open subsets of A. 
Clearly that int(A) is the biggest neutrosophic open set over X which containing A. 


Theorem 1.7. [20/ Let (X,7) be a neutrosophic topological space over X and A,B € N(X). 
Then 

(1) int(1x) = 1x, int(Ox) =0x and int(A) E A. 

(2) int(int(A)) = int(A). 

(3) AC B implies int(A) E int(B). 

(4) ont(A NB) = int(A) Nint(B). 


Definition 1.8. | Neutrosophic closure] Let (X,7) be a neutrosophic topological space over 
X and A € N(X). Then, the neutrosophic closure of A, denoted by cl(A) is the intersection 


of all neutrosophic closed super sets of A. 
Clearly, cl(A) is the smallest neutrosophic closed set over X which contains A. 


Theorem 1.9. [20] Let (X,7) be a neutrosophic topological space over X and A,B € N(X). 
Then, 
(1) cl(1x) =1x, cl(Ox) =0x and AC cl(A). 
(2) cl(cl(A)) = cl(A). 
(3) AC B implies cl(A) E cl(B). 
(4) cl(AU B) = cl(A) Ucl(B). 
Murad Arar and Saeid Jafari , Neutrosophic p-Topological spaces 





Neutrosophic Sets and Systems, Vol.38,2020 ai 


Definition 1.10. |5||Neutrosophic pre-open and pre-closed| Let (X,7) be a neutrosophic topo- 
logical space over X and A € V(X). Then A is said to be neutrosophic pre-open set (NPOS), 
if A C Int(Cl(A)). The complement of a neutrosophic pre-open set is called neutrosophi 
pre-closed set (NPCS). 


Definition 1.11. [6] | Neutrosophic a-open| Let (X,7) be a neutrosophic topological space 
over X and A € N(X). A is said to be an a-open set, if A C Int(Cl(Int(A)). The set of all 
neutrosophic a-open sets in (X,7) will be denoted by Na — O(r). 


Definition 1.12. [5] [Neutrosophic pre-closure| Let (X,7) be a neutrosophic topological space 
over X and A € N(X). The neutrosophic pre-closure of A, denoted by pNCL(A) is the 


intersection of all neutrosophic pre-closed super sets of A. 


Definition 1.13. [5| [Generalized Neutrosophic pre-closed sets| Let (X,7) be a neutrosophic 
topological space over X and A € N(X). A is said to be a neutrosophic generalized pre-closed 
set (GNPCS) in (X,7) if pNCL(A) C B whenever A C B and B is neutrosophic open. The 
set of all generalized neutrosophic pre-closed sets in (X,7) will be denoted by GN PC(r). 


Theorem 1.14. [5}| 6] Let (X,7) be a neutrosophic topological space over X. Then 


(1) The union of any collection of a-open sets is an a-open set. 


(2) The union of any collection of GNPC's is GNPC. 


The following is an improvement of a definition in makes it suitable for type.I and 
type.II neutrosophic sets. 


Definition 1.15. Let X and Y be two nonempty sets and (2: X — Y be any function. ‘Then 
for any netrosophic sets A € V(X) and B € N(Y) we have: 
(1) The Type.I(Type.II) pre-image of B under ©, denoted by Q~1(B), is the Neutrosophic 
set in X defined by 
Q(B) = {(2, pa(Q(2)), oR(Q(2)), va(Q(z))); @ © X} 
(2) The Type.I (Type.II) image of A under Q, denoted by 2(A), is the Neutrosophic set 
in Y defined by 


QCA) = 1(y, Ua) (y), A(ea)(y), A — OG — va) (Wy © YF where 


sup pale) if Oy) AO 
(wa)(y) = 4 2 


0 if O-(y) =0 
inf oa(x) if Q-*(y) 49 
(ca)(y) = 4 72) (Type.1) 
1 if O-l(y) =0 
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sup a(t) if Q7'(y) AO 


(oa)(y) = 4 EON) trepe.t 
: if (y) =9 
inf va(x) if Q7} 0 
A —A(1—va)(yy = deer (y) 7 
if O~"(y) = 0 


For the sake of simplicity we write  — (v, instead of (1 — Q(1 — v4)). 





Note that the only difference between Type.I and Type.II images lies in the definition of the 
image of o and this is important to make sure both Type.I and Type.II neutrosophic functions 


satisfy the following proposition. 


Proposition 1.16. Let X and Y be two nonempty sets andQ: X + Y be any function. 
Let A, Ag € N(X) and B, Bg € N(Y). Then we have: 
(1) Ay E Ag = Q(Az) E (AQ). 
B,C Bg =071(B,) GC O71(Bo). 
C 071(Q(A)) and equality holds if Q is injective. 
Q-1(A)) CA and equality holds if Q is surjective. 
a) = eS Aa)- 


Definition 1.17. Let X be a nonempty set and 0 < a,6,y < 1. Then a neutrosophic set 
AéN(X) is called: 


(1) A neutrosophic point of Type.I if and only if there exists « € X such that A = 
{(x, a, B,y)}U{(£,0, 1,1); 4 F x}. 

(2) A neutrosophic point of Type.IT if A = {(x, a, B,y) }U{ (a, 0,0,1);4 4 x}. Neutrosophic 
points will be denoted by zqg.. 


Now, we will exhibit some definitions and properties of -topological spaces. A. Csaszar 
introduced the notion of Generalized Topological Space (GTS). He also introduced the notion of 
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(1413/2 )-continuous function on GTS’s. u-compactness introduced in and (21). Countbaly 
jt—paracompact introduced and studied in [3]. Strongly Generalized neighborhood systems 


introduced and studies in (9. 


Let X be a nonempty set. A collection p of subsets of X is called a generalized topology on 
X and the pair (X, js) is called a generalized topological space, if ju satisfies the following two 
conditions: 

(1) Dep. 

(2) Any union of elements of yw belongs to p. 


Let @ C exp(X) and @ € GB. Then £8 is called a yw — base for p if uw = {UJ 6’; 6’ C B},We also 
say p is generated by £6. If @ is countable, then it said a countable py — base. A generalized 
topological space (X, 11) is said to be strong if X € yw. A subset B of X is called p-open (resp. 
u-closed) if B € pw (resp. if X — B € yp). The set of all w-open sets containing a point x € X 
will be denoted by py (ie. fg = {U € ux € U}). 


Definition 1.18. Let CX, 1) and (X, 2) be two p-topological space. A function f : (X, 41) > 
(X, 2) is said to be (1, 2) — continuous if and only if f~'(V) € uy whenever V € jug. 


Definition 1.19. Let X be a generalized topological space and let ¥ be a collection of subsets 
of X. Then § is said to be: 


(1) A p-cover of X if X =U{U;U € $}. 
(2) A p-open cover of X if § is a y-cover of X and U € p for every U € §&. 


Definition 1.20. Let X be a generalized topological space and let ¥ and € be p-covers of X. 
Then € is said to be a p-subcover of ¥, if € C ¥. 


Definition 1.21. A generalized topological space X is said to be w-compact (resp. y-Lindelof) 


if and only if every y-open cover of X has a finite (resp. countable) y-subcover. 





The following theorem shows some differences between topological spaces and pz—topological 


spaces. 


Theorem 1.22. 


(1) In w—topological spaces Int,(ANB) = Int, (A)NInt,(B) ts not satisfied where Int,,(A) 
stands for interior of A. 

(2) In p—topological spaces Cl,(AUB) = Cl,,(A) UCI,(B) its not satisfied where Cl,,(A) 
stands for the closure of A in [. 
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e 


(3) Gi There exists a p-normal space with a countable p-base which has a -open cover 


with no p-open point-finite refinement. 
2. Neutrosophic s-'Topological Spaces 


In the literature of generlaized topological spaces the symbol py is used to refer the 
jt—topology and in neutrosophic sets it is used to refer the membership function p, so, to 
avoid ambiguity, we will use the underlined yz to refer the y-topology and keep yw for the 


membership function in neutrosophic sets. 


Definition 2.1 (Neutrosophic y-Topology). Let GC N(X). Then p is called a neutrosophic 
p-topology on X if 
(1) Ox € LL. 


(2) The union of any number of neutrosophic sets in ys belongs to yp. 





The pair (X, 4) is called a neutrosophic -topological space over X. The members of pz are 
said to be neutrosophic -open sets in X. If lx € p, then (X, py) is called a strong neutrosophic 
t-topological space. For any A € N(X), if A° € ps, then A is said to be neutrosophic p-closed 
set in X. Since their are two types of neutrosophic sets, a neutrosophic p-topology is said 
to be Type.I(Type.II) neutrosophic topology if its elements are treated as Type.I(Type.I]) 


neutrosophic sets. 


Example 2.2. Let X = {a,b,c} and A, B,C, Ce N(X) with: 

A = {la,0.3,0.5,0.7), (b,0.3,0.4,1)}, B = {(a,0.4,0.7,0.1), (b,0.2,0.6,0.9)}, C = 
{(a, 0.4, 0.5, 0.1), (b, 0.3,0.4,0.9)}, GC = {(a,0.4,0.7,0.1), (b,0.3,0.6,0.9)}. Then p = 
{Ox,A, B,C} is a Type.I neutrosophic ys — topology and ft = {1x,0x, A,B, Ch is a Type.II 
strong neutrosophic mu — topology. Neither ~ nor f4 is neutrosophic topology. Note that ,in 
(X,u), ANB = {(a,0.3, 0.7, 0.7), (b, 0.2, 0.6, 1)} is not neutrosophic mu-open (here we apply 
type.I intersection). And in (X, fs) we have ANB = {(a,0.3,0.5, 0.7), (b,0.2,0.4,1)} is not 


neutrosophic mu-open (here we apply type.II intersection). 


Most examples and theorems will be considered for Type.I neutrosophic sets, since the two 


types of neutrosophic sets have the same properties. 


Definition 2.3 (Neutrosophic u-interior). Let (X, 2) be a neutrosophic topological space over 
X and A€ N(X). Then, the neutrosophic p-interior of A, denoted by int,(A) is the union 
of all neutrosophic pi-open subsets of A. Clearly int,(A) is the biggest neutrosophic pi-open 


set over X contained in A. 


Theorem 2.4. Let (X,) be a neutrosophic 1-topological space over X and A,B € N(X). 
Then, 
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(1) inty(Ox) = 0x and int,(A) EC A. 

(2) inty(1x) = 1x whenever pu is a strong u—topology. 

(3) int, (int, (A)) = int, (A). 

(4) AC B implies int,(A) C int, (B). 

(5) int,(A) = A af and only if A € pu. 

(6) If AC B, then int,,(A) E int, (B). 

(7) inty(Al B) E int,(A) Nint,(B). Equality does not hold, see Exampl¢2. | 


Proof. We will establish a proof for (4) and (7). 

(4) Since AC B, {UE pwU CA} C {LU eyw;U CE B}. So that pint, (4)(@) = sup{wu (x); U € 
u,U © A} < sup{py(z);U € w,U © BY = pint, (By (), ine, (ay(@) = inf{ou(2);U € pO © 
A} > inf{ou(x);U € u,U © B} = omy (By (2), and Vint, (A) (2) = inf{vy(x);U € w,U © A} > 
inf{vy(x);U € w,U CB} = Ying (By)(@). Which means int,,(A) E int,,(B). 

(7) Since ANNBC A and B, int,(A 1B) C int, (A) and inty,(AN B) C int,(B) (by (4)), so 
we have int,(AM B) C int,(A) Ninty(B). g 


Example 2.5. Consider (X, ju) as in Exampl2.2| Note that: 
(1) inty (1x) =O, VAUBUC=CAlx. 
(2) Since AN B = {(a, 0.3, 0.7, 0.7), (6, 0.2, 0.6, 1)} and there is no neutrosophic ys — open 


set in ys contained in Al B except 0x, we have inty(A 1B) = Ox, and since A,B € p, 
int, (A) Mint,(B) = ANB #¢int,(AN B) = 0x. 


Definition 2.6 (Neutrosophic p-closure). Let (X,) be a neutrosophic p-topological space 
over X and A € N(X). Then, the neutrosophic p-closure of A, denoted by cl,,(A), is the 
intersection of all neutrosophic p-closed super sets of A. 


Clearly cl,,(A) is the smallest neutrosophic p-closed set over X which containing A. 


Theorem 2.7. Let (X,) be a neutrosophic p1-topological space over X and A,B € N(X). 


Then, 
(1) cly(1x) =1x and AC cl,(A). 
(2) cl,(Ox) =Ox whenever pu is a strong u—topology. 
(3) cly(ely(A)) = ely (A). 
(4) AC B implies cl,,(A) E cl, (B). 
(5) A is p-closed if and only if cl,(A) = A. 
(6) 


6) cl(A) Ucl(B) Ecl(AU B). The equality does not hold. 


Example 2.8. Consider (X, ju) as in Exampl2.2| The only p-closed sets in (X, js) are: 


(1) 0% = 1x. 
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(2) AC = {(a,0.7,0.5, 0.3), (b, 1, 0.6, 0.3)}. 

(3) Be = {(a,0.1, 0.3, 0.4), (b, 0.9, 0.4, 0.2)}. 

(4) C¢ = {(a,0.1, 0.5, 0.4), (b, 0.9, 0.6, 0.3)} 
It is clear that cl (0.x) = 0% A°NB°NC® = {(a, 0.1, 0.5, 0.4), (b, 0.9, 0.6, 0.3)} # 0x. Let H = 
A and K = B°. Then cl,(H)Ucl,(K) = {(a, 0.7, 0.3, 0.3), (b, 1, 0.4, 0.2)} and cl,,(HUK) = Lx, 
since the only neutrosophic p-closed set containing HU K = cl,,(H) Ucl,(K) is Lx. 


The following theorem shows the importance of generalized neutrosophic p1-topological 


spaces. 


Theorem 2.9. Let (X,7) be a neutrosophic topological space over X. Then: 


(1) The set Na—O(r) of all neutrosophic a-open sets over (X,T) is a strong neutrosophic 
j-topology over X. 

(2) The set GNPC(r) of all neutrosophic pre-closed sets in (X,7) is a strong neutrosophic 
ji-topology over X. 


Proof. Easy! we just call Theore 0 


Definition 2.10. Let (X,) and (Y,/) be two neutrosophic p-topological spaces and let 
Q:X — Y be any function. Then () is said to be neutrosophic (jy, /4)-continuous if for any 
neutrosofpic point 7g, and for any neutrosophic fi-open set V € 7 such that f(%a,¢,) © V 


there exists U € 7 such that %q,g, € U and Q(UU) CV. 


Theorem 2.11. Let X and Y be two nonempty sets and 0: X — Y be any function. Let 
Leb, be a neutrosophic point in X. Then Q(to,67) = O(@)a,6,; that is the image of a 


neutrosophic point is a neutrosophic point. 


Proof. We will prove it for Type.I and Type.II neutrosophic sets. Let A = rgg., and Q(x) = y. 
Then the Type.I (Type.II) image of A under 2, denoted by (A), is the Neutrosophic set: 


QCA) = 1(y, Mua) (y), (ea) ly), IL — QU. — va))(W)isy © ¥ f, where 


sup a(x) if Q-*(y) # 0) a ify=y 
(ua)(y) = 4 22) =, ds 
0 if O1(y) 40 0 ifyFy 


(c4)(y) = Pe eae FOTW AO JB ity=9 


= | (Type.) 
1 if O-'(y) 40 1 ify#y 
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= | (Type.IT) 
0 if O1(y) 40 0 ifyFy 


) 


1 if Q-l(y) F 1 ify#y 


That is -in Type.I and Type.II neutrosophic sets- Q(%o,6,) = Ya,g,y Where y = Q(x) . 5 


Definition 2.12. A neutrosophic point of type.I (type-II) z_3 is said to be in the neutro- 
sophic set A -in symbols tq,3 € A)- if and only if a < wa(x), 8 > oa(x) and y > va(z) 


(a < pa(x), 8 <oa(x) and 7 > va(x)). 


Lemma 2.13. Let A © N(X) and suppose that for every a3, € A there exists a neutrosophic 
set B(Xa,8,1) © N(X) such that £0.67 € Blta,y) G A. Then A= Uj B(Xo,8,7); €a,8,7 © Af. 


Proof. The proof will be established for Type.I. Set H = U{B(%o,6,y); a,8,y € A}. It suffices to 
show that AC H and H LC A. First note that for every B(xqg,y) E A we have HB(2.. 9,4) (£) < 
HA(X), CB(aa.4,)(%) 2 Ta() and vaie, ,.)(@) 2 va(x) for every © X. Let x € X. Then 
a(%) = sup{MB(e,,5,,)iTa,87 © A} < wa(x), on(x) = inf{op(e, 4.) Faby © A} > oa(z), 
and vq(x) = inf{vp(e, 4,)}%a,8,7 © A} 2 oa(x), this means H C A. To prove the converse, 
let x € X and let ay = w(x), 61 = o,(x), and 7 = v4(x). Consider the neutrosophic points 
Lq,6,y Such that a < a1, 8 > fy and y > y. Then tag € A. Let Az = U{B(%ag,4)3a < 
a1,8 > Brandy > y1}. It is clear that A, E H so that wa4,(x) < w(x), o4,(x%) > oH(2) 
and v4,(@) > vy(x). But wa,(@) = sup{HAs, , (#7); a =< 01,50 > 21.7 > at = a = 
a(x), o4,(2) = inf{oa,, ,,(«);a <aj,8B > Bi,y > mn} = & = ocala) and vg,(x2) = 
SUPLVA,, 5, (sha <a,,8B > By > nm} = 1m = va(e), which implies wa(x) < pxH(2), 
oA > oy («x) and vg > vy(x) or, equivalently, AC A. 5 


Corollary 2.14. Let (X,) be a neutrosophic topological space over X and let A € N(X). 
Then A is neutrosophic p-open in (X,p) of and only if for every ®ag,y € A there exists a 
neutrosophic y-open set B(Xo,8,) € pw such that to.g,4 © B(®o,g,) E A. 


Definition 2.15. Let (X,) be a neutrosophic topological space over X. A sub-collection 
BC ju is called a neutrosophic bb base for Ll if and only if for any U € [i there exists B CB 
such that U = L{B; B € B}. 
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Corollary 2.16. Let (X,) be a neutrosophic topological space over X. Then a subcollection 
B of is a neutrosophic  — base for wu if and only if for every U © pw and every Lag, © U 
there exists B € B such that og, E BCU. 


Theorem 2.17. Let (X,) and (Y, ft) be two neutrosophic y-topological spaces and let Q : 
X — Y be any function. Then Q is neutrosophic (1, f1)-continuous if and only if Q-(V) is a 


neutrosophic j1-open set whenever V is a neutrosophc ft-open set. 


Proof. Suppose that Q is neutrosophic (1, /4)-continuous, V be a neutrosophe fi-open set, 
and fag, € QV). Then Qarag,7) = WAzagy € AQ *(V)) C V (we used theo- 
re 4)). Since Q is (y, f1)-continuous, there exists a neutrosophic ~—open set V(%a,g,) 
such that tog, € V(%ag,y) and Q(V(ra2,7)) G V, which implies, by theore ), 
V(ta,8,7) © 27*'(Q(V(ta,8,7))) EG Q71(V), that is, by corollary[2.14| Q71(V) is pe — open. 
Conversely, suppose the condition of the theorem is true. To show that ( is (j, /4)-continuous 
let Zq,g,, be a neutrosophic point in X and V is a neutrosophic fs — open set such that 
O(ro,6,7) € V. By the condition of the theorem, 2~'(V) is neutrosophic ju—open set, and from 
theore (3) and (4) we have tog. € Q7*(Q(ra,6,4)) CE QAN(V), and Q(Q71(V)) CV, re- 
spectively. So we have Q7~'(V) is neutrosophic ju — open, %o,3,y € N7'(V) and Q(Q"(V)) EV 


which mean () is a neutrosophic (4, /1)-continuous function. 5 


Theorem 2.18. Let (X, 1) and (Y, (1) be two neutrosophic 1-topological spaces, 1: X + Y be 
any function, and B isa neutrosophic s—base for ft. Then Q is neutrosophic (, [t)-continuous 


if and only if Q71(V) is a neutrosophic -open set for every V € B. 


Proof. =) Obvious! 

<) Suppose that 2 satisfies the condition of the theorem, and let V be any neutrosophic 
ft — open set. Since Bisa neutrosophic p — base for jf, there exists a sub-collection 6* from 
B such that V = U{B; B € B*}. But O71(V) = Q-1(LB; B € B*}) = U{N-1(B); B € B*}. 
Since Q~'(B) is neutrosophic us — open for every B € B*, Q7'(V) is neutrosophic js — open, 


and so 2 is a neutrosophic (1, /4)-continuous function. 5 


Definition 2.19. Let (X, 1) be a neutrosophic p-topological space. A sub-collection UC py 
is called a type.I (type.II) neutrosophic u—open cover of X, if ly =U{U;U EU}. 


Definition 2.20. Let (X, 41) be a neutrosophic pi-topological space, and let U/ be a neutrosophic 
ji—open cover of X. A sub-collection UCN (X) is called a neutrosophic —subcover of X 
from U, if U isa neutrosophic jz—open cover of X and UCU. 
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Corollary 2.21. Let (X, 1) be a neutrosophic p-topological space. A sub-collectionU CE pu is a 
tu—open cover of X if and only if for every Xo,g,7 in X there exists U €U such that La.g,y € U. 


Definition 2.22. A neutrosophic p-topological space (X, 1) is called neutrosophic -compact 
space if every neutrosophic jz—open cover of X from yu has a finite neutrosophic pi-subcover of 


Xx. 


Theorem 2.23. Let Q : (X,u) — (Y, ft) be a neutrosophic (py, f1)-continuous function. If 
(X, 4) 1s neutrosophic 4—compact, then (Y, (1) is neutrosophic —compact. 


Proof. Let V be a neutrosophic 4—open cover of Y. Consider the collection yy? = 
{Q7'(V);V © V}. Since Q is neutrosophic (ju, f4)-continuous, V~' C yp. Set A = 
Uf{Q-1(V);V € V}. To show that A=1x. But A=L{OQ7V(V);V eV} =O 'N(LAV;V e€ 
V}) =071(1y) = 1x (we used Proposition |1.16|(9)); i.e. V~' is a neutrosophic ju — open cover 
of X. Since X is neutrosophic ss — compact space, v~-t has a finite neutrosophic jl — open 
sub-cover V*~'. Suppose that V*~* = {QN71(Vj);i = 1,2,...,n}. Set V* = {Vj;i = 1,2,...,n}. 
It is clear that V* C V. Since 2 is surjective, O(Q71(V;)) = V; for every i = 1,2,...,n, so we 
have LUVj;i = 1,2,...,.n} = U{O(Q1(V;));¢ = 1,2,...,n} = ACO 1"(V;);¢ = 1,2,...,.n}) = 
Q(1x) = ly, that is Y* is a neutrosophic u—subcover of X from V. 


Theorem 2.24. Let (X,p) be a neutrosophic p-topological space, and B be a neutrosophic 
uu — base for yw. Then (X,) is neutrosophic u—compact if and only if every neutrosophic 


ju — open cover of X from B has a finite neutrosophic  — subcover. 


Proof. =) Obvious! 
<=) Suppose that X satisfies the condition of the theorem. Let U be a neutrosophic yu — open 
cover of X. For every U € U there exists By C B such that U = UBy. Set By = {B; Be 





Bu,U € Uj}. It is clear that 6, is a neutrosophic ys — open cover of X from B, so it has a 
finite neutrosophic p — subcover by. For every B € by there exists Ug € YU such that B CE Ug. 
Let U* = {Up; B € By}. Since Bj is a finite neutrosophic ps — open cover of X, U* is a finite 


tu — subcover of X trom U, and X is neutrosophic 4 — compact. g 


Definition 2.25. A neutrosophic p-topological space (X, j1) is called: 


(1) neutrosophic u-Lindelof space if every neutrosophic ys — open cover of X from y has a 
countable neutrosophic pi-subcover of X. 
(2) neutrosophic -countably compact space if every neutrosophic ps—open countable cover 


of X from y has a finite neutrosophic p-subcover of X. 
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Theorem 2.26. Every neutrosophic 1-topological space with a countable neutrosophic s—base 


is neutrosophic y-Lindelof. 


Proof. Let (X, 4) be a neutrosophic p-topological space with a countable neutrosophic pu—base 
B. Let U be a neutrosophic 44 — open cover of X. For every U € U, there exists By C B such 
that U = UBy. Let B* = U{By;U € U}. Since U is a neutrosophic 4: — open cover of X, B* 
is a neutrosophic 4 — open cover of X. And since B* C B, b* is countable. We can write 
b* = {B;;i = 1, 2,3,...}. For every 1 = 1,2,3,... pick a unique U; € U such that B; C U;. Let 
U* = {U;;i = 1,2,...}. Since B* is a neutrosophic 4 — open cover of X, U* is a neutrosophic 


tt — open subcover of X from U/, and hence X is a neutrosophic p-Lindelof space. 5 


Theorem 2.27. Every neutrosophic u-Lindelof and -countably compact space is j1-compact. 


Proof. Let (X, 44) be a neutrosophic p-Lindelof and 4 — countably compact space, and let U/ 
be a neutrosophic p — open cover of X. Since X is neutrosophic p-Lindelot, U/ has a countable 
neutrosophic ps — subcover (say U,) of X from U. And since X is neutrosophic ps — countably 
compact, YU, has a neutrosophic yp — finite subcover, say U2, from Uy. It is clear that U2 
is a neutrosophic 4 — finite subcover of X from U, that means (X,) is a neutrosophic 


[L — comapact. g 


Corollary 2.28. Every neutrosophic -countably compact space with a neutrosophic countable 


tt — base is f1-compact. 


Example 2.29. Let X = {a,b} and 8 = {An;n = 1,2,3,...$ where A, = {(a,1 —- 
—_ —_ 5 )5 2 € X}. Consider the neutrosophic p-topology 7(8) generated by the neutro- 
sophic pi-base 8. Since T(@) has a countable base, 7(3) is neutrosophic pi-Lindelof. Note that 
T(@) is strong neutrosophic p-topological space, since 8 covers X, actually: 
= WA — 16 28 SVL = APE ARE) 2 eX} = {(7,1,0,0);2 Ee X} = 
ly. Now, we will show that 7(@) is not neutrosophic p-countably paracompact (which im- 
plies it is not neutrosophic pi-compact). By contrapositive, suppose X is neutrosophic p- 
countably paracompact. Then YU = f is a countable neutrosophic p-open cover of X. Since 
we suppose X is neutrosophic p-countably paracompact, YU has a finite p-subcover , say 
U* = {An1, Anz,---, Ang}. But Api U Ang U... UU Ang = At where t = max{ny,7o,...,n~}, and 
Ay = {(2,1—- a aa a)3 x € X}#1x, a contradiction. So X is not neutrosophic p-countably 
paracompact and hence is not neutrosophic u-compact. 

The following theorem shows that neutrosophic pz-compact space and neutrusophic p- 
countably compact space are equivalent if X is countable, which is not true in topological 


spaces. 
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Theorem 2.30. for every countable neutrosophic 1-topological space X, the following two 


statements are equivalent: 


(1) X is neutrosophic j-compact. 


(2) X is neutrosophic p-countably compact. 


Proof. =) Obvious! 
<=) Suppose that X is a countable neutrosophic p-countably compact space, and let U be a 
neutrosophic p-open cover of X. For every x € X we define the following three subsets of 
10, 1). 

(1) Di = {ua(x); A € UY}. 

(2) D? = {oa4(z); A EU}. 

(3) D® = {va(x); A EU}. 
Let Dy, D3 and D3 be three countable dense subsets of Di, D> and D/ respectively in the 
usual sense (the usual topology on the unit interval). Since Y/ is a neutrosophic p-open cover 
of X, we have sup Dj = sup Df, = 1 ,inf DJ = inf D> = 0 and inf D3 = inf DE = 0. Let 
U(x) = {A €U; a(x) € Df, oa4(x) € DF or va(x) € D3}. It is clear that U(x) is countable. 
Let U* = U{U(x);2 € X}. Since X is countable, U* is a countable sub-collection from U/. We 
will show that U* is a neutrosophic pi-cover of X. Set B = LIU". For every x € X we have: 

(1) pe() = Vina(e); A € By > Vinala); A € Dif = sup DU = 1. 

(2) op (®) {o4(xz); A € B} > A{o,(x); A € D7} = inf DZ = 0. 

(3) ve(x) = A{va(v);A € B} > A{V a(x); A € D7} = inf DZ = 0. 


V 
/\ 


Which implies that B = 1x and U/* is a neutrosophic countable p-open cover. Since X is a 


neutrosophic p-countably compact space, U/* has a finite subcover , that is X is compact. 5 


Question 2.31. Are neutrosophic 1-compactness and neutrosophic -countably compactness 


equivalent. 


3. Applications and further studies 


All existing studies are about neutrosophic topological spaces and since Neutrosophic p- 
topological space is a generalization of neutrosophic topological spaces we can get more gen- 
eralized results in Neutrosophic p-topological space that are true for neutrosophic toplogical 
spaces, see for example ‘Theorem and some previous notations about neutrosophic sets 
can be considered as examples of neurosophic p-topological spaces, see ‘Theorem |2.9] which 
shows the relationship between p-topological space and previous studies. In the future work 


we need to answer the question posted in this paper: Are neutrosophic pi-compactness and 
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neutrosophic p-countably compactness equivalent. Furthermore; many notations about neu- 
trosophic p-topological spaces need to be studied for example, first and second countable 
spaces, neighborhood systems, the relation between the usual topology defined on the interval 
[0,1] (which is the range of 4, o and v functions) and the neutrosophic pz-topology defined on 
Xx. 
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Abstract. Aim - Stress binds everyone as we face uncertainty in our lives. So, it is notable that we experience 
anxiety during this coronavirus disease (COV ID — 19) pandemic context. When we try to handle stress for 
longer duration leads to chronic, and it can affect both physical and mental health. The scientific techniques to 
precisely pre-assess or assess mental health disorders are hardly available for the students. This paper intends 
to provide an explication to pre-assess or assess the mental health of the students amidst this pandemic. We 
present the notions of single-valued neutrosophic N-soft set (SV NN'S'S) and the quasi-hyperbolic discounting 
intertemporal single-valued neutrosophic \V-soft set (QH DISV NN SS) to show the mental condition of the stu- 


dents. Design- We develop a four-phase method to pre-assess or assess the mental health disorders of students. 





In the initial phase, we present an outline to identify the students, parameters, and the psychosocial aspects of 


the students. Also, we provide the framework of positive and negative statements for each parameter, rating 





scales, and scoring norms. In the second phase, we execute case studies based on observation of the students 
and mention the values using neutrosophic numbers for each counseling session with no loss of information. 
Then we apply the concept of score function (SF') and weighted single-valued neutrosophic vector (WSV NV). 
In the third phase, we construct SVNNSS or QHDISVNNS'S to access or pre-access the mental health of 
the students. Finally, we assess the scores of each student with the help of norms and predict mental health 
disorders. Results- Using SV NNSS, we can assess the mental health of the students and able to pre-assess 
the mental health of the students by using QHDISVNNS'S. Hence, this result supports the psychiatrist or 





the counselor to focus on those with mental health conditions, as they are known to experience a higher level 
of emotional distress. Contributions- This study shows how the significance of the neutrosophic concept can 
be modified and implemented in the psychology field to determine the mental health of the students. Implica- 
tions- As pointed out by the counselor and the therapist, the first step to self-care is to take care of our mental 
health. Here, in this study, we provide a solution to pre-assess and assess the mental health of the students by 
using these concepts. This method gives a valuable solution to the counselor or the therapist for analyzing the 


psychosocial aspects. 
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1. Introduction 


World health organization (WHO) observes 10 October as world health day to understand 
the enhancing mental health issues. Mental health holds the emotional, psychological, and 
social wellness within us. Mental health issues have become one of the worlds major causes 
of the burden of chronic disease, and it frequently begins at an early age and can ruin lives, 
influencing families, peers, and societies. Students mental wellness is a subject of concern 
worldwide. The success of the student hinges on mental health. ‘The socially acceptable 
conduct of student behavior depends on his mental health. Disturbance in his mental health 
creates a negative impact on the student as well to the community. Hence, mental health 
plays a significant role in a students life. On 11 March 2020, WAO conceded the spread of 
COVID — 19 to be a pandemic. When analyzing the inflation in COVID — 19, the only 
approach left to slow the spread of the infection is a complete lockdown. A study carried on 
over 8,000 people by YourDost [1], an online mental health site, found that college students are 
the most affected by COVID — 19. Because of the lockdown effect, many students undergo 
emotional stress, and there is a need to assess their mental health status. A recent survey 
conducted by WHO in 130 countries from June to August 2020 showed that there is a 
disruption in mental health services in 93 percent of countries. The findings show that 89 
percent of countries have national mental health and psychological support plans, but only 17 
percent of them have funds allocated to implement those plans. ‘They have also found that only 


7 percent of countries have reported no service interruption, meaning that some disruption of 





service has occurred in 93 percent of countries. Based on the global burden of disease research 





work [3], around 792 million individuals have a mental illness. The representation of the global 
ratio is 10.7 percent, slightly over one in ten individuals. Hence, there’s a need for a therapist 
to assess the students’ mental aspect during this pandemic. 

When most of the models apportioned with fuzzy set (FS) [4] and intuitionistic F'S (1F'S) 
to solve the problems of uncertainty situations. Smarandache [6] presented the concept of the 
neutrosophic set (NS), a combination of truth, indeterminate, and falsity membership values. 
Later, Wang [| introduced single-valued NS (SV NS) to overcome the difficulties faced in 
NS. Maji established the concept of a single-valued neutrosophic soft set (SVNSS) and 
its properties. During an uncertain condition, the indeterminate membership value plays a 


vital role in ranking the alternatives, and the domination of neutrosophic theory in various 





fields started from thereon. We highlight some of the recent works that have used neutrosophic 


theory in decision making problems. Abdel-Basset et al. [9] proposed the type 2 SVNS and 
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defined some of its operational rules. Abdel-Basset et al. presented a novel approach for 
estimating smart medical devices in a neutrosophic environment. Abdel-Basset et al. pro- 
posed the concept of the analytical network method with SV NS for dealing with multi-criteria 
decision making (MC'DM) problems. Abdel-Basset et al. implemented a new technique 
for project selection in an ambiguous environment. Chinnadurai et al. introduced the con- 
cept of a unique ranking for the alternatives using parameters. Chinnadurai and Bobin 
presented a study to rank the attributes in MC’'DM problems using prospect theory. Sudan 
et al. proposed a novel approach for stock value prediction based on real data. Nabeeh et 
al. illustrated an ideal solution in ranking the personnel selection process by integrating 
neutrosophic and analytical hierarchy method. Mohana and Smarandache solved MCDM 
problems using bipolar SVNS (BSV NS). Broumi et al. introduced a new algorithm to 





find out the shortest path between each pair of nodes. Kumar et al. presented shortest 
path problem using neutrosophic graph. Abdel-Basset presented the framework for the 
professional candidate selection process using BSV NS. Abdel-Basset proposed a con- 
cept to solve the supply chain problem by using the combination of the plithogenic set (PS) 
and the best-worst method. Abdel-Basset integrated PS with different MCDM appli- 
cations to assess the progress of manufacturing industries. Abdel-Basset implemented 
smart product-service systems to process a large amount of information in MCDM problems. 
Abdel-Basset presented a model to diagnose COVID — 19 by using PS and computer- 
ized tomography scans. Rohini et al. presented the concept of single-valued neutrosophic 
coloring. It is used widely in information technology, banking technology, psychology, soci- 
ology, and other fields where the indeterminacy occurs. Edward and Narmadhagnanam 
developed a concept using rough -SV NS to diagnose the disease. Villamar et al. analyzed 
Ecuador’s gross domestic product by using a neutrosophic cognitive map. The domination of 
neutrosophic theories in various fields is clear from these research works. 

Zadeh |4| proposed the notion of F'S's to deal with the concept of vagueness. ‘The thoughts 
inside the human brain for learning, understanding, and describing are naturally vague and 
imprecise. ‘The boundaries of these concepts are not precisely defined. ‘Therefore, the judging 
and rationalizing that develop from human brain also become uncertain. In the late 80s, amid 
criticism and controversy, F'Ss gained credibility in psychology [28]. Although psychologists 
have shown interest on F'S theory concepts and fuzzy logic have been slow to take up the 
field. Rosch |29}, Hersh and Caramazza |30/, Rubin and Oden conducted experi- 
mental research using F'S theory. Oden and Massaro explained the perception theory by 
using a F'S. Hesketh et al. introduced the concept of fuzzy logic to study the thought 


processes which cannot fit into classical mathematical techniques. Broughton insists that 
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typicality and F'S helps in refining personality assessment tools and improving abnormal di- 
agnosis. Horowitz and Malle examined depression by using the fuzzy concept. Alliger et 
al. applied the concept of the fuzzy approach in decision-making problems of personnel 
assessment and selection. Vasantha et al. defined the concept of a single-valued refined 
NS. ‘They analyzed the age group of 1 to 10 years to study the imaginative play in children. 
Hernandex et al. presented the pedagogical validation through ladov technique. Nandita 
et al. [40] detailed the aspects of mental health and presented the details using soft comput- 
ing and neuro-fuzzy techniques. Wang et al. identified the various types of psychological 
dysfunctions in construction designs. They developed a fuzzy mapping to determine the in- 
fluence of psychological disorders in the context of the time, cost, and quality of construction. 
Sanpreet designed an expert system to aid the psychiatrists in assessing the mental health 
of the individuals. Sumathi and Poorna presented the concept of machine learning tech- 
niques, Bayesian networks, and fuzzy clustering to study the mental health associated with 
children. Srivastava et al. [44] analyzed the aspects of psychological behavior by using fuzzy 
logic rules. Nuovo et al. implemented a method to classify the mental retardation level. It 
is vital to select the best therapeutic medication and to ensure a quality of life that is sufficient 
for the particular condition of the patient. Chicaiza et al. studied the state of emotional 
intelligence of the students. Since a high emotional intelligence guarantees a better future 
professional and higher quality learning. 

Psychologists believe that the F'S theory suffers mismatches with human perception, and 
lacks measurement foundations, from theoretical incoherence or paradoxes. Judgment and 
decision-making psychologists remained unconvinced that F’Ss could deliver something not 
already handled by subjective likelihood and utility. ‘These manuscripts bring out the sig- 
nificance of the F’S and other hybrid sets in analyzing personality assessment, diagnosis of 


disorders, and occupational counseling rather than using traditional set theory. Although the 





usage of the F’S and other hybrid theory is clear in psychology, the preference of using it is 
not widespread. The psychiatrists are used to analyze scaled data with statistical techniques. 
They are always in the mindset to follow the traditional method of handling scale construction 
and classical test-theory. ‘hese conventional concepts have forced the psychiatrists to use scale 
construction rather than F’S's and other hybrid sets. Also, most of the psychological study 
deals with questionnaires to study human behavior. In this process, we can never ignore the 
prejudice of the subject when the subjects express their thought process using a questionnaire. 
That’s the reason when the information received by a questionnaire are imprecise since ‘raw’ 
values include hidden risks. Neutrosophic logic acts as a vital tool to deal with uncertainty. 
The reason for introducing the neutrosophic concept in the study of mental health is that much 


of the data received by the questionnaire is vague. Using neutrosophic information instead 
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of raw data has the advantage of reducing vagueness. In psychology, this concept offers an 
additional benefit and allows us to use vagueness measures to quantify the ambiguity associ- 
ated with the prediction of mental health parameters. Hence, there is a need to define a novel 
set that is user friendly for the psychiatrists to assess the psychological behaviors of human 
beings. 

Fatimah et al. [47] introduced the notion of N-soft set (NSS) with real-life illustrations. 
Later, Akram et al. coined the definition of fuzzy NSS (FNSS’) and hesitant NSS 
(HN SS) [49] by combining fuzzy and hesitancy sets with NSS respectively. Kamaci and 
Petchimuthu presented the concept of bipolar VSS and its properties. Zhang et al. 
studied the properties of Pythagorean fuzzy NSS. Riaz et al. detailed on neutrosophic 
NSS along with their properties. The implementation of NSS in various theories is evident 
from the above research works. But, we find there are some limitations when the combination 


of hybrid sets and VSS happens and maybe insignificant when applied in the psychology field. 





i) We cannot accommodate the membership value of indeterminacy in FN SS and HN SS. 
ii) We would like to refer the Example 2.5 in Akram et al. [53]. They decide the grading 
criteria based on the membership values in JF’S and discard the non-membership values, 
assigned independently in JF'S. Similarly, in Example 5.1, Riaz et al. decides on the 
grading criteria (Table 21) based on the truth membership values in SVNS'S and discard 
the indeterminacy and falsity membership values, assigned independently in SVNSS. By 
discarding the non-membership values in J F’S and the indeterminacy and falsity of membership 
values in SV NSS, may restrict in analyzing the psychological aspects of human beings. ‘This 
limitation may initiate a research gap in the psychological field. 

In 1968, Phelps and Pollak introduced the notion of the quasi-hyperbolic discounting 
function (QH DF’). In 1997, David coined the definition of QH DF to capture the qual- 
itative properties. Later, Peter and Botond changed the notion introduced by David to 
deal with QH DF’. Takanori analyzed whether smoking status, including cigarette addic- 
tion, can be accurately predicted by two-time perception parameters. Nascimento showed 
that fuzzy temporal logic expresses patterns of perception to interpret decision-making be- 
haviors. Dou et al. implemented a method using fuzzy temporal logic to forecast the 
passenger flow. Alnahhas and Alkhatib supported a decision system to manage the crisis 
by combining fuzzy logic and temporal techniques. Alcantud and Torrecillas introduced 
the intertemporal framework to fill the gap in the fuzzy soft set theory. Lie et al. proposed 
an intertemporal hesitant fuzzy soft set and showed the significance of the set with MCDM 
problems. Although the temporal logic plays a significant role in considering the ‘immediate 
effect’ from different parameters and sessions, the application of neutrosophic theory is still 


open for research. 
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On examining these manuscripts, we impersonate the following research scopes in a nutshell. 


Initially, during a pandemic, a change in environment is prevalent, which affects the psychoso- 





cial aspects substantially among the individuals. So, it is vital to analyze the mental health 
aspects of the students during this lockdown situations. Second, neutrosophic theory shows 
competence in decision making across all the fields. But, in psychology, there is still scope for 
enhancement. Third, the available standardized psychological tool for analyzing psychosocial 
behavior has limitations. A simple rating scale distribution cannot provide the exact risk 
level and prohibits the remedy process. Upon further analysis, we found that psychiatrists are 
comfortable in using raw data and rating scale criteria. So, a novel set that could handle the 
indeterminacy and the traditional method of assessing the human behaviors aids psychiatrist. 
Finally, the treatment process has many sessions to diagnose socially unacceptable behaviors. 


Hence, implementing intertemporal choice for capturing information is being preferred by the 





psychiatrists. ‘The principal objectives of this manuscript are to overcome the mentioned re- 
search gap. i) to define a new set SVNN S'S, by combining SF value of SVNSS with NSS. 
This set enables us to use the SF’ of SV NSS, which represents the information independently 
in truth, indeterminate, and falsity. Later, with the help of a rating scale distribution, we 
relate the N'S'S to the corresponding SF value. ii) to define a new set of QHDISVNNSS, a 
combination of intertemporal SVNNSS (ISVNNS'S) with QHDF. This set enables us to 
record the intertemporal information and pre-assess the risk level associated with each session 


with the help of QH DF’. We contemplate that these two novel sets will bridge the gap and 





aid the psychiatrist to use neutrosophic theory. 

We organize the structure of this manuscript as below. Section 2 recalls existing definitions. 
Section 3 defines a new SF and WSV NV. Section 4 shows a comparison study between the 
proposed SF’ and existing SF's. Section 5 introduces the definition of SVNN SS. Section 
6 provides the method, algorithm, and flowchart to assess the mental health of the students. 
Section 7 illustrates the case studies to assess the mental health of the students by using 
SVNNSS. Section 8 introduces the definition of QHDISVNNSS. Section 9 provides the 
method, algorithm, and flowchart to pre-assess the mental health of the students. Section 10 
illustrates a case study by using QHDISVNNSS. Section 11 shows the significance and a 
comparison study of QHDISV NN SS and finally, section 12 ends with limitations, conclusion 


and future works. 


2. Preliminaries 


In this section, we discuss some basic definitions, essential for understanding this manuscript. 


Let U denote a universal set, P a set of parameters, € C P and 2” the power set of U/. 
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Definition 2.1. A single-valued neutrosophic set (SV.NS) is represented as, N = 
{(u, Tn (u), In (u), Fr (u)) ju € US, where Ty (uw) : U — [0,1] represents truth-value, Iy(u) : 





U — [0,1] represents indeterminate-value and Fy(u) : U — [0,1] represents falsity-value with 
a condition 0 < Ty(u) + In(u) + Fn(u) < 3Vueu. Let NY“ denote the collection of all 
SVNSs defined on U. 


Definition 2.2. A pair (F,€) is called a soft set (SS) over U, F is a mapping given by 
F:€ 2. Thus a SS is a parameterized family of subsets of U/. 


Example 2.3. Let UW={c1,c2,c3} be a set of clients with psychosocial conditions and 
E={p1,p2,p3} be the set of dimensions which stand for anxiety, depression and sleeping dis- 


order respectively. A S'S (F,€) is a collection of subsets of U, based on the description (Table 
1). 


TABLE 1. Representation of clients with psychosocial conditions in S'S form 


sleeping disorder(p3) 
1 0 1 
0 1 1 
1 1 0 


F(anxiety) = {c1,¢3}, F (depression) = {c2,c3} and F (sleeping disorder) = {c1,c2}. 





Definition 2.4. A single-valued neutrosophic soft set (SVNSS) over U is defined 
as a pair (F,€), where F : € > NY. A SVNSS is represented as, N = (F,E) = 
{(p, Tr(p)(u), Ir(p)(u), Fr (p)(u)) lu €U and p € €}, where Tr(p)(u), Ir(p)(u), Fr(p)(u) € 


|(0, 1], are the membership values of truth, indeterminacy and falsity respectively. 








Example 2.5. Let U and € represent the same as in Example 2.3. A SV NSS (F, €) describes 
the subset of clients with psychosocial conditions approximately in terms of membership values 


of truth, indeterminacy and falsity as in Table 2. 


TABLE 2. Clients with psychosocial conditions in SV NSS form (F, €) 


anxiety (p1) depression(p2) | sleeping disorder(p3) 


(0.55, 0.25, 0.45) | (0.75, 0.55, 0.55) (0.90, 0.95, 0.20) 
(0.70, 0.45, 0.40) | (0.35, 0.10, 0.40) (0.35, 0.45, 0.25) 
(0.85, 0.60, 0.15) | (0.25, 0.35, 0.15) (0.50, 0.20, 0.60) 








Definition 2.6. [64| A SV.NSS can be represented in matrix form as, 


N11 N12 Nin 

. N21 N22 : N2n 
N= nA = ; ; ; ; 

Mm1 lm2 mn 
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where [nij] = (Tij, ij, Fiz); t = 1,2,...,m and j = 1,2,...,n. N* is an m x n single-valued 


neutrosophic soft matrix (SVNSM). 


Example 2.7. The SV NSM for the Example 2.5 is as below: 


(0.55, 0.25, 0.45) (0.75, 0.55,0.55) (0.90, 0.95, 0.20) 
N* = | (0.70,0.45,0.40) (0.35,0.10,0.40) (0.35, 0.45, 0.25) 
(0.85, 0.60, 0.15)  (0.25,0.35,0.15) (0.50, 0.20, 0.60) 


Definition 2.8. Let G = {0,1,...,M — 1} bea set of ordered grades, where NV € {2,3,...}. 
Then, (F,E,N) is a N - soft set (NSS) on U if F : € —> 24*Y with the condition that for 
each p € € there exists a unique (u, gp) € U x G, such that (u, gp) € F(p), ue, gp € G. 


Definition 2.9. In a T-horizon game, the quasi-hyperbolic discounting function (QH DF) 


for the period t’s is given as, 
je 
ug) +BY d'u(gera)s 


t=1 


with 6,6 € [0,1] and represent the short-term and long-term discounting parameters. 


Definition 2.10. Let N = au Ix, ie represent SV NSS. Then the framework of existing 
SF definitions are given in ‘lable 3. 


TABLE 3. Representation of existing SF's 


Existing author details 
Ridvan 

Nancy and Garg 

Pal and Jana 

Broumi et al. 

Mondal and Pramanik 
Peng et al. 


_ ~ airy In a 
3 
ee eS ames 


2 
_ Tytl-igti-Fy 





3. Score function and weighted vector of neutrosophic 


In this section, we introduce two new definitions to solve the case studies mentioned in 


sections 7 and 11. i) Score function (SF) of a SVNS™M helps to integrate the neutrosophic 





number into a single real number to bring out the importance of truth, indeterminacy, and 


falsity membership values. ii) In MCDM problems, decision makers (DMs) always consider 








each parameter uniquely and also provide the weightage value based on their experiences. So, 
the weighted single-valued neutrosophic vector (WSV NV) provides an added advantage to 


the DMs to consider each criterion uniquely based on the selection of problem. 
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Definition 3.1. Let N* = [nj] = (Tz, Is, Frys ). Then define the Sf’ for the element n;; 
as, 


Ly. + Ins, 7 fvs 


S(N") = |sij] = : V 4,9. 


Example 3.2. The SF values for the Example 2.3 is given below: 


0.18 0.38 0.83 

S(N*) = 10.38 0.03 0.28 

0.65 0.23 0.05 
Definition 3.3. Let ¢ be the collection of all SF's deduced from neutrosophic values and 
M = {81, S2,..., 57} be a neutrosophic vector with components of ¢. Let W = {wy}, wo, ..., wi} 


be a weight vector associated with M. w; can be considered as the significance attached to s;; 


l 
1=1,2,...,] with w; € [0,1], }> =1. Then the WSV NV corresponding to M and W denoted 


1=1 
by W M is defined as, WM = {w1S1, W282, iss wisi}. 


Example 3.4. Let W = (0.35, 0.35,0.30) be the weight vector assigned to the parameters. 
Then the WSV NV for the Example 3.2 is as below: 





0.06 0.13 0.25 
WS(N*) = |0.13 0.01 0.08 
0.23 0.08 0.02 


4. Comparison of proposed score function with existing score functions 


In this section, we compare and analyze existing SF's namely; Ridvan [65], Nancy and 
Garg [66], Pal and Jana [67], Broumi et al. [68], Mondal and Pramanik and Peng et 
al. with proposed SF’ to show the ranking constraints in neutrosophic environment. From 
Table 4, we infer that in some conditions, the existing SF's cannot rank the alternatives 


whereas the proposed SF’ can rank the alternatives in the best way. 


5. Single-valued neutrosophic \/-soft set 


In this section, we define the notion of single-valued neutrosophic N-soft set and single- 


valued neutrosophic \-soft matrix with suitable examples. 


Definition 5.1. Let U/ be the universal set and P be a set of parameters, E€ C P. Let 
G = {1,2,...,N} be a set of rating scales, where NV > 2. Then the triple (W,.7,N) is said to 
be a single-valued neutrosophic N-soft set (SV NN SS), where J = (F,E,N) is a N-soft set 
over U/ and y maps every parameter in € with a score function of SVNSS, S(N) over F(p) 
which is clearly a subset of U x G and p € €. That is, for each parameter p € €, there exists a 
unique (u, gp) € U x G such that (u, gp) € F(p), ue U, gp € G and ((u, gp), S(N)) € w(p) or 


N(N) = (p)(u) = (gp, S(%)). 
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TABLE 4. Shows the ranking constraints in existing SF's 




















SVNSSs SFs Score values Remarks 
N, = (0.25,0.35,0.15) Ridvan R(N,) =R(No2) = R(N3) = 0.20 Ny, = No = No 
Nz = (0.70, 0.45, 0.40) 
Nz — (0.45,0.40,0.25) Proposed Ss (M, +0996 (Ne — 0.37, § (Ws ~0.30 No>N3> Ny 
N, = (0.55,0.25,0.45) Nancy and Garg G(N,) =G(Neo) =G(N3) = 0.30 Ny = No = N3 
Nz = (0.50, 0.20, 0.50) 
N3 = (0.60, 0.23, 0.72) Proposed Ss (N, — 0.17, 8 (V2 — 0.10, $ (Nz —0.05 Ni >No> Ng 
N, = (0.40,0.35,0.45) Pal and Jana P(N,) =P(No) =P(N3) = 1.20 N, = No = N3 
Nz = (0.35, 0.45, 0.40) 
N3 = (0.45,0.60,0.15) Proposed Ss (N, =O15, 6 (Ne — 0.20, $ (Ns =045. Ne Ss Nos 
N, = (0.35,0.45,0.40) Broumi et al. B(N,)=B(Ne2) = B(N3) = 0.50 Ny = No = N3 
Nz = (0.20, 0.25, 0.45) 
N3 = (0.60, 0.55,0.55) Proposed S (1) — 0.20, $ (V2) — 0.00, $ (Ws) = 030. Ne S-Ni SN 
N, = (0.55, 0.50,0.45) Mondal and Pramanik M(N,) =M (No) =M(N3) = 0.55 Ny = No = N3 
Nz = (0.35, 0.35, 0.25) 
N3 = (0.60, 0.55,0.50) Proposed Ss (1%) — 0.30, $ (V2) — 0.22 5(N3)=0.32 N3> Ny >No 
N, = (0.55,0.50,0.40) Peng et al. P(N,)=P(N2) = P(N) =0.55 N, = No = Nz 
Nz = (0.55, 0.40, 0.50) 
N3 = (0.75,0.55,0.50) Proposed Ss (V1) — 0.32, S (V2) — 0.22 S(N3) =0.37 N3>N1 >No 





Definition 5.2. Let U/ = {uj, u2,..., Um} be the universal set. Let P = {p1, po,..., Pn} be set 
of parameters and G = {1,2,...,N} be a set of rating scale. Then SVNNSS (W,7,N) can 


be expressed in matrix form as, 


P1 P2 tee Pn 
U1 (9p115 $11) (9p195 $12) te (9pins 81n) 
NY (N) = U2 (9po1 ’ 821) (Osos 822) tee (9pon ’ S2n) 
Um Chen ) Sm1) (9pm ) Sm2) see (Gpmn ) Smn) 


such that N*(N) = Gps Si) i= 1,2,...,.m and j = 1,2,...,n. Then N*(N) is called an 
m x n single-valued neutrosophic N-soft matrix (SVNNSM) of the SVNNSS (w,7,N). 


Example 5.3. Consider a scenario where a mental health counselor (IJ HC’) observes the 
behavior of students to understand their mental health conditions and provides the values in 
SV NSM as in Example 2.7. Let’s assume the MHC considers a 5 point rating scale (5-soft 
set) for positive and negative statements with the rating scale distribution as in Tables 5 and 
6, respectively. The MHC can amend the values in ‘Tables 5 and 6 as per their needs. The 
positive statements denote socially acceptable behavior and the negative statements denote 


socially deviant or problematic behavior. Here, let’s assume that the 1/ HC’ constructs positive 
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statements for the parameters p; and p3 and for pe - negative statement. ‘Then, we compute 
the N*(N) for Example 3.2 as below. 


TABLE 5. Showing the rating scale details 


Positive statement | Negative statement 


PNM WO 
oo Fe W Ww 





TABLE 6. Showing the rating scale distribution 


Positive statement | Negative statement | Score values 


5 1 0.8 < si; < 1.0 
2 0.6 < si; < 0.8 
3 0.3 < si; < 0.6 
4 0.0 < 85 < 0.3 
5 -0.5 < 84; < 0.0 





ep WwW -& 


(3,0.38)  (4,0.03) (2, 0.28) 


(2,0.18) (3,0.38) (5, 0.83) 
(4,0.65) (4,0.23) (2, 0.05) 


We shall show the significance of N*(A) in sections 6 and 7 with constructive examples. 


6. To assess the mental health of students amidst COVID-19 using SVNNV SM 


CCOVID — 19 has caused the entire world to a lockdown situation. For the progress of the 
world, it is vital to understand the mental health and psychosocial concerns of the students 
amidst this pandemic. To deal with this, we construct the concept of SVNN SM, which 
supports to assess the mental condition of the individuals. In this section, we put forward 
a method to assess the condition of students amidst COVID — 19 with an algorithm and 
flowchart. We explain the feasibility and validity of the application with real-life case studies 
in the following section. 

Consider a scenario where an institution approaches the MHC and wishes to assess the 
mental health of its students amidst the pandemic, (OV /D—19. Let us assume that the MHC 
selects a partially standardized method like video conferencing or telephonic conversations to 
assess the students. Let U = {51, 9, ..., 5m} denote the set of students and € = {p1, po, .-., Pn} 
the set of parameters to assess the psychosocial conditions. Let us assume the HC’ gets in 
touch with a team of psychiatrist experts and frames the following details namely; positive 


and negative statements for parameters, rating scales with distribution criteria as in Table 
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6, weightage criteria to assess the parameters, scoring keys, and mental health norms as in 
Table 7. These details should be chosen wisely and with extra cautiousness since it plays a 
significant role in describing the risk level of the students. Also, we signify that high scoring 
students are under risk and require immediate attention or treatment. 

The M HC based on each question, say r = {1,2,...,k} evaluates the students by considering 
the parameters and present the results in the form of neutrosophic matrices, N*> of order m xn. 
Now, we have to assess the mental health of the student with the help of pre-determined scores 


and norms. 


6.1. Methodology to assess the mental health of the students 


Construct the SVNSMs, N*, r = {1,2,...,k} for each positive or negative statement by 
observing or understanding the behavior of the student based on the parameters. Apply 
SF Definition 3.1, to the SVNSMs and represent the resultant matrices by S(N*), r = 
{1,2,...,k}. If weightage criteria are to be considered for each parameter, then calculate 
WS(N-) by using Definition 3.3. Now compare the entries in each S(N;*) or in WS(N*) 
matrix and construct the N*(N) as below by using Definition 5.2. Also, with the help of the 


framed rating scale distribution. 


P1 P2 tee Pn 
al cae 811) Cae ot re Coe Sin) 
N; (NV) = 2 (po. 851) (Ipoo> 832) es (Op sds on) : 
Sm Ce ee (Gh sh Bin) ape (9b 4 ces) 


where r = {1,2,..., k}. 


Determine the Ni(N) matrix as below by adding the corresponding entries of 
Ni (N), N3(N), ..., NE(M) matrices. 


Pl Pp2 tee Pn 
+ + + + 
Sl | Gpii Gora ee. Gory Ss Gp; 
* ar aT a a5 
Ni (NV) = — 82s | Gpai Gp22 +++ pan ae Gp25 
+ + + + 
Sm Gpm1 Ipm2 ee Gpmn ae Ipmj 


where 
+ __ k r + __ k r + —_ k r 
Ip —_ ae Gp? Ini2 7 Di Ini2 and Inin _ Ds nin’ 
a k; r SER cs k r + _ k r 
Ipo1 = es Gp? Ino2 3 es Ino0 and Ipon _ De Ipon' 


Chinnadurai and Bobin, Applications to assess and pre-assess the mental health of students 





Neutrosophic Sets and Systems, Vol.38,2020 79 


similarly, 


+ __ k r + — k r + __ k r 
Ipm1 an ar Gomi? Ipme i = Ipm2 and Gomn _ Di Gomn’* 


Now assess the risk level for each parameter as well for the overall by using the level norms. 
If the student attains a low-risk level, then he/she does not require psychological treatment. If 
otherwise, then I/ HC’ should start the remedy process for the students who show a high-risk 


level towards psychosocial conditions. 


TABLE 7. Shows the qualitative norm details 


Parameter | Scores Norms 


1-13 low 
D1, PA 14-25 average (avg) 
26-35 high 
1-15 low 
P2, P3 16-24 avg 
25-30 high 
1-56 low 
Total 57-97 avg 
98-130 | high 





6.2. Algorithm to assess the mental health of students 


The following steps facilitate the IM HC to assess the mental health of students in a better 


way. 


Step 1: MHC identifies the problem, selects the students and the parameters. 

Step 2: MAC involves a psychiatrist to frame the required details namely; positive and negative 
statements, rating scale with distribution, scoring keys and risk level. 

Step 3: Constructs N;*, where i = {1,2,...,k} matrices for each question by observing the 
behavior of the students. 

Step 4: Evaluates SN; and WSN; by using Definition 3.1 and 3.3 respectively. 

Step 5: Constructs N*(N) by comparing it with rating scale and distribution details. 

Step 6: Determines Nj (VV) matrix by summing the corresponding entries of 
Ni (N), Ng(N),..., NE(MV) matrices. 

Step 7: ‘Tabulates and assesses the mental health risk level by using scoring keys and risk level 
norms. 


Step 8: Start the treatment process, if the risk level is found to be high for the students. 
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6.3. Flowchart for single-valued neutrosophic N -soft matrix 


In this subsection, we depict the flow of the problem to assess the mental health of students. 
A step by step process is shown below to understand the nature and the complexity of the 


problem. 


Mental health counselor = 


vy vy 

defines the problem selects the students selects the parameters 
I 
I 





positive and negative 


statements for 





scoring and 
level norms 


each parameter 





no weight 


order 


yes 


calculates weight order 


determines the 


Ni (N) matrix 


constructs and 






assesses the risk level K- - - 


by using the norms 








treatment may 
not be required 
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7. Case Studies using SVNV SM 


In this section, we present two case studies with ill-structured problems faced by the students 
amidst COV ID —19. In the Case study Ia, the IM HC tries to identify the students who show 
high-risk level towards mental illness and requires immediate attention. In this illustration, 
two students are at a high-risk level towards mental illness and require counseling or treatment 
to overcome the same. In the Case study Ib, IM HC' starts the process after counseling sessions 
for the students, who showed a high-risk level in the Case study Ia. After following the same 
method, we show that the two students are at low-risk levels and have shown progress towards 
the counseling or the treatment. In the Case study II, we discuss the same process by using 
WSV NV and show all the students are at an average-risk level towards overall mental health 


SCOre. 


7.1. Case study Ia 


Let us assume an institution approaches a professional I/ HC’ to assess the mental health 
and psychosocial aspects of the students. 

Step 1: Suppose that U = {s1, 52, 53,54} be the set of students and P = {p1,p2,p3, pa} be 
the set of parameters where pj= avoiding social activities (ASA), po= thinking about suicide 
(TAS), p3= extreme mood changes (EMC) and py, = stress. 

Step 2: The MAC in liaison with the psychiatrist frames seven questions for the parameters 
p, and p4 and six questions for the parameters pg and p3. For the parameter p,, question 
numbers three and six are positive statements and others are negative statements. For the 
parameter p2, question number two is a negative statement and others are positive statements. 
For the parameter p3, question numbers five and six are positive statements and others are 
negative statements. Finally, for the parameter p4, question numbers one, two, and seven are 
positive statements, and others are negative statements. We provide the above information in 


a tabular form(Table 8). 


TABLE 8. Shows the positive (pos) and negative (neg) statement details 





Let’s assume a 5 point rating scale (5-soft set) for positive and negative statements as in 
Table 5, the rating scale distribution as in ‘lable 6 and the norms for each parameter and 


overall parameters as in Table 7. 
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Step 3: The MHC observes or understands the behavior of each student based on the 
framed statements and records the values in neutrosophic form, N;*, where 7 = {1, 2,...7} rep- 
resent the number of questions, for each parameter. The highlighted values in the Ny, Ns, Ns, 
Ni, Ns, Ng and Nz matrices show the values of negative statements for easy understanding 


and scoring procedures. 


Pl p2 P3 pA 
s, [(0.90,0.95,0.05) (0.90, 0.80,0.35) (0.88,0.75,0.12) (0.71, 0.25, 0.45) 
Ny so | (0.45,0.35,0.20) (0.78, 0.68,0.36) (0.45, 0.25,0.35) (0.90, 0.82, 0.45) 
s3 | (0.24,0.20,0.05) (0.90, 0.15,0.35) (0.89, 0.22,0.32) (0.12, 0.25, 0.10) 
sa | (0.45,0.35,0.55)  (0.90,0.85,0.10) (0.25, 0.35,0.25) (0.80, 0.85, 0.35) 
Pi p2 P3 pA 
s; [(0.98,0.95,0.10)  (0.90,0.95,0.10) (0.90,0.85,0.12) (0.75, 0.25, 0.55) 
Ne so | (0.35, 0.25,0.35) (0.55, 0.30,0.15) (0.60,0.55,0.58) (0.70, 0.88, 0.12) 
s3 | (0.98,0.95,0.10) (0.48, 0.32,0.35) (0.78, 0.42,0.45) (0.16, 0.12, 0.13) 
sa | (0.55, 0.61, 0.23) (0.33, 0.20,0.15) (0.10,0.45,0.50) (0.90, 0.75, 0.05) 
Pi p2 P3 pA 
s1 [(0.80,0.60,0.10) (0.10,0.20,0.25) (0.91,0.81,0.10) (0.88, 0.78, 0.30) 
Ne so |(0.75,0.65,0.10) (0.88, 0.91,0.05) (0.25,0.35,0.33) (0.35, 0.55, 0.15) 
s3 | (0.80,0.60,0.10)  (0.40,0.50,0.20) (0.45,0.55,0.25) (0.30, 0.20, 0.45) 
sa |(0.89,0.79,0.10) (0.85, 0.75,0.35) (0.15,0.24,0.10) (0.30, 0.20, 0.35) 
Pl p2 P3 pA 
s1 [(0.90,0.54,0.10) (0.25, 0.45,0.25) (0.75,0.35,0.16) (0.87, 0.67, 0.25) 
Ne so | (0.25,0.20,0.10) (0.91, 0.88,0.16) (0.55,0.30,0.45) (0.48, 0.57, 0.25) 
s3 | (0.90,0.54,0.10) (1.00,1.00,0.00) (0.10,0.45,0.20) (0.65, 0.45, 0.55) 
sa |(0.15,0.35,0.45) (0.88, 0.78,0.25) (0.25,0.15,0.10) (0.45, 0.65, 0.35) 
Pl p2 P3 pA 
s1 [(0.79,0.99,0.10) (0.25, 0.75,0.85) (0.75,0.10,0.25) (0.78, 0.86, 0.25) 
Ne sq | (0.25,0.35,0.40) (0.77,0.66,0.21) (0.92,0.93,0.22) (0.38, 0.48, 0.19) 
s3 | (0.79,0.99,0.10) (0.75, 0.65,0.42) (0.90,0.85,0.10) (0.28, 0.25, 0.46) 
sa | (0.35,0.45,0.55) (0.88, 0.77,0.25) (0.85,0.75,0.15) (0.15, 0.35, 0.45) 
Pi p2 P3 pA 
s, [(0.35,0.40,0.30) (0.55, 0.45,0.80) (0.74,0.55,0.09) (0.88, 0.78, 0.05) 
Ne s2 | (0.30, 0.32,0.21) (0.65,0.75,0.19) (0.55,0.50,0.40) (0.55, 0.15, 0.35) 
s3_ | (0.35, 0.40,0.30) (0.70,0.50,0.40) (0.65,0.60,0.50) (0.45, 0.20, 0.21) 
sa | (0.79, 0.89,0.27) (0.80, 0.75,0.35) (0.85,0.75,0.40) (0.75, 0.55, 0.30) 


Given that there are only six questions for pg and p3, we exclude these two parameters in 


Ne. 
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Pi pa 
s, [(0.95,0.85,0.10) (0.27, 0.21, 0.09) 
Ne = % (0.20,0.10,0.05) (0.85, 0.75, 0.25) 
s3 | (0.95,0.85,0.10) (0.80, 0.70, 0.10) 
sa |(0.45,0.25,0.35) (0.25, 0.85, 0.25) 


Step 4: By applying SF Definition 3.1, we get the following values in matrices form. 


Pl P2 P3 PA Pl P2 P3 PA4 
s, 10.900 0.675 0.755 0.255 Ss; |0.915 0.675 0.815. 0.225 
*\  s2 10.300 0.550 0.175 0.635 *\  s2 10.125 0.3850 0.285 0.730 
S(NY) = S(Nz) = 
s3 10.195 0.350 0.3895 0.135 s3 10.915 0.225 0.375 0.074 
s4 {0.125 0.825 0.175 0.650 s4 |0.465 0.190 0.025 0.800 
Pl P2 P3 PA Pl P2 P3 PA4 
s; 10.650 0.025 0.810 0.680 s, [0.670 0.225 0.470 0.645 
*\ $82 |0.650 0.870 0.135 0.375 *\ sg 10.175 0.815 0.200 0.400 
s3 10.650 0.350 0.375 0.025 s3 10.670 1.000 0.175 0.275 
s4 |0.790 0.625 0.145 0.075 s4 |0.025 0.705 0.150 0.375 
Pl P2 P3 PA Pl P2 P3 PA 
sz, 10.840 0.075 0.300 0.695 8, |0.225 0.100 0.600 0.805 
*\ $2 |0.100 0.610 0.815 0.335 *\  s2 10.205 0.605 0.3825 0.175 
S(N5) = S(Ng) = 
s3 10.840 0.490 0.825 0.035 s3 10.225 0.400 0.375 0.220 
s4 {0.125 0.700 0.725 0.025 s4 |0.705 0.600 0.600 0.500 
and 

P1 Ppa 

s; {0.850 0.195 

*\ $82 10.125 0.675 

S(N7) = 
s3 10.850 0.700 
s4 |0.175 0.425 


Step 5: Now by comparing the score values with Table 6, rating scale distribution and by 


using Definition 5.2, we obtain the following values in matrices form. 


Pl p2 p3 pa 

s, [(1,0.900) (4,0.675) (2,0.755) (2, 0.255) 

*/e\ — 82 |(3,0.300) (3,0.550) (4,0.175) (4, 0.635) 
Nz (5) = 

s3 |(4,0.195) (3,0.350) (3,0.395) (2, 0.135) 

sa |(4,0.125) (5,0.825) (4,0.175) (4, 0.650) 

Pl p2 P3 pa 

s, [(1,0.915) (1,0.875) (1,0.815) (2, 0.225) 

*/e\ — 82 |(4,0.125) (3,0.350) (4,0.285) (4, 0.730) 
N3 (5) = 

sz |(1,0.915) (4,0.225) (3,0.375) (2, 0.074) 

sa |(3,0.465) (4,0.190) (4,0.025) (5, 0.800) 
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P1 
s, | (4,0.650) 
N#(5) — (4, 0.650) 
3 (5) s3_| (4,0.650) 
s4 | (4,0.790) 
Pi 
si | (2,0.670) 
N* ey S92 (4, 0.175) 
(5) sz | (2,0.670) 
s4 | (4,0.025) 
P1 
s, | (1,0.840) 
N#(5) — sg | (4,0.100) 
5 ( ) s3 | (1,0.840) 
sa | (4,0.125) 
Pi 
5s, [(2,0.225) 
Nx = 892 (2, 0.205) 
6 (5) s3_ | (2,0.225) 
s4 | (4,0.705) 
S] 
N#(6) = * 
83 
S4 


Step 6: 


Ni(N), N3(N), ..., N#(M) matrices. 


$1 


Ni(5)= ” 


53 


S4 


2, 0.100 
4, 0.605 
3, 0.400 
4, 0.600 


—~S O_O 


2, 0.025 
5, 0.870 
3, 0.350 
4, 0.625 


~_—— Ss Oi'_7~—s 


2, 0.225 
5, 0.815 
5, 1.000 
4, 0.705 


~_—_—— si 7™—s 


2,0.075 
4, 0.610 
3, 0.490 
4, 0.700 


~_—S__~=——_— 


ee od 


Pl 
1, 0.850 
4,0.125 
1, 0.850 


( 
( 
( 
(4, 0.175 


Sa ae ee 


p3 pa 
(1,0.810) (2, 0.680) 
(4,0.135) (3, 0.375) 
(3,0.375) (4, 0.025) 
(4,0.145) (4, 0.075) 
D3 pa 
(3,0.470) (2, 0.645) 
(4,0.200) (3, 0.400) 
(4,0.175) (4, 0.275) 
(4,0.150) (3, 0.375) 
D3 pa 
(3,0.300) (2, 0.695) 
(5,0.815) (3, 0.335) 
(5,0.825) (4, 0.035) 
(4,0.725) (4, 0.025) 
P3 pa 
(4,0.600) (1, 0.805) 
(3,0.325)  (4,0.175) 
(3,0.375) (4, 0.220) 
(4,0.600) (3, 0.500) 
pa 
(2, 0.195) 
(4, 0.675) 
(4, 0.700) 
(3, 0.425) 


84 


Pil p2 
12 13 
25 24 
15 21 
27 25 


P3 
14 
24 
21 
24 


Determine N7(5) matrix by summing the 


pA 
13 
25 
24 
26 


corresponding entries of 


O2 
98 
81 
102 


Step 7: Tabulate the details as in Table 9 and assess the risk level of the students by using 


the norm details (Table 7). 


Analysis: From Table 9, we suggest that for s;, the risk level is low for each parameter 





and also for the combined parameter scores, which signify that s; does not experience any 


mental illness and may not require any treatment from MHC. For s9, the risk level is average 


for each parameter and high for the combined parameter scores. Although the risk level is 
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TABLE 9. Shows students’ mental health scores and levels for the parameters 


score —t . score ee score — score a score 





98 
81 
102 


average for sg in each parameter, the total score is 98, which signifies that sg may require the 


help of the MHC or the psychiatrist to lower the risk level of mental illness. For s3, the risk 


level is average for each parameter and also for the combined parameter scores, which signify 





that s3 may not experience any mental illness. For s4, excluding ps3, the risk level is high for 
other parameters as well for the combined parameter scores, which signifies that s4 requires 
aid from the MHC or the psychiatrist to lower the mental illness. Hence, in this study, we 
analyze the mental health of the students in a traditional method by using SVNNSS. 





7.2. Case study Ib 


In this case study, we select the two students from case study la, who show high-risk level 
towards mental health. Let’s assume that MHC ' records the details after the counseling or 
the treatment. 

Step 1: Consider U = {52,84} be the set of students who are at high risk level towards 
mental health and P = {p1, p2,3,p4} be the same set of parameters as in earlier case. 

Step 2: Let’s assume that IM HC provides positive and negative information as in ‘lable 


10. Let the rating scale distribution and the norms be as in ‘Table 6 and 7. 


TABLE 10. Shows the positive (pos) and negative (neg) statement details 





Step 3: The MHC observes the behavior of s9 and sq, based on the new set of framed 
statements and records the values in neutrosophic form, N;*, where 7 = {1,2,...5} represent 
the number of questions, for each parameter. The highlighted values in the Ny, N35, Nes, Ni 


and N; matrices show the values of negative statements. 


Pl p2 P3 pa 
N* = 82. [(0-35,0.40,0.25) (0.67, 0.78, 0.36) (0.90, 0.85, 0.35) (0.85, 0.95, 0.40) 

;= 
sa |(0.25,0.35,0.19)  (0.65,0.55,0.15) (0.87,0.88,0.20) (0.45, 0.55, 0.45) 
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Pl p2 P3 pa 
Ne 82 pope (0.20, 0.30,0.10) (0.35, 0.45, 0.58) eapeneend 


sa | (0.88, 0.75,0.23) (0.35, 0.25,0.15) (0.45, 0.55, 0.32) (0.25, 0.35, 0.05) 


Pl p2 P3 pa 
Nx 89 bape (0.55, 0.23,0.10) (0.20, 0.30, 0.31) scape 


sa |(0.69,0.79,0.15) (0.66, 0.77,0.24) (0.20,0.34,0.21) (0.88, 0.78, 0.22) 


Pl p2 Pp3 pa 
N* so [(0.88,0.78,0.10)  (0.34,0.45,0.10) (0.45, 0.32,0.25) (0.34, 0.45, 0.10) 
(0.88, 0.91,0.45) (0.45, 0.78,0.35) (0.28,0.48,0.15) (0.45, 0.70, 0.30) 


Pl p2 P3 pa 
Ne 82 naam (0.38, 0.48,0.19) (0.34, 0.45, 0.22) pepo 


sa |(0.38,0.45,0.48) (0.35, 0.35,0.40) (0.80,0.75, 0.20) (0.78, 0.70, 0.25) 


Step 4: By applying SF’ Definition 3.1, we get the following values in matrices form. 


P1 P2 P3 pA P1 P2 P3 PA 

*\ _ sg |0.250 0.545 0.700 0.700 *\ sg {0.855 0.200 0.110 0.400 
S(NT) = S(Np) 

0.205 0.525 0.775 0.275 0.700 0.225 0.340 0.275 


Pl p2 p3 pA Pl p2 p3 pA 
S(N2) s9 ove 0.340 0.095 00 SND 89 he 0.345 0.260 en 


a 
s4 |0.665 0.595 0.165 0.720 84 |0.670 0.440 0.305 0.425 


Pl P2 P3 Ppa 
*\ sg {0.100 0.335 0.285 0.610 
S(N¥) = | | 


84 |0.175 0.150 0.675 0.615 


Step 5: Now by comparing the score values with ‘Table 6, rating scale distribution and by 


using Definition 5.2, we obtain the following values in matrices form. 


Pl p2 P3 pa 
N*(5)= ® (2,0.250) (3,0.545) (2,0.700) (4, 0.700) 
. (2,0.205) (3,0.525) (2,0.775) (2, 0.275) 


Pl p2 p3 pa 
N#(5) = ® (1,0.855)  (2,0.200) (2,0.110) (3, 0.400) 
(2,0.700)  (2,0.225) (3,0.340) (2, 0.275) 


Pl p2 P3 pa 
Ni(5)= * been (3,0.340) (2, 0.095) sat 


sa |(4,0.665) (3,0.595) (2,0.165) (2, 0.720) 
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Pi p2 P3 PA 
Nx (5) 89 bape (3,0.345) (2, 0.260) mess 


sa |(2,0.670) (3,0.440) (3,0.305) (3, 0.425) 


Pl P2 P3 PA 
N#(5) = 52 [(2,0-100) (3,0.335) (2,0.285) (4, 0.610) 
2 (2,0.175) (4,0.150) (4,0.675) (4, 0.615) 


S4 
Step 6: Determine N{(5) matrix by summing the corresponding entries of 


Ni(N), N3(N),..., NE(M) matrices. 


Pl P2 P3 Pa 


* — s2 {10 14 10 17) Sl 
Ni(5) = 
sg {12 15 14 13) 54 





Step 7: Tabulate the details as in Table 11 and assess the risk level of the two students. 


TABLE 11. Shows students’ mental health scores and levels for each parameter 





10 low 14 low 10 low 17 avg 51 
12 low 15 low 14 low 13 low 54 


Analysis: From ‘Tables 9 and 11, we infer that for the parameter ASA, the student s2 


had an initial score of 25 with an average-risk level towards mental illness. After the remedy 
process, the student has attained a score of 10 with a low-risk for the same parameter. Likewise, 
for other parameters, TAS, EMC, and stress, in the initial stages, the scores are 24, 24, and 
25, respectively, with an average-risk level. After the treatment, we find the scores are 14 and 
10, with low-risk for the parameters TAS and EMC. For the parameter stress, the score is 
17 and has attained an average-risk level. Similarly, the student s4 showed a high risk with 
an initial score of 27 for the parameter ASA. After the treatment, a score of 12 with low-risk 
for the same parameter. Likewise, for other parameters, 7 AS, LMC, and stress, in the initial 
stages, the scores are 25, high risk, 24, average risk, and 26, high risk, respectively. After the 


treatment, we observe that for parameters TAS, EMC, and stress, the scores are 15, 14, and 





13, with low-risk levels, respectively. Hence, we conclude that both the students have attained 
a low-level risk score of 51 and 54, respectively, towards mental illness and have responded 


well to the treatment. 
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7.3. Case study IT 


Let us consider the same example as in case study Ia. Let W = (0.45, 0.15,0.25,0.15) be 
the weight vector assigned by the MAC to the parameters. Refer section 7.1, for steps 1 to 4 
data information. In this section, we explain the method when MHC uses criteria weights. 


Step 4: By applying WSV NV Definition 3.3, we get the values in matrices as below. 


Pi p2 D3 pA P1 p2 3 pA 
s, [0.405 0.101 0.189 0.038 s, [0.412 0.131 0.204 0.034 
0.135 0.083 0.044 0.095 0.056 0.053 0.071 0.110 

WS(N7) = ‘2 WS(N5) = a 
s3; 10.088 0.053 0.099 0.020 s3; |0.412 0.034 0.094 0.011 
sa |0.056 0.124 0.044 0.098 sa |0.209 0.029 0.006 0.120 

P1 p2 3 pA P1 p2 3 pA 

s, [0.293 0.004 0.203 0.102 s, [0.302 0.034 0.118 0.097 
0.293 0.131 0.034 0.056 0.079 0.122 0.050 0.060 

WS(N3) = =e WS(NZ) = 2 
s3 10.293 0.053 0.094 0.004 sz |0.302 0.150 0.044 0.041 
sa |0.356 0.094 0.036 0.011 sa |0.011 0.106 0.038 0.056 

Pi p2 3 pA P1 p2 3 pA 

s, [0.378 0.011 0.075 0.104 s, [0.101 0.015 0.150 0.121 
0.045 0.092 0.204 0.050 0.092 0.091 0.081 0.026 

WS(N;) = a WS(Ne) = “2 
s3; |0.378 0.074 0.206 0.005 sz; 10.101 0.060 0.094 0.033 
sa |0.056 0.105 0.181 0.004 sa |0.317 0.090 0.150 0.075 

and 
Pi pA 


8, |0.383 0.029 


*\ _ s2 {0.056 0.101 
WS(N7) = 
s3 |0.383 0.105 


s4 |0.079 0.064 


Step 5: By comparing the WSV NV values with Table 6, rating scale distribution and by 


using Definition 5.2, we obtain the following values in matrices form. 


Pl p2 p3 pa 
s, [(3,0.405) (2,0.101) (4,0.189) (2, 0.038) 
N*(5)= % (4,0.135) (2,0.083) (4,0.044) (2, 0.095) 
sz |(4,0.088) (2,0.053) (4,0.099) (2, 0.020) 
sa |(4,0.056) (2,0.124) (4,0.044) (2, 0.098) 
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fal p2 P3 pA 
s1 [(3,0.412) (4,0.131) (4,0.204) (2, 0.034) 
*/r\ _ 82 |(4,0.056) (4,0.053) (4,0.071) (2,0.110) 
N3 (5) = 
s3 |(3,0.412) (4,0.034) (4,0.094) (2,0.011) 
sa |(4,0.209) (4,0.029) (4,0.006) (2, 0.120) 
Pl p2 p3 pA 
s1 [(2,0.293) (2,0.004) (4,0.203) (4, 0.102) 
*/r\ _. 82 |(2,0.293) (2,0.131) (4,0.034) (4,0.056) 
N3 (5) = 
s3 |(2,0.293) (2,0.053) (4,0.094) (4, 0.004) 
sa |(3,0.356) (2,0.094) (4,0.036) (4,0.011) 
Pl p2 p3 pA 
s, [(3,0.302) (2,0.034) (4,0.118) (4, 0.097) 
*/r\ _. 82 |(4,0.079) (2,0.122) (4,0.050) (4,0.060) 
Ny (5) = 
s3 |(3,0.302) (2,0.150) (4,0.044) (4, 0.041) 
sa |(4,0.011) (2,0.106) (4,0.038) (4, 0.056) 
Pl p2 p3 pa 
s, [(3,0.378) (2,0.011) (2,0.075) (4,0.104) 
*/e\ _ 82 |(4,0.045) (2,0.092) (2,0.204) (4, 0.050) 
N5 (5) = 
s3 |(3,0.378) (2,0.074) (2,0.206) (4,0.005) 
sa |(4,0.056) (2,0.105) (2,0.181)  (4,0.004) 
Pl p2 p3 pa 
s, [(2,0.101) (2,0.015) (2,0.150) (4,0.121) 
*/r\ _ 82 |(2,0.092) (2,0.091) (2,0.081) (4,0.026) 
Ng (5) = 
s3 |(2,0.101) (2,0.060) (2,0.094) (4, 0.033) 
sa |(3,0.317) (2,0.090) (2,0.150) (4,0.075) 
P1 P4 
s, [(3,0.383)  (2,0.029) 
*/r\ _ 82 |(4,0.056) (2, 0.101) 
N7 (5) = 
s3 | (3,0.383) (2, 0.105) 
sa |(4,0.079) (2, 0.064) 


Step 6: Determine N7(5) matrix by summing the corresponding entries of 


Nyx (5), N3(5),..., N#(5) matrices. 


Pl P2 P3 Pa 
sj }|19 14 20 22] 75 
24 14 20 22] 80 
Ni(5)= * 
s3 |20 14 20 22) 76 
84 |26 14 20 22) 82 





Step 7: Tabulate the details as in Table 12 and assess the risk level of the students. 
Analysis: We observe from Table 12 that for the parameter, ASA, the mental health scores 


for the students, s1, s2, and s3 are 19, 24, and 20 respectively, with an average-risk level. For 
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TABLE 12. Shows students’ mental health scores and levels for each parameter 


Si Total 


score = score a score i) score a score | level 


S1 75 avg 
S92 SO avg 
83 76 avg 
SA 82 avg 


s4, the score is 26 and at a high-risk may require a counseling session to lower the same. 





Similarly, for the parameter, T'AS, the scores for all the students are 14 and at low-level risk. 
For the parameter, HMC, and stress, the scores are 20 and 22 with an average-risk level for 
all the students. The overall scores for the students are 75, 80, 76, and 82 show an average-risk 


level associated with mental illness. 


8. Intertemporal single-valued neutrosophic \V-soft set 


Definition 8.1. An intertemporal single-valued neutrosophic V-soft set (ISV NN'S'S) is rep- 
resented as a finite sequence of SVNNS'S' over U, and denoted by {(u", 7',N yi for a 
session k,! € N such that (k < ki < l). 





Definition 8.2. Let fT iN) for a session k,l € N be an ISVNNSS, 
then the quasi-hyperbolic discounting intertemporal single-valued neutrosophic NV-soft set 
(QHDISVNNSS) computed from f(t, TN)V_, at session k, (k < k < 1) is defined 


as, 


Ik’ 
N(N)y -_ pe (p)(u) = (oe —S S(N),/ “lt 3(Soot.sy] ) 


where 6 € [0,1] and $8 € [0,1) are the long-term and short-term discounting parameters 
respectively and S(N), and S(N) p44 are the SF's of SVNSS for the session k and k +t 


respectively. 


Definition 8.3. Let U = {uz,ug,...,uUm} be the universal set. Let P = {pj,po,...,pn} be 
set of parameters and G = {1,2,...,N} be a set of rating scale. Then the QHDISVNNSS 
computed from { (2°, TN at session k , (k <k <1) is defined as, 


Pl P2 sae Pn 
Ul dil q12 tae din 

N*(N)," = [qj] = v2 | gr 22 + an J, 
Um dml1 dm2 se dmn 


such that 
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1 l—k 
N*(N),0 =, das a (ony i—-k +1 (Si3) 0 oF 8(So8.6u)40] } 
t=1 


t= 1,2,..,m and 7 = 1,2,...,.n. Then N*(N),, is called an m x n quasi-hyperbolic dis- 
counting intertemporal single-valued neutrosophic N-soft matrix (QHDISVNN SM) of the 
QHDISVNNSS {(y', T*.N)},_y- 


9. An application to pre-assess the mental health of students’ using 


QHDISVNN SM 


Consider the 1/7 HC’ has planned for n counseling sessions in a phased manner to study and 
change the socially deviant behavior to socially acceptable behavior. ‘To check the progress of 
the students, IZ HC would like to pre-assess the students after m sessions i.e., (m <n). Pre- 
assessment helps the MHC to understand the level of progress shown by the students in their 
behavior. To deal with this, we construct the concept of QHDISVNNSM, an algorithm, 
and a flowchart to pre-assess the mental health of the students. 

Consider a scenario where the 1/ HC’ wishes to assess the mental health of the students in 
a phased manner. Let U = {51, 52,..., 5m} denote the set of students and € = {p1, po,.-., Pn} 
the set of parameters to assess the psychosocial conditions. Let us assume the MAC’ frames 
the following details namely; positive and negative statements for parameters, rating scales 
with distribution criteria (Table 13), weightage criteria to assess the parameters, scoring keys, 
and mental health norms (Table 14). The MHC based on each question, say r = {1,2,...,h} 
evaluates the students by considering the parameters and present the results in the form of 
neutrosophic matrices, (V>),; of order m x n for each session k. Now, we have to pre-assess 


the mental health of the student with the help of pre-determined scores and norms. 


TABLE 13. Shows the rating scale distribution 


Positive statement | Negative statement | Score values 


1 5 0.8 < si; < 1.0 
0.6 < si; < 0.8 
0.3 < si; < 0.6 
0.0 < 845 < 0.3 
-0.5 < 84; < 0.0 





A 
3 
2 
a) 


oo Fe WwW Wb 


9.1. Methodology to pre-assess the mental health of the students 


Construct the neutrosophic matrices (N7),/, r = {1,2,...,h} for each positive or negative 
statement by observing the behavior of the student for each session. Apply SF Definition 3.1, 


to the neutrosophic matrices and represent the resultant matrices by S(N;),. If weightage 
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TABLE 14. Shows the qualitative norm details 


Parameter Scores Norms 


low 

moderate (mod) 
borderline (bor) 
high 

very high (vh) 


P1, P2, P3, P4 


low 
mod 
bor 
high 
vh 


Total 





criteria are to be considered for each parameter, then calculate WSV NV by using Definition 


3.3. Now compare the entries in each S(N;*),, matrix and construct the N*(NV),- by using 


Definition 8.3 with the values of 6 =0.9, 6 =0.5 and by comparing the values with the framed 


rating scale distribution (Table 13). Determine the Ni (NV), matrix by adding the corre- 


sponding entries of N/(N),7, N3(N),/,.., Ng(N), matrices. Now pre-assess the risk level for 


each parameter as well for the overall by using the level norms (Table 14). If the student 


attains a low/moderate-risk level in pre-assessment, then he/she responds to the treatment. If 


otherwise, then MAC should start an alternative remedy process for the students who show 


a high-risk level towards psychosocial conditions. 


9.2. Algorithm to pre-assess the mental illness among the students 


The following steps provide an insight to pre-assess the mental illness among the students. 


Step 1: 
Step 2: 


Step 3: 


Step 4: 


Step 5: 


Step 6: 


Step 7: 


Step 8: 


Identify the problem, select the students and the parameters. 

Involve a psychiatrist to frame the required details namely; positive and negative 
statements, rating scale with distribution, scoring keys and risk level. 

Construct (N;),, where r = {1,2,...,h} matrices for each question by observing the 
behavior of the students at k session. 

Evaluate SF’ and WSV NV by using Definition 3.1 and 3.3, respectively, and compute 
the risk-level analysis Table for the first session using Algorithm 6.2. 

Construct N;(N),’ for the sessions by using Definition 8.3 and by comparing it with 
rating scale and distribution details. 

Determine NZ (NV), matrix by summing the corresponding entries of 

Ni (N) 1, Ng(N)p7,--, NE(N),. matrices. 

Tabulate and pre-assess the mental health risk level by using the ‘Table values 
determined in Step 4, and by using scoring keys and risk level norms. 


If the risk level is high for the students then the MHC to terminate the current 
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treatment and initiate an alternative treatment process from the next session. 


9.3. Flowchart for intertemporal neutrosophic N -soft matrix 


In this subsection, we depict the flow of the problem to pre-assess the mental illness of 


students. A structured process is shown below to understand the nature of the problem. 


Mental health counselor -- 


defines the problem selects the students selects the parameters 
I I 
I I 








I 
I 
I 
I 
I 
I 
I ‘ 
scoring and 

level norms 








I 
I 
I 
I 
computes the risk constructs N#(N)_ 


Determines SF,WSV NV +---- level for session 1 and determines the 


using Algorithm 6.2 Ni(N),7 matrix 


constructs and pre- 





changes the remedy - 





--- process for unsatisfactory  ------- PIOCISES Sb 6 ie ie assesses the risk level kK - 


continues the 
remedy process 


10. Case study using QHDISVNN SM 





by using the norms 


students from next session 





The MHC or the psychiatrist might have to encounter multiple sessions to identify the 
mental health or the psychosocial behavior of the students. When there is a deviation in 
behavior, the MAC may find it difficult in which session the treatment or counseling failed to 
work for the students or could also be the students who did not follow the guidelines informed 


by the MHC. To overcome this gap, we present a method to pre-assess the mental illness of 
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students with the information recorded during every session. Also, this method gives an insight 
into whether the IZ HC treatment or the counseling moves forward in the right direction. 
Consider a scenario where the MHC’ observes the behavior of the students and records 
the information using SV NSMs for every lockdown session during the pandemic. Also, let 
the MHC compute the risk level for session 1 using Algorithm 6.2 to understand the risk 
level associated with the students. Let’s assume that the students are at the beginning of the 
fourth lockdown session and the I/HC' would like to pre-assess the students and determine 
the risk level connected with the previous lockdown session. In the first case, let’s consider 


the information from sessions | to 3, in the second, sessions 2 and 3, and the third, session 3. 





Step 1: Suppose that U = {s1, 52, 53,54} be the set of students who suffer from mental 
illness and P = {p1, p2, p3,p4a} be the set of parameters where p,= avoiding social activities 
(ASA), po= thinking about suicide (TAS), p3= extreme mood changes (EMC) and p4 = 
stress. 

Step 2: Let’s consider the / HC' frames five positive questions for all the parameters across 
the three lockdown sessions. Let the rating scale distribution and level norms be as in ‘Tables 
13 and 14, respectively. 

Step 3: Let MAC observes the behavior of each student based on the framed positive 
statements and provides the value in SVNSMs form, (N7)i, (N3)1, (N3)1, (N7)1 and CNF)i 


for the first lockdown session. 


Pi P2 P3 pa 
s, [(0.30,0.32,0.19) (0.40, 0.42,0.35) (0.20,0.30,0.12) (0.40, 0.42, 0.05) 
(N*), = (0.35, 0.38, 0.20) (0.43, 0.45,0.38) (0.30, 0.35,0.13) (0.30, 0.35, 0.10) 
s3_ | (0.32,0.35,0.15)  (0.50,0.55,0.40) (0.40,0.45,0.14) (0.20, 0.25, 0.05) 
sa | (0.23, 0.31,0.22) (0.45, 0.50,0.40) (0.20,0.30,0.05) (0.33, 0.43, 0.17) 

Pi p2 P3 pa 
s, [(0.21,0.24,0.20) (0.40, 0.42,0.15) (0.30,0.32,0.11) (0.25, 0.35, 0.06) 
(Nz), = ® (0.25, 0.35, 0.20)  (0.30,0.34,0.10) (0.40, 0.42,0.13) (0.32, 0.45, 0.20) 
s3 | (0.26, 0.30,0.25)  (0.20,0.32,0.10) (0.32,0.35,0.20) (0.40, 0.42, 0.15) 
sa | (0.30, 0.35, 0.23) (0.30, 0.40,0.12)  (0.33,0.37,0.07) (0.20, 0.32, 0.12) 

Pi p2 P3 pa 
s1 [(0.28,0.32,0.17)  (0.40,0.42,0.12) (0.32,0.42,0.14) (0.40, 0.42, 0.10) 
(N2), = (0.21, 0.31,0.10) (0.35, 0.38,0.10) (0.28, 0.32,0.15) (0.37, 0.40, 0.15) 
s3 | (0.30,0.34,0.16) (0.42,0.45,0.15) (0.25,0.30,0.16) (0.20, 0.25, 0.17) 
sa | (0.27, 0.32,0.20) (0.30,0.35,0.25) (0.21,0.31,0.15) (0.30, 0.35, 0.25) 
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S] 
Nor. 
§3 


S4 


8] 
(Ns p=" 
53 


S4 


—"~SOSOOO~~ 


—~ OOOO 


Pl 
0.23, 0.32, 0.15 
0.33, 0.35, 0.45 
0.31, 0.35, 0.20 
0.25, 0.28, 0.65 


Pl 
0.40, 0.45, 0.15 
0.34, 0.35, 0.25 
0.20, 0.25, 0.12 
0.23, 0.24, 0.25 


Oe ee ed 


Oe ee ed 


p2 
0.25, 0.30, 0.19 
0.26, 0.34, 0.55 
0.29, 0.32, 0.17 
0.30, 0.34, 0.55 


~_—_—— Ss Oi'7— 


p2 
0.30, 0.34, 0.20 
0.32, 0.35, 0.30 
0.20, 0.30, 0.13 
0.30, 0.40, 0.23 


~_— Ss Oi'-7~— —"~— 


P3 
0.30, 0.32, 0.21 


0.40, 0.42, 0.45 
0.35, 0.40, 0.20 
0.32, 0.35, 0.50 


~_—_—— Ss Oi'~— 


P3 
0.34, 0.40, 0.30 
0.32, 0.35, 0.45 
0.20, 0.25, 0.20 
0.25, 0.30, 0.24 


~_— sr Oi'_7~— 


95 


pa 
0.34, 0.38, 0.43 
0.35, 0.38, 0.44 
0.40, 0.43, 0.13 
0.32, 0.33, 0.24 


—~ NSS / 


) 
) 
) 
) 


pa 
0.25, 0.28, 0.15 
0.35, 0.38, 0.25 
0.45, 0.48, 0.05 
0.50, 0.52, 0.34 


~_—— srr O''7"_— 


Now, compute the risk level analysis Table for session 1 using Algorithm 6.2 and with the 


help of norms (Table 14) understand the risk level associated with the students as in Table 15. 


TABLE 15. Shows students’ mental health scores and levels for session 1 





$1 
(Nije= 
83 


S4 


S] 
(N3)2= °° 
§3 


S4 


$1 
(NJ2= ° 
83 


S54 


"~~ TO~. 


( 
( 
( 
( 


AO ii ge * gf 


Pl 
0.90, 0.85, 0.15 
0.35, 0.40, 0.15 
0.82, 0.78, 0.25 
0.85, 0.35, 0.18 


Pl 
0.79, 0.69, 0.20 
0.64, 0.60, 0.13 
0.80, 0.55, 0.20 
0.82, 0.34, 0.20 


Pl 
0.83, 0.54, 0.22 
0.68, 0.23, 0.18 
0.85, 0.69, 0.22 
0.87, 0.31, 0.19 


Oe ee ed ee ee ed 


Oe ee aed 


Likewise, form (Ny )2, (N35 )2, UN3)2, (Ni )2 and (NZ)2 SVNSMs for the second lockdown 


session. 


p2 
0.55, 0.45, 0.20 
0.55, 0.45, 0.15 
0.82, 0.77, 0.25 
0.85, 0.35, 0.18 


~_— Ss Oi''7"—_—— 


p2 
0.58, 0.48, 0.17 
0.23, 0.16, 0.16 
0.81, 0.76, 0.23 
0.82, 0.33, 0.15 


~_—_—— Ss Oi'7— 


p2 
(0.56, 0.32, 0.20 
(0.64, 0.19, 0.15 
(0.84, 0.79, 0.25 
(0.85, 0.30, 0.18 


ee ee eed 


P3 
0.40, 0.60, 0.20 


0.45, 0.40, 0.15 
0.82, 0.75, 0.25 
0.85, 0.35, 0.18 


_—— sr OOi'7"—_— 


P3 
0.55, 0.33, 0.24 
0.66, 0.22, 0.21 
0.77, 0.87, 0.24 
0.83, 0.31, 0.19 


—~ ONS OO 


) 
) 
) 
) 


P3 
0.68, 0.54, 0.33 
0.77, 0.20, 0.24 
0.72, 0.88, 0.18 
0.82, 0.35, 0.25 


~_— Ss Oi'~— 


pA 
0.88, 0.78, 0.20 
0.35, 0.20, 0.15 
0.82, 0.30, 0.25 
0.85, 0.35, 0.18 


~_— Ss Oi'"— 


pa 
0.65, 0.32, 0.24 
0.77, 0.24, 0.20 
0.80, 0.66, 0.24 
0.82, 0.36, 0.25 


~_—— sr Oi'Z— ~~ 


pa 
0.70, 0.65, 0.24 
0.80, 0.30, 0.18 
0.75, 0.65, 0.24 
0.81, 0.31, 0.19 


TT OO TOON 
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S] 
(Ng)2= °°? 
§3 


S4 


S] 
(Ns)o= °°? 
§3 


S4 


Pi 
(0.55, 0.45, 0.25 
(0.60, 0.25, 0.20 
(0.45, 0.40, 0.15 
(0.45, 0.52, 0.20 

Pi 

0.88, 0.30, 0.20 
0.68, 0.40, 0.26 
0.88, 0.78, 0.25 
0.84, 0.38, 0.24 


—~ OOOO TO 


) 
) 
) 
) 


ee eed 


p2 
0.65, 0.55, 0.15 
0.75, 0.15, 0.20 
0.85, 0.54, 0.30 
0.80, 0.30, 0.25 


~_—_— si ™— 


p2 
0.77, 0.30, 0.28 
0.67, 0.28, 0.15 
0.87, 0.89, 0.25 
0.46, 0.35, 0.12 


~_—— si" ™— 


P3 
0.58, 0.48, 0.22 


0.86, 0.22, 0.18 
0.88, 0.66, 0.24 
0.82, 0.34, 0.20 


~_— rr iOi'7~—_— 


P3 
0.55, 0.30, 0.22 
0.60, 0.20, 0.18 
0.77, 0.68, 0.30 
0.87, 0.35, 0.28 


~_—— sr Oi'7"— 


pa 
0.77, 0.67, 0.22 
0.68, 0.22, 0.16 
0.88, 0.58, 0.24 
0.84, 0.34, 0.20 


ee TO 


pa 
0.60, 0.34, 0.26 
0.54, 0.67, 0.28 
0.84, 0.76, 0.25 
0.85, 0.38, 0.18 


~_—_—— Sr Oi'7"_— 


96 


Similarly, form (N}‘)3, (N3)3, (N3)3, (Vf)3 and (N2)3 SVNSMs for the third lockdown 


session. 


81 
i= 3 
53 


S4 


S] 
(No)3= ” 
§3 


S4 


S1 
(N3)3 = 
53 


54 


S] 
(Naj3= 
§3 


S4 


8] 
(N5)3= 
53 


54 


P1 
(0.70, 0.80, 0.25 
(0.80, 0.70, 0.20 
(0.82, 0.75, 0.21 
(0.90, 0.88, 0.10 
P1 
(0.71, 0.81, 0.20 
(0.55, 0.50, 0.25 
(0.80, 0.85, 0.21 
(0.85, 0.88, 0.22 
P1 
(0.67, 0.72, 0.29 
(0.85, 0.75, 0.30 
(0.70, 0.80, 0.25 
(0.88, 0.91, 0.21 
Pi 
(0.72, 0.75, 0.25 
(0.95, 0.82, 0.31 
(0.82, 0.78, 0.21 
(0.72, 0.68, 0.24 
Pi 
0.73, 0.76, 0.10 
0.95, 0.90, 0.15 


0.85, 0.80, 0.20 
0.80, 0.75, 0.25 


OO Dp ge gg 


ee ee ed 


) 
) 
) 
) 
) 
) 
) 
) 


) 
) 
) 
) 


ee ed 


P2 
0.92, 0.89, 0.25 
0.88, 0.90, 0.25 
0.84, 0.88, 0.10 
0.88, 0.84, 0.12 


—"~__ ~~ OO ~~~. 


) 
) 
) 
) 


P2 
0.88, 0.87, 0.22 
0.50, 0.60, 0.26 
0.95, 0.88, 0.32 
0.72, 0.75, 0.42 


~_—— Ss Oi'~—_— ~~ 


P2 
(0.82, 0.88, 0.30 
(0.86, 0.77, 0.32 
(0.72, 0.82, 0.28 
(0.77, 0.88, 0.38 


ee ee eed 


P2 
0.91, 0.73, 0.21 
0.92, 0.84, 0.30 
0.88, 0.79, 0.23 
0.78, 0.69, 0.22 


"SOO OO 


) 
) 
) 
) 


p2 
0.93, 0.83, 0.25 
0.94, 0.92, 0.44 
0.88, 0.82, 0.21 
0.89, 0.72, 0.19 


_— Ss Oi"7"_— 


P3 
0.90, 0.85, 0.40 
0.91, 0.88, 0.05 
0.75, 0.72, 0.14 
0.77, 0.72, 0.10 


A NN NS 


) 
) 
) 
) 


P3 
0.77, 0.87, 0.10 
0.57, 0.57, 0.21 
0.67, 0.65, 0.05 
0.77, 0.71, 0.10 


ee 


) 
) 
) 
) 


P3 
0.84, 0.90, 0.25 
0.88, 0.81, 0.30 
0.77, 0.80, 0.24 
0.79, 0.85, 0.34 


ee ae Se Oe 


P3 
0.94, 0.75, 0.28 


0.92, 0.85, 0.21 
0.90, 0.79, 0.19 
0.75, 0.70, 0.22 


—~ NSS / 


) 
) 
) 
) 


P3 
0.89, 0.80, 0.10 
0.88, 0.82, 0.17 
0.92, 0.55, 0.19 
0.94, 0.88, 0.25 


~_—_—— sr O''—7~— 


PA 
0.90, 0.80, 0.20 
0.69, 0.59, 0.40 
0.85, 0.75, 0.10 
0.76, 0.78, 0.25 


~_—_—— Ss Oi'7~—s 


pA 
0.88, 0.85, 0.10 
0.91, 0.80, 0.15 
0.88, 0.98, 0.05 
0.90, 0.88, 0.15 


~_—— Ss OOi'7~— 


pa 
0.85, 0.82, 0.20 
0.90, 0.85, 0.31 
0.85, 0.72, 0.21 
0.84, 0.81, 0.30 


~_—— sani r*”— 


pa 
0.93, 0.77, 0.20 
0.89, 0.88, 0.15 
0.72, 0.82, 0.10 
0.79, 0.77, 0.09 


~_—— rr Oi'Z— 


P4 
0.85, 0.80, 0.25 
0.89, 0.85, 0.20 
0.79, 0.89, 0.15 
0.90, 0.85, 0.25 


~_—_— Ss Oi''7"_— 
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Step 4: Apply SF’ Definition 3.1, to get the values in matrices form for session 1. 


S] 
S\N i= 
§3 


S4 


$1 
SN) = 
53 


54 


Pl 
0.215 
0.265 
0.260 
0.160 


Pl 
0.215 
0.210 
0.240 
0.195 


P2 
0.235 
0.250 
0.325 
0.275 


p2 
0.350 
0.315 
0.360 
0.200 


S(N5)1 = 


P3 
0.190 


0.260 
0.355 
0.225 


P3 
0.300 
0.225 
0.195 
0.185 


$1 


53 


S4 


P4 
0.385 


0.275 S(Nz), = 


0.200 
0.295 


P4 
0.360 


0.310 S(N%)1 = 


0.140 
0.200 


Pl 
0.350 
0.220 
0.165 
0.110 


Apply SF Definition 3.1, for session 2. 


S] 


82 


S(Ny)2 


53 


S4 


$1 
S(N3 )2 
53 


S4 


Similarly, apply SF’ Definition 3.1, for 


S] 
S(Nt)3 = 
53 


S4 


Pl 
0.800 
0.300 
0.675 
0.510 


0.575 
0.365 
0.660 
0.495 


Pl 
0.625 
0.650 
0.680 
0.840 


p2 
0.400 
0.425 
0.670 
0.510 


P2 
0.340 
0.340 
0.690 
0.485 


S(N5 )2 = 


p2 
0.780 
0.765 
0.810 
0.800 


P3 
0.400 
0.350 
0.660 
0.510 


P3 
0.445 


0.366 
0.710 
0.460 


$1 


53 


S4 


P3 
0.675 
0.870 
0.665 
0.695 


PA 
0.730 
0.200 
0.435 
0.510 


P4 
0.555 
0.460 
0.580 
0.465 


Pl 
0.490 
0.410 
0.705 
0.490 


P2 
0.220 
0.185 
0.185 
0.238 


S(Np)2 


S(Nq)2 


p2 
0.395 
0.400 
0.755 
0.345 


session 3. 


Pa 
0.750 


0.440 S(N>)3 = 


0.750 
0.645 


S] 


53 


S4 


S] 
82 
53 


54 


P3 
0.220 


0.110 
0.125 
0.155 


$1 


82 


53 


S4 


$1 
52 
53 


S4 


P3 
0.315 
0.310 
0.575 
0.470 


$1 


53 


S4 


Pl 
0.125 
0.200 
0.155 
0.210 


Pl 
0.200 
0.115 
0.230 

—0.060 


P4 
0.190 
0.240 
0.440 
0.340 


Pl 
0.640 
0.555 
0.575 
0.480 


Pl 
0.375 
0.325 
0.350 
0.385 


Pa 
0.340 
0.465 
0.675 
0.525 


Pl 
0.660 
0.400 
0.720 
0.755 


p2 
0.335 
0.270 
0.210 
0.290 


Pp2 
0.180 
0.025 
0.220 
0.045 


p2 
0.445 
0.115 
0.670 
0.500 


p2 
0.525 
0.350 
0.545 
0.425 


p2 
0.765 
0.420 
0.755 
0.525 


P3 
0.255 


0.345 
0.235 
0.315 


P3 
0.205 
0.185 
0.275 
0.085 


P3 
0.320 
0.335 
0.700 
0.475 


P3 
0.420 


0.450 
0.650 
0.480 


P3 
0.770 
0.465 
0.635 
0.690 


PA 
0.270 
0.285 
0.335 
0.200 


pA 
0.145 
0.145 
0.350 
0.205 


P4 
0.365 
0.405 
0.610 
0.465 


PA 
0.610 
0.370 
0.610 
0.490 


Pa 
0.815 
0.780 
0.905 
0.815 
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$1 


S(N3)3 


53 


S4 


Pl 
0.550 
0.650 
0.625 
0.790 


p2 
0.700 
0.655 
0.630 
0.635 


* 


S(N5 


)3 


P3 
0.745 
0.695 
0.665 
0.650 


0 
0 
0 
0 


S] 


53 


S4 


98 


pa P1 P2 P3 pA 
735 s, |0.610 0.715 0.705 0.750 
.720 * sg |0.730 0.730 0.780 0.810 
.680 S(N4)3 = s3 10.695 0.720 0.750 0.720 
.675 s4 |0.580 0.625 0.615 0.735 
P1 P2 P3 PA 
0.695 0.755 0.795 0.700 
0.850 0.710 0.765 0.770 
0.725 0.745 0.640 0.765 
0.650 0.710 0.785 0.750 


Step 5: Let’s consider the information from sessions 1 to 3 to pre-assess the mental illness 


of the students before the next lock-down session begins. By applying Definition 8.3, we get 





the following matrices. The QHDISVNNSM at the beginning of session 1 is computed by 


N;,(5)1 = 


1 
Ipis 3 (sig)1 +0.5( )  0.9°.(sij)i4e) |), 


r=1,2,...,.5,4=1,2,3,4 and 7 =1,2,3,4. 


N7(5)1 = 


N3 


(5)1 = 


N3 


(5)1 = 


N4(5)1 = 


$1 
82 
53 


S4 


$1 
82 
53 


S4 


S] 
52 
53 


S4 


$1 


53 


S4 


Pl 
(4, 0.276 
(4, 0.221 
(4, 0.280 
(4, 0.243 


Pl 
4, 0.227 
4, 0.204 
4, 0.235 
4, 0.244 


—~ NSS 


Pl 
4, 0.232 
4,0.213 
4, 0.263 
4, 0.246 


—~ SSO ~~ 


Pl 
4, 0.205 
4, 0.186 
4, 0.223 


( 
( 
( 
(4, 0.116 


2 
t=1 
P2 P3 
) (4,0.244) (4,0.214) 
) (4,0.250) (4, 0.257) 
)  (3,0.318) (3, 0.307) 
) (4,0.276)  (4,0.245) 
P2 P3 
\  (4,0.282) (4, 0.237) 
) (4,0.164) (4, 0.228) 
)  (4,0.272) (4, 0.269) 
)  (4,0.243) (4, 0.269) 
P2 P3 
)  (4,0.262) (4, 0.267) 
\  (4,0.244) (4, 0.224) 
) (3,0.309) (4, 0.261) 
) (4,0.225) (4, 0.218) 
P2 P3 
\  (4,0.235) (4, 0.227) 
) (4,0.159)  (4,0.234) 
) (4,0.252)  (4,0.290) 
) (4,0.163)  (4,0.183) 


pa 
3, 0.339 
4,0.181 
A, 0.233 
A, 0.262 


~_—_—— Ss i'7"—_— 


pa 
4, 0.255 
4, 0.261 
3, 0.325 
A, 0.246 


~_— Ss Oi'7z— 


pa 
3, 0.302 
4, 0.270 
A, 0.225 
A, 0.228 


~_—— sr iO''7~— 


pa 
4, 0.241 
4, 0.213 
3, 0.305 


( 
( 
( 
(4, 0.241 


) 
) 
) 
) 
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Pl P2 P3 Pa 
s, [(4,0.284) (4,0.235) (4,0.228) (4, 0.209) 
4, 0.250 4,0.218 4,0.186 4, 0.254 
Ne (5), 82 (4, ) (4, ) (4, ) (4, ) 
s3 | (4, 0.259) (4, 0.275) (4, 0.214) (3, 0.351) 
sa |(4, 0.198) (4, 0.227) (4, 0.228) (4, 0.293) 


By applying Definition 8.3, we 


get the following matrices for sessions 2 to 3. 


QHDISVNNSM at the beginning of session 2 is computed by 


N;-(5)2 = (ty ; (sig )2 + 0.5(0.9").(si;)3) | ) 


r=1,2,...,5,4=1,2,3,4 and 7 =1,2,3,4. 


Pl P2 P3 PA 
s; [(3,0.541) (3,0.376) (3,0.352) (3, 0.534) 
4,0.2 F tl 4,0.1 
N#(5)9 = 82 | (40-296) (3,0.385) (3,0.371) (4, 0.199) 
s3 |(3,0.491) (3,0.517) (3,0.480) (3, 0.386) 
sa |(3,0.444) (3,0.435) (3,0.411) (3, 0.400) 
Pl P2 P3 P4 
51 [(3,0.469) (3,0.395) (3, 0.333) (3, 0.366) 
3, 0.368 4,0.152 4,0.272 3, 0.378 
N3(5)o 2 S2 ( ’ ) ( ’ ) ( ) ) ( ’ ) 
s3 |(3,0.450) (3,0.505) (3,0.493) (3, 0.509) 
sa |(3,0.410) (3,0.368) (3,0.393) (3, 0.416) 
Pil P2 P3 Pa 
s, [(3,0.411)  (3,0.328) (3,0.390) (3, 0.443) 
3, 0.329 3,0.317 3, 0.339 3, 0.392 
N3(5)o = S2 ( ’ ) ( ’ ) ( ’ ) ( ’ ) 
s3 |(3,0.471) (3,0.487) (3,0.505) (3, 0.443) 
sa |(3,0.425) (3,0.385) (3,0.376) (3, 0.384) 
Pl P2 P3 PA 
s; [(3,0.325) (3,0.423) (3,0.369) (3, 0.474) 
3, 0.327 3, 0.339 3, 0.401 3, 0.367 
N7(5)2 = S2 ( ’ ) ( ) ) ( ’ ) ( ’ ) 
s3 |(3,0.331) (3,0.435) (3,0.494) (3, 0.467) 
sa |(3,0.323) (3,0.353) (3,0.378) (3, 0.410) 
Pl P2 P3 PA 
51 [(3,0.401) (3,0.367) (3,0.336) (3, 0.328) 
3, 0.396 3, 0.360 3, 0.327 3, 0.406 
Nz (5)o a S2 ( ’ ) ( ’ ) ( ’ ) ( ’ ) 
s3 |(3,0.516) (3,0.545) (3,0.432) (3, 0.510) 
sa |(3,0.391)  (3,0.332) (3,0.412) (3, 0.431) 
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The 


By applying Definition 8.3, we get the following matrices for session 3. The QHDISVNNSM 


at the beginning of session 3 is computed by 


Nz (5)3 = (Opi; 5 (Séj)3) 5 
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r=1,2,....5,4=1,2,3,4 and 7 =1,2,3,4. 


Pl 
s; [(2,0.625) 
N#(5)o = 82. | (2,0-650) 
1 (5)3 s3_ | (2, 0.680) 
s4_ | (1,0.840) 

Pl 
s1 [(2,0.660) 
Nx 5 es (3, 0.400) 
2(5)3 s3_ | (2,0.720) 
sa | (2,0.755) 

Pl 
s, [(3,0.550) 
Nx 5 a, 22 (2, 0.650) 
3(5)3 s3_ | (2,0.625) 
s4_ | (2,0.790) 

Pl 
s1 [(2,0.610) 
N#(5)_ = 82. | (20-730) 
1(5)3 s3_ | (2,0.695) 
sa | (3, 0.580) 

Pl 
s1 [(2,0.695) 
N#(5)q = 82. | (1, 0-850) 
5 (5)3 s3_ | (2,0.725) 
s4_ | (2,0.650) 
Step 6: Determine N7%(5); matrix 

N7(5)1, No (5)1,.--, N&(5)1 matrices. 

S1 
NGO) 
83 
84 


For N%(5)2 matrix by summing the corresponding entries of Nj(5)2, Nz (5)a, ..- 


trices. 


2, 0.780 
2, 0.765 
1, 0.810 
1, 0.800 


~_—— srr OaOi/™—(— 


2, 0.765 
3, 0.420 
2, 0.755 
3, 0.525 


~_—— si ™—i 


2, 0.700 
2, 0.655 
2, 0.630 
2, 0.635 


~_—— sar i™— 


2,0.715 
2, 0.730 
2, 0.720 
2, 0.625 


_— Ss Oi'7_—" 


P2 
(2, 0.755) 
(2, 0.710) 
(2, 0.745) 
(2, 0.710) 


by summing 


Pl p2 
20 20 
20 20 
20 18 
20 20 


P3 
20 
20 
19 
20 


P3 
2, 0.675 
1, 0.870 
2, 0.665 
2, 0.695 


~_— Ss O'"7"_— 


P3 
2,0.770 
3, 0.465 
2, 0.635 
2, 0.690 


i ll 


P3 
2,0.745 
2, 0.695 
2, 0.665 
2, 0.650 


~_—— Ss ™— 


P3 
2, 0.705 
2, 0.780 
2, 0.750 
2,0.615 


~_—— Ss Oi''7"_——/" 


P3 
(2, 0.795) 
(2, 0.765) 
(2, 0.640) 
(2, 0.785) 


DPA 

18} 78 
20} 80 
17| 74 
20} 80 


pa 
2, 0.750 
3, 0.440 
2, 0.750 
2, 0.645 


~_—_—— Ss Oi'7~— 


pa 
1, 0.815 
2, 0.780 
1, 0.905 
1, 0.815 


_—— rr Oi'7"_——/ 


pa 
20:73 
2, 0.720 
2, 0.680 
2, 0.675 


~_—— sai ™— 


pa 
2, 0.750 
1, 0.810 
2, 0.720 
2, 0.735 


Neer ON ero 


pa 
(2, 0.700) 
(2, 0.770) 
(2, 0.765) 
(2, 0.750) 


100 


the corresponding entries of 


; N(5)o2 Ma- 
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S] 
i(5)o= 
S3 


S4 


Similarly, form N{(5)3 matrix by 


N7(5)3, No (5)3,..-, N&(5)3 matrices. 


S] 
1(5)3= ” 
§3 


S4 





Pl 
15 
16 
15 
15 


Pl 
11 


10 
10 
10 


P2 
15 
16 
15 
15 


summing 


p2 
10 
11 
9 
10 


P3 
15 


16 
15 
15 


P3 
10 
10 
10 
10 


P4 
15 
16 
15 
15 


60 
64 
60 
60 


the 


corresponding 


entries 


101 


of 


Step 7: ‘Tabulate the details as in Table 16 and pre-assess the risk level of the students 


during the lockdown sessions 1 to 3. 


TABLE 16. Pre-assessing students’ mental illness from sessions 1 to 3 


Si 


S] 
82 
53 


S4 





Total 


score | level | score | level | score | level | score | level | score | level 


high 
high 
high 
high 


Tabulate as in Table 17 and pre-assess the risk level of the students during the lock-down 


sessions 2 to 3. 


TABLE 17. Pre-assessing students’ mental health illness from sessions 2 and 3 


score | level | score | level | score | level | score | level | score 





Similarly, tabulate the details as in Table 18 and pre-assess the risk level of the students for 


the lock-down session 3. 


Analysis: When we examine the total (last column) in Table 15, we understand that 


everyone in the group establishes a high risk-level towards mental health. Similarly, when 


we analyze the total data in Table 16, the students show a high risk-level in sessions 1 to 3. 


The reason is that QH DF enhances the effect of value in the first session and decreases the 
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TABLE 18. Pre-assessing students’ mental health illness for session 3 


score a score a score bl oan score = score 





AO 
Al 
38 
39 


influence of value in the second and third sessions. Likewise, when we analyze the total data 


in ‘Table 17, except s9, all others show a borderline risk of mental illness in sessions 2 and 3. 
The student s2 is yet to subdue from high risk-level. ‘The reason is the same as before. QH DF 
enhances the effect of value in the second session and decreases the influence of value in the 
third session. Hence, from the above observation, we conclude that in session 2, except for the 
student s2, all other students are in the borderline stage, and s9 still shows a high-risk level 
towards mental health illness. Also, we state that the students s;, s3, and s4 have reached the 
borderline stage from high-level mental health illness. On a similar note, when we analyze the 
total data in Table 18, except sa, all others show a moderate risk of mental illness in session 3. 
We infer from the data that students s1, 53, and s4 have reached the borderline stage (session 
3) from high-level mental health illness (session 1). This method helps the psychiatrist to 
understand the risk level during a longitudinal study when there are n counseling sessions. 
Also, this result provokes to follow an alternative remedy process to lower the risk level from 


the forthcoming session for the student so. 


11. Comparison and Significance of QHDISVNN SM 


This section will focus on the significance of QHDISVNN SM. Since, this method is new 
and cannot be compared with existing methods, we choose a simple average method to show 
the superiority of QHDISVNNSM. 

Consider a scenario where the students have to undergo a total of four counseling sessions. 


Let’s assume that MHC’ would like to pre-assess the mental health of the students before the 





completion of the last session. Here, the MHC wishes to pre-assess the students after the 
completion of the third session. The rating scale distribution and norms be as in ‘lables 19 
and 20. 

Step 1: Suppose that U = {51,52} be the set of students who suffer from mental illness 
and P = {p1, p2, p3, pa, p5} be the set of parameters. Let MHC observes the behavior of each 
student based on a framed positive statement and provide the values in SV NSM s form, (Nj) 


for the first session. 
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TABLE 19. Shows the rating scale distribution 


Positive statement ae statement | Score values 





5 0:8" 875 A180 
4 0.6 < 84; < 0.8 
3 0.3 < si; < 0.6 
2 0.0 < 84; < 0.3 
1 -0.5 < sj; < 0.0 


TABLE 20. Shows the qualitative norm details 


Parameter Scores | Norms 


1 low 
2-3 
A-5 


P1;, P2, P3, P4, Pd average (avg) 





high 
1-15 low 
Total 16-20 avg 
21-25 high 
Pi p2 P3 P4 P5 


(N*),= * (0.98, 0.76,0.05) (0.88, 0.77,0.06) (0.83,0.69,0.10) (0.78,0.88,0.43) (0.78, 0.83, 0.15) 
ie 
so |(0.92,0.95,0.17) (0.80,0.95,0.12) (0.90,0.95,0.25) (0.87,0.83,0.24) (0.88, 0.86, 0.34) 


The MHC provides the value in SVNSMs form, (Ny )2 for the second session. 


Pl p2 P3 pa Ps 
(Nag * (0.90, 0.80,0.20) (0.88, 0.85,0.10) (0.85, 0.82,0.20) (0.93,0.77,0.20) (0.85, 0.80, 0.25) 

2S 
so |(0.76,0.78,0.25)  (0.90,0.88,0.15) (0.84,0.81,0.30) (0.79,0.77,0.09) (0.90, 0.85, 0.25) 


The MHC provides the value in SVNSMs form, (N;)3 for the third session. 


Pl p2 P3 pa Ps 
(N*)3= % (0.88, 0.78, 0.20) (0.65, 0.32,0.24) (0.70,0.65,0.24) (0.77,0.67,0.22) (0.60, 0.34, 0.26) 

a 
so |(0.85,0.35,0.18) (0.82, 0.36,0.25) (0.81,0.31,0.19) (0.84,0.34,0.20) (0.85, 0.38, 0.18) 


Step 2: Apply SF Definition 3.1, to get S(N7)1, S(Nf)2 and S(N})3 in matrices form for 


sessions 1, 2 and 3. 


Pl p2 D3 pA D5 
x s, 10.845 0.795 0.710 0.615 0.730 

S(Nf)i = ‘ 
so 10.850 0.815 0.800 0.730 0.700 
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P1 P2 P3 PA P5 
* s, |0.750 0.815 0.735 0.750 0.700 
Ny )o2 


S( 
1 
0.645 0.815 0.675 0.735 0.750 


82 


Pl p2 p3 pa D5 
S1 co 0.365 0.555 0.610 en 


S(NT)3 


sg |0.510 0.465 0.465 0.490 0.525 


Step 3: Now, let’s construct the AN} matrices by computing the average of each corre- 
sponding entries in S(N})1, SUN7)2 and S(N})3 matrices. 
Pl p2 P3 pa Ps 
AN* — *1 [9-775 0.658 0.667 0.658 (0.590 
: so |0.668 0.698 0.647 4,0.652 0.658 
Step 4: Apply Definition 5.3, to determine the rating scale for each entry and represent 


the resultant matrix as AN} (5). 


ral p2 p3 pa ps 

x¢r\ — 81 [(4,0.775) (4,0.658) (4,0.667) (4,0.658) (3, 0.590) 
AN? (5) = 

s2 |(4,0.668) (4,0.698) (4,0.647) (4,0.652) (4, 0.658) 


Step 5: Tabulate the details as in Table 21 and pre-assess the risk level of the students 





during the sessions 1 to 3 by using the norms (Table 20). 


TABLE 21. Pre-assesing students’ mental health scores and levels by taking 


average of sessions 1 to 3 


4 high 4 high A high A high 3 avg 19 
4 high 4 high A high A high A high 20 


Now, let’s compute the QHDISVNNSM at the beginning of session 1. Steps 1 and 2 





remain the same as above. 
Step 3: By applying QHDISVNNSM Definition 8.3, for the corresponding entries in 


S(Nf)1, S(Nf)2 and S(.N})3 matrices, we get N7{(5); matrix for sessions 1 to 3. 


Pl P2 P3 PA P5 
¥ 8, [(3,0.493) (3,0.437) (3,0.422) (3,0.400) (3, 0.394) 
Ny(5)1 = 
so |(3,0.449) (3,0.457) (3,0.431) (3,0.420) (3, 0.417) 





Step 4: ‘Tabulate the details as in Table 22 and pre-assess the risk level of the students 


during the sessions 1 to 3. 
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TABLE 22. Pre-assessing students’ mental health scores and levels by using 
QHDISVNNSM from sessions 1 to 3 





3 avg 3 avg 3 avg 3 avg 3 avg 15 
3 avg 3 avg 3 avg 3 avg 3 avg 15 


Analysis: From ‘Tables 21 and 22, we infer that the risk levels are different for the same 


values. When we use a simple average approach, the overall risk levels for the students are 
high. Similarly, when we implement the QHDISVNNS™M, the risk levels are low for the 


students. The reason being, in the former approach, we derive the average of the SF’ values, 





whereas, in the latter method, the computation approach is intermittent. Hence, the risk levels 
are different in each of the discussed methods. ‘The MHC’ may take a discussion based on 
the results of immediate effect. Thus the QHDISVNNSM proves to be significant than the 


simple average approach. 


12. Limitations, Conclusion and Future works 


The following are the limitations of the proposed research work: i) May require a qualified 
mental health counselor, therapist psychiatrist to execute the case studies. ii) When we involve 


over one psychiatrist in examining the students, the risk of understanding the uncertainty 





information may lead to different remedy process. iii) Negative preferences for psychological 
applications. iv) There may be areas of ambiguity that test results do not reflect, even after 
comprehensive research because of students cautiousness. 

Smarandache presented the concept of neutrosophic to determine the vagueness associ- 
ated with actions, memory, and temperaments of humans. Christianto and Smarandache 
analyzed cultural psychology as one of the seven philosophical aspects by using neutrosophic 
theory. To find the hidden patterns in psychological models, Farahani et al. developed a 
case study on mental health disorders. They compared the combined overlap block of fuzzy 
cognitive maps and neutrosophic cognitive maps to find out the hidden patterns. In most of 


the current psychological applications, we come across only a limited range of neutrosophic 





theoretical principles and methods. Most of such applications merely use membership classes, 
usually in combination with prototypes and product similarity measures. We have a scarcity 
of neutrosophic theories in the psychology field but may soon find a wide range of ways to 
make use of neutrosophic constructs in their pursuits. ‘There are situations where psychologists 
appeal to vagueness have not progressed far beyond the theoretical level. In this study, we 
provide a suitable workaround to two critical issues, which represent a barrier for the dom- 


ination of neutrosophic theory in psychology. i) Most of the psychological studies deal with 
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questionnaires, and psychiatrists would like to follow the traditional method of handling scale 
construction and classical test-theory to access the conditions. But, considering the ambigu- 
ity conditions, it is not advisable to capture the information with raw data to analyze the 
vagueness associated with psychological aspects. ii) Also, psychiatrists would like to record 
the data and analyze the change in behavior based on the treatment given for each session. 
We present solutions to these arguments by using a blend of SVNSS, NSS, and QHDF. By 
applying the concept of SVNN S'S and QHDISVNNSS, we can easily relate these theoret- 


ical theories to the neutrosophic group. These concepts support the psychiatrists to capture 





the information using neutrosophic and follow the rating method. SVNN S'S helps the psy- 
chiatrists to use their traditional scoring method (positive and negative scoring keys). During 
the decision-making process, we consider the immediate influence of human action to decide 
on the consequences more accurately. 

We may extend these notions to other fuzzy hybrid sets and determine the importance of 
the same with a real-life case study. Also, we may prepare a questionnaire with the support 
of a pilot study and try to pre-assess or assess the students psychosocial behavior during the 


pandemic. 
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Abstract. In this paper some elementary types of neutrosophic functions and their inverse functions are 


defined based on Smarandache’s definition. Also composition of two neutrosophic functions is introduced and 





some elementary theorems on them are developed. 
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1. Introduction 


The importance of neutrosophic set invented by Smarandache |1} is increasing rapidly due 
to its characteristic inherent in its definition itself. It has acquired in latest years in extensive 
applicational areas [219]. Recently it is applied in professional selection [10], supply chain 
problem (11), evaluation of manufacturer industry (12], smart product-service system 
(Mohammed Abdel Basset et al., 2020). Even neutrosophic set is included in the research- 
arena of algebra [14}/16], calculas |17|, topology etc. 

All laws in the world are not deterministic. So, the axioms need to be more flexible to cope up 
with our dynamic world. Neutrosophic algebraic and N algebraic structure, notion of groups, 
N-groups, semigroups, N-semigroups, N-loops etc. were discussed in by Kandasamy et al. 
The author (Kandasamy et al.) also studied about neutrosohic rings [24]. Popular research 
papers are on neutrosohic groups, subgroups [25], neutrosophic rings [27|/28), hyper groups 
and hyper rings [28}. In the context of neutrosohic theory N-bi-ideal was discussed in 
semigroup (Porselvi et al.). In BCI/BCK-algebras BMBJ-neutrosophic subalgebras as well 
as their related properties were studied in by H. Bordbar et al. G.R. Rezaei et al. 
investigated about neutrosophic quadruple a-ideal. ‘he idea of neutrosophic lattice ideals and 


LI-ideals was introduced by Rajab Ali Borzooei et al. 
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In this way in algebra on various topics there are different types of researches based on 
neutrosophic theory. But on mapping, which has an significant role, a few research are there. 
In classical algebra the axioms characterized on a set are well defined. Yet there are various 
circumstances in science and in space of information with a maxim characterized on a set 
where algebraic axioms are partially followed. Herein lies the importance of neutro axioms. 
Smarandache introduced neutroalgebraic, antialgebraic structure in and discussed the 
importance of neutro-axiom. Also the author extended neutro algebra as a generalization 
of partial algebra and defined neutrosophic function. In this article first time different types 
of netro functions- one-one, onto, bijective neutro mapping, their composition and inverse 
neutro mapping are defined. Based on these definitions, some elementary theorems are also 


developed. 


2. Preliminaries 
2.1. Neutrosophic set 


Let U be an universe of discourse, then the neutrosophic set A is defined as A = 
{(a : T(x), La(x), F4(x)),a2 € U}, where the functions T, J, F: U — |~0,17[ define re- 
spectively the degree of membership (or Truth), the degree of indeterminacy and the degree 











of non-membership (or falsehood) of the element « € U to the set A with the condition 


“O< T(x) + T(x) + F(x) oo, 


2.2. Neutro Function 


A functionf : X — Y is called a Neutro function if it has elements in X for which the 





function is well-defined, elements in X for which the function is indeterminate, and elements 





in X for which the function is outer-defined. 


3. Physical implication of the research work 


In this section let us consider some practical examples which indicate the implication of the 
proposed discussion. 

Example 1. In case of radio active decaying element, among the disintegrating atoms of radio 
active element, some may have only a short existence, while others may remain unchanged 


for a long time- why we don’t know. The disintegration of a particular atom is a chance 





incident, however, only half life period can be conveniently represented. Now if we want to 
make a relation between atoms of an radioactive element and its decay within half life period, 


mapping can not be defined rather a neutro function can be established. 
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Example 2. Suppose (ct, c/t) denotes the position of a moving particle at any time t. Then 
the mapping can not be defined from [0,7] (representing time interval) to its corresponding 
position. Because at t = 0, it is undefined; though it is a neutro mapping. 


Example 3. Suppose a coin is tossed. Let us think a rule of correspondence f (Head) = 1, 





f(Tail) = 0. But it may happen that the coin is stucked at a split and it is neither head nor 
tail. Here also mapping is not defined., however neutro function is accepted. 

In this way there are so many practical events where functions are not defined to give a rule 
for making relations, whereas neutro functions can be defined. Now based on the concepts 


of neutro function’s definition and their variation, the idea of different types of functions and 





their elementary properties are introduced. 


4. some proposed basic definitions 
4.1. Neutro one-one function 


A function f : X — Y is called a neutro one-one function if for each well defined pair of 
distinct elements of X, their f images are distinct or it has elements in X for which the function 
is undefined. 

Consider U = {1,2,3,4,5,6,7,8,9}, X = {1,2,3,4,5,6}, Y = {7,8,9,10,11}, fl) = 
7, f(2) = 8, f(3) = 9, f (4) = unde fined, f(5) = 10, f(6) = 11. Then f is not a function but its 
a neutro one to one mapping. 


Fixample 2., example 3. discussed in section [3] are the practical example of neutro one-one 


mapping. 


4.2. Neutro onto function 


A neutro mapping f : X — Y is said to be a neutro onto if for any element y € Y it 
is confirmed that every y € Y has its pre-image but exactly which one that may not be 


determined. 


4.2.1. Example 


Let U = {1,2,3,4,5,6,7,8,9}, X = {1,2,3,4,5,6}, Y = {7,8,9}, fll) = 7, f(2) = 8, 
f(3) =8, f(some numbers greater than 4)=9. 

Example 1. in sec. |3/is a neutro onto mapping. Because only confirmation is within half 
life period half of the radioactive quantity will decay, but it is not predictable particular which 


atom will decay. 
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4.3. Neutro bijection mapping 


A neutro mapping f : A > B is said to be neutro bijective if f is both neutro one to one 


and neutro onto. 


4.3.1. Example 
het U = 41,2,8,4,9,0,1, 8,9), % =41,2,0,4,5,6), Y =47,8,9 10,11). 71) =—]772) = 
8, f(3) = 9, f(4) = unde fined, f(5) = 10, f(6) = 11. Clearly f is a neutro bijective mapping. 
Consider example 3. (sec. [3). If we define the correspondence from position of the coin 


after toss to the set {0,1}. Then it,s a neutro bijective mapping. 


4.3.2. Neither one-one nor onto 


et. = 41, 2,.3).1.59},.% = 1{1,2,38,4,5,6), Y =47,8;9, 10,11}, fA) = 7, 2) = ZF (3) = 
9 or 10 or 11. f is not one-one as images of 1,2 are same (7). It is not onto also because it is 


not confirmed that 9, 10 and 11 have a pre-image. 


Theorem 4.1. Let f: A —- Bandg: B—->C be both neutro one-one mapping, then the 


composite mapping gof : A—>C is neutro one-one. 





Proof. Clearly, the undefined points does not affect the theorem. Consider two elements 71, 


x2 in A where f is well defined. Then clearly for 71 # x2, gof(x1) # gof (x2). 5 


Theorem 4.2. Let f: A> B andg: B->C be two neutro mapping such that gof : A> C 


is neutro one-one, then f is neutro one-one. 


Proof. If possible let f be not neutro one-one. Then there exists two elements x and y in A 
such that for 7; ~ x2, f(@1) ~ f(x2). So,gof(x1) 4 gof(x2), which is a contradiction. So, f 


is neutro one to one. 5 


Theorem 4.3. Let f: A Bandg: B—- C be both neutro onto mapping, then the composite 


mapping gof : AC is neutro onto. 


Proof. Since g is onto, for any c in C, g(some element bin B)=C and in the same way f (some 
ain A)=b. So, gof(a)=c. 7 


Theorem 4.4. Let f: A> Bandg:B-C be two neutro mapping then gof : A > C 1s 


neutro onto then g is also neutro onto. 


Proof. Let c be an element in C, then there exist some element a in A such that gof(a) = c, 


i.e., g(b) =c, for some b in B. Hence g is neutro onto. 5 
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4.4. Neutrosophic identity mapping 





A mapping f : A > A is said to be the neutrosophic identity mapping on A if f(x) = x at 
each elements where the function is well defined. 
According to the definition of neutrosophic identity mapping the concept of inverse neutro 


mapping is developed: 


4.5. Inverse Neutrosophic mapping 


Let f : A— B be a neutrosophic mapping. If there exists a neutrosophic mapping g : B > 
A, such that gof = I,, then g is said to be left neutro inverse of f. 

If there exists a mapping h: B > A such that foh = Ip, h is said to be right neutrosophic 
inverse of f. 

Example 1: Take two neutrosophic mapping such that f : R > [—1,1] by f(a) = sina and 
g:(—-1,1] > R by g(x) = sin7' x, thenfog(x) = x, but gof (x) does not always give the value 
x. For example, for x = 7/2, gof(x) = (4n+1)7/2, n = 0,1, 2... So, g is the right neutrosophic 


inverse of f but not left neutrosophic inverse. 


4.6. Neutrosophic inverse 


A function g is called neurosophic inverse of f if gof = fog = I. 
Consider the mappings f and g from R > R by f(x) = 1/x andg(x) = 1/z, then fog = 


gof =I. Here g is the neutrosophic inverse of f. 
Theorem 4.5. A neutro mapping f : A — B is invertible if and only if f 1s neutro one-one. 


Proof. Let f : A — B be a neutrosohic invertible, then there exists g : B — A such that 
gof =T1,. Clearly, [4 is neutro one to one mapping. So, f is neutro one to one. 

Conversely, let f is neutro one-one mapping. Let b € f(A), since f is one-one, there exist 
a € A such that f(a) = b. Define a neutro mappping g : B > A such that g(b) = a. Then 
gof(a) = g(b) =a and fog(b) = f(a) = b. Hence the proof. 5 





Theorem 4.6. Let f is a neutrosophic mapping and f(P) C f(Q). Thenp CQ. 


Proof. 
Let f(P) = {(Ty,(x), 1pp(@), Fyp(x)) : « € P} and f(Q) = (On 4) :cEQ}. 
Since f(P) € f(Q), Typ(@) < Tyg (2), Ipp(e) 2 Tpg (2), Ppp (&) 2 Fyg (2). 

Evidently, the existence of x in P is less than Q, otherwise it would violate f(P) C f(Q). 5 


Theorem 4.7. Let f is a onto neutrosophic mapping and f—'(P) C f~*(Q), then P CQ. 
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Proof. For an element y, Ty (y) < Ty-1(y); T,-1(y) = Ty (y), Fp-1(y) > Fy-1(y), where, 
T-1(y), Fei (y) and I po) denotes the truth, falsity and indeterminacy degree of belong- 
P Vm 
ingness of f~'(y) in fp ' respectively. 
It assures that the belongingness of y in P less than Q, otherwise it would violate the above 


relations. 5 


Remark: To develop any theorem on neutro algebra, the necessary definitions should be 





initially defined. All the theories are true only on the basis of the proposed definition. 


5. Conclusion 


In this paper several types of neutro mappings similar to classical algebra are defined. Also 
some elementary theorems are established following the proposed definitions. Since in science 
and technology the laws that describe them can hardly be rigorously defined, the neutro 


mapping based on neutro axioms will keep its incredible utilities. 
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Abstract: The concept of neutrosophic triplet firstly introduced by F. Smarandache and M. Ali [28]. This notion 
(neutrosophic triplet) is a group of three elements that satisfy certain properties with some binary operation. 
These neutrosophic triplets highly depends on the proposed binary operation. In this article, we make some 
observations concerning Neutrosophic triplet metric space (NTMS), Neutrosophic triplet partial metric space 
(NTPMS), Neutrosophic triplet-b-metric space (NT-b-MS) introduced by Sahin et al. [18-20] and put our 
observation on the definitions defined in these articles. Moreover, inspired by Ur Rahaman [17] and Sahin et 
al. [18-20] further we define a new topological construction named as Neutrosophic Triplet quasi—dislocated- 
b-metric space (NT-qdb-MS) and study some properties of NT-qdb-MS. Furthermore using this construction, 
we establish some fixed point theorems in the context of NT-qdb-MS using graph. For the validity of our results, 
we also provide an example. 

Keywords: Neutrosophic triplet group, neutrosophic triplet metric space, neutrosophic triplet partial metric 
space, neutrosophic triplet quasi—dislocated-b-metric space, fixed point, graph. 

Abbreviations: 

1. NTS — neutrosophic triplet set 

2. NTG - neutrosophic triplet group 

3. NTMS- neutrosophic triplet metric space 

4. NTM- neutrosophic triplet metric 

5.NTPMS- neutrosophic triplet partial metric space 

6. NTPM- neutrosophic triplet partial metric 

7. NT-b-MS- neutrosophic triplet— b-metric space 

7. NT-qdb-MS- neutrosophic triplet quasi—dislocated-b-metric space 

8. NT-qdb-M- neutrosophic triplet quasi—dislocated-b-metric 


1. Introduction and Preliminaries 


Concept of fuzzy sets were introduced by Zadeh [29] to deal the problem of uncertainty existing in real- 
world. Since its initiation, as a generalization of it, interval valued fuzzy set [13] and intuitionistic fuzzy set 
[24] have come into sight. These extensions can deal with uncertain real-world problems but it does not cope 


with indeterminate data. Thus, in order to cope with these uncertainties, Smarandache began to use the non- 
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standard analysis and proposed the term "neutrosophic" which means knowledge of neutral thought, and this 
neutral represents the main distinction between "fuzzy" and "intuitionistic fuzzy" set. Neutrosophy is a new 
subsidiary of philosophy which 1s initiated by Florentin Smarandache [27]. The concept of neutrosophic logic 
was first studied by Florentin Smarandache in 1995. Neutrosophic set is a stereotype of interval valued fuzzy 
set [13], intuitionistic fuzzy set [24], fuzzy sets [29] and classical sets which is used to handle problems issues 


containing inconsistent, indeterminate, falsity and imprecise data. 


In the concept of neutrosophic logic and neutrosophic sets, there is T degree of membership, I degree of 
undeterminacy and F degree of non-membership. These degrees are defined independently of each other in 
neutrosophic logic and neutrosophic sets whereas these degrees are defined dependently of each other in 
intuitionistic fuzzy logic and intuitionistic fuzzy set. Thus, neutrosophic set is an extension of fuzzy and 
intuitionistic fuzzy set. Many authors have worked in neutrosophic theory for more details see 
[1-6, 9, 21,23, 24-26]. Furthermore, Smarandache and Ali deliberated neutrosophic triplet theory particularly 
NTG’s in [28, 12, 30]. Later on, netroshophic triplet theory has been studied with fixed point theory in [19, 20]. 


Moreover, a new direction in the theory of fixed point was recently given by Jachymski [11] and gave 
some generalization of the Banach contraction principle for mapping on a metric spaces endowed with a graph 
in 2007. Jachymski [11] generalized and unified the results existing in the literature using the languages of 
graph theory and opened an avenue for further development of fixed point theory in this direction. His work is 
considered as a reference in this domain. The fixed point theory with graph 1s a very curious way in the field of 
research and have wide number of applications in other fields. Motivated by the remarkable work of Jachymsk1 
[11], a lot of work in fixed point theory with graph have been done by several authors in various spaces with 


various contractive conditions, see in [7,8,16,22] and etc. 


Sahin et al. [18-20] proposed the NT-b-MS, NTMS, NTPMS respectively by combing the fixed point 
theory with neutrosophy which 1s a new interesting approach in this direction. But in their paper [19] (pp. 699), 
according to their Definition 4.1 of NTMS, Example 4.3 doesn’t support the definition 4.1. For this we give a 
counter Example 2.1 in this paper in Section 2. Also, in 2018 Sahin et al.[20] introduced the concept of NTPMS 
but we get the disparity of their Definition 4. with Example 1. in [ 20] (pp. 3). For this, we demonstrate a counter 
Example 2.2 in Section 2. Also, in their paper [20] (pp. 5 ) in Theorem 4, we can’t write inequality (8) 

156; Dn (Hn, Hk) S Pn (An, Hx * nNeut(%n-1)) 

for any arbitrary element #1, since in Definition 8 [20] (pp. 5) they assumed that there exist any element c 
(any one ) in A such that 

Pn(a, b) < pn(a, b*neut (c)) for all a, b in A. 

If they assumed condition (i) of Definition 8 in [20](pp.5) for all ‘c’ elements then all these properties of 
Definition 4 in [20] (pp.3) becomes properties of the partial metric space. Therefore, Theorem 4 in [20] (pp. 5 
) becomes the existing result in partial metric space. But Sahin et al.[18] again redefined their Definition 4.1[19] 
of NTMS and Definition 4. of NTPMS which 1s in corrected form. Here, we also discussed what is the difference 


between taking “any element” or “atleast one element” in triangular inequality of NTMS and NTPMS. 
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Recently, Ur Rahaman[17] in 2015, introduced the topological properties of dislocated- 
quasi-b-metric space and proved some fixed point theorems. Motivated by 
Smarandache and Ali[28], Sahin et al.[18-20] and Ur Rahaman[17], we define anew topological structure 
NT-qdb-MS which is different from classical quasi-dislocated-b-metric space. A great benefit of NT-qdb-MS 
is that it gives a new space structure to those structures which are not quasi-dislocated-b- metric space with 
respect to some functions that not satisfy triangular inequality for all , y,3 since we don’t need to verify the 
triangular inequality for all x, y,3 in NT-qdb-MS as we can see in Definition 2.3. defined in Section 2. 
Triangular inequality in NT-qdb-MS is much weaker assumption as compare to the triangular inequality in 
quasi-dislocated-b- metric space. We also studied some interesting properties of this newly born structure. At 
the end, we obtained some fixed point results such as famous Banach fixed theorem(generalized version) and 
Kannan fixed point theorem inspired by [7,10,14] in this topological structure and provided an example to 


explain the results. 


Now, we call some basic definitions from neutrosophic triplet theory following as: 
Definition 1.1 [28]. Let S be a non—empty set with a binary operation 0 then itis called a NTS if for any 
sES, there exist a neutral of sin S_ denoted by neut(s) different from classical algebraic unitary element and 
also there exist antineutral of s in S named as anti (s) such that 
s % neut(s) =neut(s)Os=s and _ s 0 anti(s) = anti(s) 0 s = neut(s) 
The triplet (s, neut(s), anti(s)) represents neutrosophic triplet. For the same element, there may be more neutrals 


to it neut(s)’s and more opposite of it anti(s)’s. 


Definition 1.2 [28]. A non-empty set S with binary operation ¢ is called a NTG if it satisfies following 
properties: 
(1) S10 So € S for all si, s2 € S; 


(11) (Sj 0 Sz) O $3 = $1 O (S2 0 $3) for all si, S2, s3 € S; 
(111) for each s;€ S, there exist a neutral of s} in S_ denoted by neut(s;) different from classical 
algebraic unitary element such that 
S; > neut(s;) = neut(s;) 0 s1 = $1 
(iv) and for each s; € S, there exist anti-neutral of s; in S named as anti (s;) such that 


S10 anti(s;) = anti(s;) 0 s; = neut(s)). 


Definition 1.3 [7]: A mapping g: R* —> Ris said to be comparison function if it satisfies: 


1. @ is monotonic increasing; 


2. The sequence {g"(t)} converges to zero for all t € R*. 


2. Neutrosophic triplet quasi—dislocated-b-metric space and Revised definition of NIMS and NTPMS 
In this section, first we define the revised definition of NTMS and NTPMS then we define NT-qdb-MS and its 


properties. 
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Definition 2.1 [19]. Let (M, 0) bea NTS with x 0 y € M forall x, Y inM. A mapping 

d: MXM-— [0, ©) is called a NTM on M if satisfying the following properties for all #, 3 € M, 
(1) d(%, 3) = 9; 
(11) If x = 3 then d(x, 3) =0; 


(Qu) d(#, 3 )= dB, %); 
(iv) If there exist at least one element Y in M different from # and 3 inM such that 
d(x, 3) < d(x, 3 Oneut(y)) then d(x, 3 Oneut(y)) < d(x, y)+dVy, 3). 
The space ((M, 0), d) is known as NTMS. 


Remark 2.1. In metric space, we have to verify the triangular inequality for all x, y,3 € M and it is much 
stronger assumption as compare to the triangular inequality in NTMS since we don’t need to verify the 
triangular inequality for all x, Y¥,3 € Min NTMS. In fact, we have to verify it for at least one element Y in M 
different from » and 3 in M such that 
d(x, 3) < d(x, 3 Oneut(y)) then d(x, 3 Oneut(y)) < d(x, y)+d(y, 3) and it implies 
d(x, 3) S d(x, Y) + diy, 3). 

A big advantage of neutrosophic triplet metric space is that it gives a new space structure to those structures 
which are not metric spaces with respect to some functions that not satisfy triangular inequality for all 


#,Y,3 © M. 


Example 2.1. Let M = {1, 2} and the power set of M, P(M) = {@, {1}, {2}, {1,2}! together with binary 
operation 0 = U form a NTS where neut(J) = J and anti(J) = J, for all J © P(M). Define a function 
d: P(M)x P(M)-—[0, 0] such that 
d(J, K) =| n(J)- n(K) | where n(J) denotes the cardinality of J. 
Clearly (1), (41) and (111) of Definition 4.1 in [19] are satisfied. 
Now, we will see condition (iv). 
Take, [= {1}, B= {2} and K = {1} 
0O=d(J,£) < d(J, £E 0 neut(K)) 
=d(I, LU K) 
=|n(J )- n(EU K) | =1 
But 1= d(J, E 0 neut(K)) € d(J, K)+d(K,£) =0. 
This shows that there exist an element y € P(M) such that 
d(x, 3) < d(x, 3 0 neut (y)) 
but d(x, 3 % neut (Y))< d(x, Y) +d(y, 3) doesn’t hold which contradict Example 4.3. provided in [19] 


(pp.699), 
i.e, Example 4.3[19] doesn’t satisfy the triangular inequality of Definition 4.1 in [19]. 


Remark 2.2. According to above Definition 2.1, Example 4.3 in [19] is accurate. 


Definition 2.2 [20]. Let (M, 0) be a NTS with x» 0 y € M for all x, Y in M. A NTPM 1s a mapping 
Px: MXM- [0, 00) such that for all x, 3 € M, 
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(1) Pn (#4, #4) S Pn (#, 3); 

(11) If Pn (4, 3) = Pn (4, #4) = Pn (3, 3) then #% = 3; 

(Qi) Pn (%, 3) = Pn @, %); 

(iv) If there exist atleast one element Y in M different from and 3 inM such that 


Pn (#, 3) S Pn(%, 3 Oneut(Y)) then Py (x, 3 O neut(yY)) < Pn (#, Y) + Pn (y, 3) - PN(y, y). 
The space ((M, 0”), Pn) is known as NTPMS. 


Remark 2.3. Concept of NTPMS(NTMS) is different from partial metric space(metric space respectively), 
neither of them is generalization of each other. First we see that, Is PMS implies NTPMS?. For this, we have to 
identify triangular inequality 1.e, (1v) condition of NTPMS since all other conditions of NTPMS are satisfied by 
PMS. 
If Pn (%, 3) S Pn(w, Y) + PN, 3) - PNY, Y) and Pn (x, 3) S Pn (%, 3 O neut(y)) 
then Py (%, 3 O neut(Y)) < Pn (x, Y) + Pn (Y, 3) - Pn(y, Y) for atleast one element y, which is not possible 
always, if this is possible then (iv) is meaningless. 
Clearly, NTPMS doesn’t implies PMS. 

If we take assumption (iv) in Definition 2.2 for any element y in M as defined by Sahin et al. [20] 
( in Definition 4.[20] (pp. 3)) then examples which we have constructed not form NTPMS and it is difficult to 
find the examples for NTPMS which satisfy the properties of NTIPMS defined by Sahin et al. in [20] since it is 
much stronger assumption as compare to assumption (iv) in Definition 2.2 and triangular inequality of partial 
metric space. 

Moreover, we take here element Y in M is different from » and 3 since there exist always an element 

Y =3 forall x, 3 EM such that 

Pn (#, 3) S Pn(%, 3 0 neut(3)) = Pn (%, 3) then Pn (%, 3 0 neut(3))< Pn (%, 3) + Pn (3, 3) - Pn, 3) 


and the property (iv) becomes meaningless. 


Counter example 2.2. Let M be any set, P(M) be the power set of M with binary operation 0 = U then 
(P(M), U) is a NTS where neut(J) = J and anti(J) = J, for all Je PCM). 
Define amap Py: P(M)x P(M)— [0,) such that 
Py(J, K) = max {n(J), n(K)} where n(J) denotes the cardinality of J. 

Condition (1), (11) and (111) are easy to verified of Definition 4. [20] (pp.3). Here we see condition (iv). 

If we take the sets, J, K, £ in P(M) such that 

n(J)= 25, n(K)= 22, n(L) =10 and n(KN L)= 4. 
Now, 
Py, LE) < Pn (J, E 0 neut(K)) = Pn (J, LU K) 
ic. max {n(J), n(E)} < max{ n(J), n(£)+ n(K)-n(EU K) } 
Les 25 < 28 
which is true. 

But Pn (J, E > neut(K)) £ Pn (J, K) + Pn (K, E) - Pn(K, K) 
since Py(J,£U K) = 28 and Pn (J, K) + Pn (K, E) - Pr(K, K) = = 25+22-22=25. 
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Thus the condition (iv) of Definition 4. in [20] doesn’t satisfied. Hence (P(M),U) is not a NTPMS according 
to Definition 4. [20] but 1t becomes a NTPMS according to Definition 2.2 as defined above. Since for any 
elements x=1 #@, Y = K + Q, there exist 3 = @ such that 

Py (J, K) < Pn (J, K > neut(@)) = Pn (J, K) 

then Py (J, K > neut(@))< Pn (J, @) + Pn (@, K) - Pn(@,@) 

and for x=J# @, y = K = @, there exist 3 =L£ in P(M) different from @, J such that 

Py (I, K) < Pn (J, K > neut(b)) = Pn (I, KUE) = Pn (J, £) 

then Pn (J, K % neut(L)) < Pn (J, LE) + Pn (E, K) - PN(E,L). 


Example 2.3. Let M = {0,4,8,9! be a NTG together binary operation 0 = multiplication modulo 12 in (Zi2, X). 
Neutrosophic triplet are: 
(0,0,0), (4,4,4), (8.4.8), (9,9,9) where (x, Y, 3) denote here, x4 € M be any element, Y = neut(%) and 
3 = anti (2). 
Now, we define a map Px: MX M- [0,) such that 
Py(#, Y) = max{x, Y } forall x, ye M 
Clearly, conditions (1), (11) and (111) are satisfied. Now, we identify condition (iv) for all x, Y, 3 €M; 
For x =4, Y =0 4 3 =8 such that 
4=Pn (4, Y) < Pn(%, Y O neut(3)) = Pn (4,0) =4_ then 
4=Pn (x, Y 0 neut(3)) < Pn (#, 3) + Pn (3, Y) - PN(3, 3)= 8+8-8=8. 


For x =8, Y =0 4 3 =4 such that 
8=Pn (4, Y) < Pn (%, Y °% neut(3)) = Pn (%,0)=8 
then 8=Pn (#, Y 0 neut(3)) < Pn (%, 3) + Pn (3, Y) - Pn(3, 3) = 8+4-4=8. 


Similarly, for x =9, Y =0 4 3 =4, for x=8, Y =4 4 3 =9, for x =9, Y =44 3 =8, for x =9,Y =8 
43 =4,for x =0, Y =4 43 =8 and for x =0, Y =8 4 3 =4 such that 
Pn (4, Y) S Pn (%, Y Oneut(3)) then Pn (x, Y 9 neut(3)) < Pn (%, 3) + Pn (3, Y) - PN(3, 3). 


But for x =0, Y =9, for x =4, Y =8, for x =4, Y =9 and for x =8, Y =9 there does not exist a 
different element 3 suchthat Pn(#%,y) < Pn(%, Y 0 neut(3)) hold so, we will not see 


Px (#, Y 9 neut(3)) S Pn (%, 3) + Pn, Y) - Pn, 3). 
Hence ((M, 0), Pn ) is a NTPMS. 


Definition 2.3. Let (M, 0) be a NTS with x 0 Y € M for all %, Y in M. Then a NT-qdb-M is a mapping 
Naab : MXM- [0, 00) such that for all x,y € M, 
(Nqdb1l.) = Noab (#, Y) = Naa (Y, 4) =O implies x = ¥ 
(Nqdb2.) If there exist atleast one element 3 in M/{ x, Y } such that 
Naav(#, Y) S Naa(%, Y 9 neut(3)) then Nga(%, Y 9 neut(3)) < s[Nqar(%, 3) + Naab (3, Y)] 
where s = 1 bea real number. 


The space ((M, 0), Naab) 1s known as NT-qdb-MS. 
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Remark 2.4. Concept of NT-qdb-MS is different from dislocated-quasi-b-metric space. Here, 
Naab (4, VY) #FNaa (Y, #%) and Naw (4%, *%) = 0 may not be possible. For s=1, the space NT-qdb-MS 


((M, %), Naab) becomes neutrosophic triplet quasi dislocated metric space. 


Example 2.4. Let M= {0,2,3,4} be a NTG together binary operation 0=®, in (Zo, xX). Neutrosophic triplet 
are: 
(0,0,0), (2,4,2), (3,3,3) (4.4.4) where (7, y, 3) denote here, x € M be any element, Y = neut(%) and 
3 = anti (2). 
Now, we define a map Nga : MXM- [0,00) such that 


Ngav(0,0)=0,  — Ngao(0,2)=4, — Ngav(0,3) = 9, Ngav(0,4) = 16, 
Noa(2,2)=4,  — Noab(3,3)=9, Nea(4,4)=16, — Ngao(2,0) = 8, 
Ngab(3,0) = 18,  Noar(4,0)=32,  Noar(2,3) =5, Ngav(3,2) = 10, 


Noa(2.4)=8, Noav(4,2)=20,  Noa(3,4)=10,  Neao(4,3) = 17 


Next, we identify the conditions (Nqdb1.) and (Nqdb2.) of NT-qdb-MS. 
(Nqdb1l.) = Noav (4, Y) = Naab (Y, %) = 0 for only x = Y =O implies # = y. 


(Nqdb2.) Take s= - 


For x =2, Y =0 4 3 =3 inM such that 
Noab (2,0) < Naa (2,0 &e neut(3))= Naav (2,0) =8 then 
8= Naa (2,0 @&e neut(3)) < s[Noaav (2,3) + Naab (3,0)] =s[ 5+18]=23s. 


For # =3, Y =0 4 3 =2 inM such that 
Noab (3,0) < Naa (3,0 &e neut(2))= Naa (3,0) =18 then 
18= Nad (3,0 @e neut(2)) < s[Naap (3,2) + Naab (2,0)] =s[ 10+8]=18s. 


For x =4, Y =0 4 3 =21nM such that 
Naab (4,0) < Naa (4,0 & 6 neut(2))= Naa» (4,0) =32 then 
32= Nad (4,0 &e neut(2)) < s[Noav (4,2) + Naab (2,0)] =s[ 20+8]=28s. 


For x =2, Y =3 4 3 =0inM such that 
S=Nadb (2,3) S Naa (2,3 ®e neut(0))= Naa (2,0) =8 then 
8= Naab (2,3 We neut(O)) < s[Naav (2,0) + Naav (0,3)] =s[ 8+9]=17s. 
For x =2, Y =4 4 3 =0inM such that 
8=Nadb (2,4) < Nad (2,4 &e neut(0))= Naa (2,0) =8 then 
8= Naa (2,4 &, neut(0)) < s[Naav (2,0) + Naab (0,4)] =s[ 8+16]=24s. 


For x =3, Y =4 4 3 =0inM such that 
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10=Naab (3,4) < Naa (3, 4 ®e neut(0))= Naa (3,0) =18 then 
18= Nad (3,4 @e neut(0)) < s[Naav (3,0) + Naab (0,4)] =s[ 18+16]=34s. 


Similarly, for 4 =0, Y =2 433 =4,for x =0, Y =44 3 =2, for » =3, Y =2 43 =0, for x» =4, Y= 
243 =0 andfor x =4, Y =3 3 3 =0 such that 
Naab (4, Y) S Naa (#, Y O neut(3)) then Naa (#, Y  neut(3)) < s[ Naav (%, 3) + Nqav (3, Y)]. 


See for # =0, Y =3, Noaab(0,3) & Noa (0, 3 Be neut(3)) for any element 3 € M/{ x,y } 
so, we will not see Naa (%, Y 0 neut(3)) < s[ Naa (#1, 3) + Naab (3, Y)]. 
Hence ((M, 0), Naab ) is a NT-qdb-MS. 


Example 2.5. Let M be any infinite set, P(M) be the power set of M with binary operation 0 = U then 
(P(M),U) is a NTS where neut(J) = J and anti(J) = J, for all Je PCM). 
Define a map Nga: P(M)x P(M)— [0,00) such that 

Naab(l, K) = | n(J)-n(K) |? + | n()  ~=where n(J) denotes the cardinality of I. 


(Nqdb1 ) Nab (J, K) = Nab (K, J) =0 

implies that | n(J)-n(K) |}? + | n(J) F = | n(J)-n(K) F + | n(K) ? = 0 
1.€, | n() P= | n(K) fF = 0 
or n(J)=n(K)=0 implies I=K= @. 


(Nqdb2.) For any sets | # 0, K # @ in P(M) there exist set @ in ‘P(M) such that 
Noav(I, K) = Naa(d, K 0 neut(@)) = Naav (I, K) 
then | n(J)-n(K) |? + | n(J) ? = Naa (I, K O neut(O))< s[Nqav (1, 0) + Nqav(O,K)] 
= s[ | n)-n(@) | + | nC) P+ | n(B)-n(K) P + | 0B) fF] 
=s[ 2|n(J) P+ | n(K) [7] 
and for x=1 #0, Yy = K = Q, we have 
2| n(I) 2 =Neas (1, 0) < Nad (Il, OU E) =Noao CL, £) 
=| n(J)-n(L) |? +| n(J) P for any £ € P(M)\{ J, K } with n(L)=>2n(J) 
implies 
Ngab (I, £) =Nagab GU, @ UE) S Noab Ul, E) + Naav (LE, D) 
Also, | n(J) |? =Nqa( 0, J) < Now( 0,1U £)=|n(1U £E)P forany Le P(M)\{I,@ } with n(L)> n(J). 
implies |n(JU £)?=Noa (G,1 U £) 
< s[Naa ( @, E)+ Naab (£, J)] 
=s[|n(E) P +] ne)-nd) P+] nb) |] for s = 2. 
Hence, (P(M),U) is a NT-qdb-MS. 


Remark 2.5. If M is finite set then it is also NT-qdb-MS. 
Since for I= M itself, | n(M) ? =Ngav( @, M) < Noaw( @,MU £E)=|n(M U £) (7 


for any LE P(M)\{M,@ } with n(L) = n(M)-1. 
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implies |n(MU £)/?=Noaw( 0,MU E) 
< s[Naav ( O, £)+ Naab (£, M)] 
=s[|n(E)/? +|n(E)-n(M) P+ | n)?] for s =2. 


Let ((M, 0), Naa) be NT-qdb-MS and G = (V, E) is a reflexive digraph where the vertex set V(G) = M and 
the set E(G) of its edges contains no parallel edges. By G'' means that the graph obtained from G by reversing 
the direction of edges. By disregarding the direction of edges of G, we acquire G, the undirected graph from G. 
So, E(G) = E(G)U E(G’). Literally, it will be better appropriate for us to approach G as a digraph for which 


the set of its edges is symmetric. 


Definition 2.4. Let ((M, 0%), Naa») be NT-qdb-MS with graph G then 

(1.) A sequence {2%} in ((M, 0), Nab) 1s said to be 0-Convergent to x €M if for each ¢ > 0, there exist a 
positive integer no>O such that Nga(4%n, 4) < € and Nga(%, %n) <é€ forall n = no. 

(2.) The sequence {x,} in ((M, 0), Naav) is said to be 0-Cauchy if for each ¢>0, there exist a positive integer 
No > 0 such that Ngab(4n, %m) < € and Noab(%m, %n) <€ forall n,m = no. 

(3.) ((M, %), Nada) 1S said to be complete if every 0-Cauchy sequence {x,} in M converges to a point Y in M. 
(4.) Mapping f: M> Ms said to be continuous at x €M, if for each e>0, there exist a 6 > 0 such that 
whenever Naa(%, 3) <6 and Noa(3,%) <6 implies Noaw(f4,f3) < € and Nqaw(f3,f%) < ¢€ forall 3 EM. 


Sequentially continuous if whenever #,—> » then fu, — fu as n— oo 
Le, if lim Noga(%n,%)=O and lim Noaaw(%, %n) = 0 
n—- oo n—- oo 


then lim = Noab(f%n, f2) = 0 and lim Noga(f, f%n) = 0 
n- co n- co 
(5.) A mapping f: M > Mis called G-continuous if given x» € Mandasequence (%y)ney, Xn 7 H 


asn —> 0 and (#,,H#n+1) € E(G) for nEN imply fx, - fu asn > o, 


Remark 2.6. Here, a convergent sequence in NT-qdb-MS may not be Cauchy sequence and need not necessary 
limit of the sequence is unique. Also, a constant sequence need not be convergent. For instance, we can see in 
Example 2.4, the sequence {2,2,2,2......... \ is not a convergent sequence. In fact, it is not a Cauchy sequence. 
3. Main results 
In this component, we shall obtain some fixed point results in context of complete NT-qdb-MS by proving 
Lemma 3.1, Lemma 3.2. and present an example in the support of obtained results. 
Lemma 3.1: Let {xn} be a 0-convergent sequence converges to 3 in ((M, 0), Naa) be NT-qdb-MS and 
Noab(4tn, %m) S Noab(4%n, %m O neut(3)) for all n, m then {%,} 1s a O- Cauchy sequence in NT-qdb-MS. 
Proof. Since {#,} be a 0-convergent sequence and it converges to 3 in M. Therefore, for given ¢€ > 0_ there 
exist a positive integer k > 0 such that 
Nab(4%n, 3) < €/2S and Noa(3, 4#n) < €/2s forall n =k 

By given assumption and triangle inequality (NTqdb2.), for alln, m= k, we have 

Nab(4tn, 4m) S Neab(%n, A#m O neut(z)) < s [Naab(%n, 3)+ Naav(3, %m)| < s[e/2s +e/2s ]=eE 
1.€,  Noab(%tn, 4m) < € 
Similarly, Nod(%m, 4n) < € 


Thus, {#,} is a 0-Cauchy sequence in NT-qdb-MS. 
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Lemma 3.2. Let {%n} be a 0-convergent sequence in NT-qdb-MS say ((M, 0), Ngav), let it converges to # and 
y in M. Assume that Ngav(%, Y) S Noa(%, Y 0 neut(%x,)) and Nga(y, #)< Nowy, * 0 neut(%.)) for any kEN 
then limit of the sequence {%,} 1s unique. 
Proof: By the assumption, 
Naab(%, Y) S Naav(#%, Y 9 neut(%m)) 

and by (NTqdb2) 

Ngav(%, YO neut(%tm)) < s [Nqa(%, %m)+ Nqab(%m, Y)] 
Since {#,} is a 0-convergent sequence and converges to # and y, so right hand side of above equation tends to 


zero aS m— © that 1s, we have 


Naab(%, Y) = 0. 
Similarly, we can show that 
NaavlY, #) = 0 


Hence, by (NTqdb1), * = Y which completes the proof. 


Theorem 3.1. Let ((M, 0), Ngab) be a complete NT-qdb-MS with graph G and coefficient s> 1. Let T: M> 
M be a G-continuous mapping satisfying 
Naav(T#, TY) < @ (Ngav(%, Y)) for all x, Y € E(G) (1) 
where @ is a comparison function, with the following properties: 
(a) for a set O(%) = {x, Tx, T2x, T*x...}, assume that (T"”, T™) € E(G) for alln,m and 
Ngab(T"%, T™) S Noav(T"%, T™% 0 neut(v)) for any v € M and for all n, m. 
(b) If sequence {%,} be converges to # and Y in M then Noav(%, YS Naav(%, Y 0 neut(%,)) and 
NaalY, 4)S Naal(Y, # O neut(%,.)) foranyk € N. 
In addition, if x and x* are two fixed points with (x, x*) € E(G) then T has a unique fixed point. 
Proof. Take #0 € M be any arbitrary point but it’s fixed. Define a iterative sequence in M as follows: 
Hn=THn1  Wwheren= 1,2,3,4......... 
Le, M=TH0, 42=Tx, 43=Tx2 
If we assume that #11 = 4, for some n € Z", then it follows that #% = %n+1 = Tp. So, %n is fixed point and 
proof is finished. Therefore, we assume that 
Hn # Hn foreachn € Z* 
We claim that {%,} is a 0-Cauchy sequence in M. Now, for # = #n, Y = %n+1 with assumption (a), contractive 

condition (1) becomes, 

Ngab(4n 5 Ant+1) = Ngav(THn-1 , TH#n) S @ (Nead(4%n-1 , %n)) 
and Ngab(4n-1 , %n) = Ngab(T%n-2 5 THn-1) S QP (Nado(4%n-2 5 4n-1)) 
By assumption of @, 

@ (Neab(%n-1, %n)) S P* (Ngav(%n-2 , %n-1)) 
Computing repeatedly in this way, we obtain 

Naab(4n, Ant) S @ (Ngab(4%n-1 , Hn) 

a (a (Ngdb(4n-2 5 %n-1)) 


<p? (Naab(4n-3 5 %n-2)) 
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SM" (Nqav(%o 5 1)) (2) 
Proceeding in similar way, we can obtain 
Neav(4%nt+1, %n) S P"(Naav(%1 , %0)) (3) 


If Noab(%o, 41) =O and Noa(%1, 40) =O then x =Txo 1.e., #0 1s a fixed point. Therefore, assume that 
Naab(%o, #1) > O and Ngav(%1 , 40) > 0 
To prove {#n} 1s a 0-Cauchy sequence, consider m > n and using (a), (Nqdb2.) 
Nqdb(%n, Hm) < S Nodb(H%n, Hnt1) + S* Noab(4%nt1, H%n12) + S? Noab(%ni2, %ni3) +... (4) 
Using (2), (4) becomes 
Ngab(4%n, 4m) <8 O"(Naav(%o, %1))+ S*7Q"**(Noav(2to , 41))+ 8° @"*4(Naav(%o , %1)) +....... 


By the definition of function g and letting n,m — ©, we have 


n,m co 


Similarly, we can show that, 


njm-co 


which shows that {2#n} 1s a O-Cauchy sequence in M. Since M is complete NT- qdb- MS, there exist pe M such 
that %, — pasn- oo. Now, here we will show that p is a fixed point in M. 
AS #, > pasn- © and using G- continuity of T, it follows that 


lim Tx#n,=Tp 


n— co 


and we can write above equation as 
li Mnt+1 = Tp 
n—-0©o 
Thus, p is a fixed point in M by using assumption (b) and Lemma 3.2. 
Now, we want to show that p is a unique fixed point. For this, suppose p” be another fixed point. 
Consider, Nga(p, Pp") = Nqav(Tp, Tp”) S ~ (Naav(p, p*)) by using (1). 
By assumption of ~, above inequality implies that Nga(p, p”) =0, also Naa( p*,p) =0 by following same 
process as we have done above. Hence by (NTqdb1.) p= p”. 


Corollary 3.1: Let ((M, %), Naab) be a complete Neutrosophic quasi-dislocated-b-metric space with coefficient 
s> 1. Let T: M> M bea G-continuous mapping satisfying 
Naab(T#,T ¥) < @ Naav(%, Y) for all x, Y € E(G) 
where a € (0,1); with the following properties: 
(a) for a set O(x) = {x, Tx, T?x, T*x...}, assume that (T"”, T™) € E(G) for alln,m and 
Ngab(T"%, T™) S Noav(T"%, T™% 0 neut(v)) for any v € M and for all n, m. 
(b) If above sequence {#,} be converges to x and y in M and suppose 
Naab(%, Y) S Naav(%, Y 9 neut(4%)) and Nqw(yY, 4) < Naawl(¥Y, # 0 neut(%,)) foranyk € N. 


In addition, if x and x* are two fixed points with (x, x*) € E(G) then T has a unique fixed point. 


Theorem 3.2: Let ((M, 0), Ngab) be a complete NT-qdb-MS with graph G (need not be reflexive) and 


coefficient s> 1. Let T: M> M be a G-continuous mapping satisfying 
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Naav(T#, Ty)< w[Naav(#,Tx)) + Naaw(¥.TyY)] forall x, y € E(G) (5) 


where 0<U< , with the following properties: 


= 
s+1 
(a) fora sequence %n+1= Twp, n€ N and 2\= x EM, assume that (%, %m) € E(G) for all n, mEN and 
Naab(4n, 4m) Noab(4n, 4m Oneut(%)) for all n, m, k except some first finite few terms. 
(b) If the above sequence {%n} converges to x» and Y inM then Noa(%, Y)S Naa(%, Y 0 neut(%,)) and 
NaalY, 4)S Noal(Y, # O neut(%,.)) foranyk € N. 
Furthermore, if % and x* are two fixed points with (%, *) € E(G) then T has a unique fixed point. 
Proof. Let x EM be any arbitrary point but it’s fixed. Construct an iteration sequence in M as follows: 
un, Tx, T’x, T?x 
1.€, H= Hn, and #n41=T"* =TH, + wheren€ N. 
If #n+1 = Hn forsome n € Z" then it follows that #n= %41= Tn then %, is fixed point which completes 
the proof. Therefore, we suppose that #n # 4+ for all n. 
For # =x, Y =Tx and using (a), (5) becomes 
Ngav(Tx, T? 4) < u[Naav(%, T #) + Noav(Tx, T? x)] 
ie, (1—p) Noa(T #,T? *) S wb Neav(#, Tx) 


or Noa(Tx, 12x) < = Ngav(2t, TX). 


Again, for = Tx, y =T7x, (5) becomes 
Ngav(17#, T2#)S wlNoav(T2, T7%) + Noav(T7x, Tx) ] 


Ngav(T°x, T°) = Naav(T, Tx) )S Cah Ngav(2¢, Tt) = t? Ngav(%t,T#) where t = a 


Continuing in this way, we obtain 
Noab(T"%, T™' 12) < t™ Ngav(#t, Tx) (6) 
> 0asn—-o, sincet € [0,1). 
That is, 
lim Naab(I"%,T™ 'x#)=0 ice, lim Noadb(4n+1, 4n+2)= 0. 
Next, it is desirable to show that {%,} is a O-Cauchy sequence in M. For this, we take m, n are positive 
integers such that m > n then by using definition of NT-qdb-MS and condition (a), (6), we have 
Nadb(%n, #m) S S[ Neab(4tn, Anti) + Naad(%n+1 , %m)] 
<s Noab(%n, #41) + S?Noab(4%n+1 , %ni2) + S? Noab(%ni2, Hn+3) +.....+S8™" Noap(Hm-1 , 4m) 


< st™! Noa(#,Tx) + 8? t? Ngav(#,Tx) + 83 t*! Noan(#,Tx)+....... + smn ¢m2 Noap(4t, 12) 
2 st™1 N T 
= ae qdb( 2 12). 

Taking limit as n, m—> 00, we have 


n,m—0co 


In similar way, we can obtain 


n,m-—0o 
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Thus, {#,} is a 0-cauchy sequence in complete NT-qdb-MS. By definition of NT-qdb-MS, there exist a 3 EM 
such that #%, — 3asn- oo that is 
lim) Ngdv(%n, 3) = 0 = lim: Nqav(3, %n) . 
By using G- continuity of T and (a), it follow that 
T(lim #41) = T3 = lim T®t*x. 
n-co no 
Now, 
Ngao(T3, 3) S s[ Na(T 3, T™**2) + Nqa(T"**x, 3)] 
> Qasn-o 


implies that T3 = 3 and also Nqa(3, 3) = 0. 


Hence, 3 is a fixed point of T. For uniqueness, we assume that 3 * be another fixed point of T different from 
z. Clearly, also Nga(z*, z*) = 0 by the above observation. 
By the contractive condition (5), we have 
Naav(3, 3 *) = Nqao( T3,T3*) SM [ Nqav(3,P 3) +Naav(3 *, T3 *)] 
SM [ Nad 3, 3) +Naav(3 *, 3 *)] 
implies that Nga(3, 3 *)=O0 since Ngar(3, 3) = 0 and Ngab(3 *, 3 *) = 0 and which gives that 3 = 3 *. 
Thus, z is the unique fixed point of T. 


Example 3.1: Let M = {0,2,3,4} bea NTG together binary operation 0 = &, in (Zo, X). Neutrosophic 
triplet are: 

(0,0,0), (2,4,2), (3,3,3) (4.4.4) where (%, Y, 3) denote here, x € M be any element, Y= neut(x) and 

3 = anti (x). Now, we define a map Naa : MXM-— [0,00) such that 


Ngav(0,0)=0,  Ngao(0,2)=4, — Ngav(0,3) = 9, Ngav(0,4) = 16, 
Noao(2,2)=4, Noav(3,3)=9,  — Neab(4,4)=16, — Neav(2,0) = 8, 
Ngav(3,0) = 18,  Noav(4,0)=32,  Noav(2,3) =5, Ngav(3,2) = 10, 


Noa(2.4)=8,  Noav(4,2)=20,  Noa(3,4)=10,  Noao(4,3) = 17. 


Hence, ((M, 0), Nqab ) 1s a NT-qdb-MS with coefficient s> 1,as we have proved in Example 2.4. and also it 


is complete since {0,0,0,0.....} 1s only Cauchy sequence which converges in M. 


A mapping T: M~M defined as TO =0, T2=3, T3=0 and T4=0 and a graph G = (V, E) defined as 
V(G) = M and E(G)={(0,0), (3,3), (4,4), (0, 3), (0, 4), (2,4), (3,4), (3,0), (4,0), (3,2), (4,2), (4,3)}. 

Now, we have the following cases to identify the contractive condition for all x, y € E(G) as: 

Case I: for x =0 and y =3 

O= Naaw(TO,T3) < wl[Naav(0,TO)) + Naa(3,T3)] = 18 pL. 


Case II: for x=0 and y =4 
O= Ngav(TO,T4) < tL Naav(0, T0)) + Nqaw(4, T4)] = 32 uw. 


Case III: for # =2 and y =4 
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18= Nga(T2,T4) < ulNoa(2,T2)) + Noaw(4, T4)] = 37 pw. 


Case IV: for #=3 and y =4 
O= Ngav(T3, T4) S pw Naav(3,T3)) + Naav(4, T4)] = 50 pb . 


Case V: for x =3 and Yy =0 
O= Nga(T3, TO) S pw Neav(3, T3)) + Naav(0, TO)] = 18y. 


Case VI: for x=4 and Y =0 
O= Naa(T4,T0) < pwlNaav(4, T4)) + Ngav(0, TO)] = 32 pw. 


Case VII: for #=3 and y =2 
9= Ngav(T3,T2) < wl Naav(3,T3)) + Noa(2,T2)] = 21 pb 


Case VIII: for x=4 and y =2 
9= Nga(T4,T2) < wlNoav(4, T4)) + Naav(2,T2)] = 37 yp. 


Case IX: for x=4 and Y =3 
O= Naaw(T4,T3) < wlNaav(4, T4)) + Ngav(3,T3)] = 50 pL. 
Similarly, for * =0 and yY =0, for x=3 and Y =3 and for x» =4 and y =4 


This shows that contractive condition of Theorem 3.2 is satisfied for p = — for all x, Y € E(G). Thus all 


the conditions of Theorem 3.2 are satisfied. Therefore, 0 is a unique fixed point. 


Conclusion: In this article, we reformulated the definition of NIMS and NTPMS and presented counter 
examples for dissimilarity of definitions with examples in [18,19]. Also, we established a new space NT-qdb- 
MS which is the generalization of the spaces established by Sahin et al. in [18,19]. Also, we studied some of 
their properties. Concept of NT-qdb-MS is absolutely different from classical quasi-dislocated b- metric space. 
The significance of NT-qdb-MS is that it provides a different space structure to those structures which are not 
quasi-dislocated-b- metric space with respect to some functions that not satisfy triangular inequality for all x, 
y,3. Finally, we proved generalize version of Banach fixed theorem and Kannan fixed point theorem in the 


framework of NT-qdb-MS with an example. 


Open problems: 


1. Can we also prove name theorems such as Chatterjee, Sehgal, Hardy and Rogers, Ciric, 
Meir-Keeler, F-contraction fixed point theorems in NTMS, NTPMS or NT-qdb-MS? 


2. Can we extend the Theorem 3.1 and 3.2 for more than one mapping? 
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Abstract: In this paper we introduce the notion of neutrosophic-b-open set, pairwise 
neutrosophic-b-open set in neutrosophic bitopological spaces. We have investigated some of their 


basic properties and established relation between the other existing notions. 


Keywords: Neutrosophic set; Neutrosophic topology; Neutrosophic bitopology; Neutrosophic-b-open set. 


1. Introduction 


Smarandache (1998) introduced the notion of neutrosophic set as a generalization of 
intuitionistic fuzzy set. The concept of neutrosophic topological space was introduced by Salama 
and Alblowi (2012a). Salama and Alblowi (2012b) introduced the concept of generalized neutrosophic 
set and generalized neutrosophic topological space. Thereafter Ozturk and Ozkan (2019) introduce 
the concept of neutrosophic bitopologoical space. The concept of b-open sets in topological space 
was introduced by Andrijevic (1996). Ebenanjar, Immaculate, and Wilfred (2018) introduced 
neutrosophic b-open sets in neutrosophic topological spaces. Thangavelu and Thamizharsi (2011) 
introduce the concept of bi-open sets in bitopological spaces. In this paper, we introduce the notion 


of pairwise neutrosophic b-open set in neutrosophic bitopological spaces. 


2. Preliminaries and some properties 


Definition 2.1. [Smarandache, 2005] Let X be a non-empty set. Then H, a neutrosophic set (NS 
in short) over X is denoted as follows: 
H = {(y, Tuy), In(y), Fu(y)): yeX and Tx(y), In(y), Fu(y)e |-0,1*[}, where Tu(y), Ix(y) and Fu(y) are the 
degree of truthness, indeterminacy and falseness respectively. 


There is no restriction on the sum of Tc(y), Fc(y) and Ic(y), so 
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0 < Tu(y) + In(y) + Fu(y) < 3°. 


Definition 2.2. [Smarandache, 2005] Let H= {(y,Tx(y),[x(y),Fu(y)): yeX } be a neutrosophic set over X. 
Then the complement of H is defined by H«= {(y, 1-Tu(y), 1-In(y), 1-Fu(y)): yeX }. 


Definition 2.3. [Smarandache, 2005] A neutrosophic set H= {(y,Tx(y),Ix(y),Fx(y)): yeX } is contained 
in the other neutrosophic set K= {(y,Tk(y),[K(y),FK(y)): yeX } (ie. HcK) if and only if Tu(y) <Tx(y), In(y) 
> Ix(y), Fu(y) 2Fx(y), for each yex. 


Definition 2.4. [Smarandache, 2005] If H= {(y,Tx(y),Jx(y),Fx(y)): yeX } and K= {(y,Tx(y),IK(y),FK(y)): 


yeX } are any two neutrosophic sets over X, then HUK and HnkK is defined by 
HOUR AA(Y, Tr (Y)VTx(y), In(y)A Ik (y), Fry) AF): yeX}; 


HK ={(y, Tay) A Tx(y), In (y)V Ixy), Fu(y)V Fe(y),): yeX}. 


Here we can construct two neutrosophic set On and 1n over X as follows: 

1) On ={(y,0,0,1): yeX}; 

2) 1n={(y,1,0,0): ye X}. 
The neutrosophic set On is known as neutrosophic null set and neutrosophic set 1n is known as 
neutrosophic whole set over X. Also, On and 1n over X have three other types of representation too. 


Clearly, On c In. 


The neutrosophic topological space is defined as follows: 
Definition 2.5. [Salama & Alblowi, 2012a] Let X be a non-empty fixed set and t be the family of some 
NSs over X. Then 7 is said to be a neutrosophic topology (NT in short) on X if the following 
properties holds: 

1. On, 1N €T, 

2. 11, [2 etT>linlze 1, 


3. WUleA Ti €t, for every {Ti: eA} Ct. 


Then the pair (X, t) is called a neutrosophic topological space (NTS in short). The members of t are 
called neutrosophic-open set (NOS in short). A NS D is called a neutrosophic-closed set (NCS in 


short) in (X, t) if and only if D° is a neutrosophic-open set. 


Example 2.1. Let X={ z1, z2}and let 

G={(z1,0.6,0.5,0.3), (Z2,0.6,0.7,0.3): z1, z2EX } 

H={(z1,0.5,0.6,0.8), (z2,0.4,0.9,0.8): z1, z2EX } 

K={(z1,0.6,0.6,0.3, (z2,0.4,0.8,0.6): z1, z2eX } be three NSs over X. 
Then clearly the family t={0n,1n , G, H, K} is a NT on X. 


Example 2.2. Let X={z1, z2, za}and let 
L={(z1,0.6,0.7,0.4), (z2,0.5,0.6,0.8), (z3,0.5,0.5,0.4): z1, z2, 73EX } 
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K ={(z1,0.4,0.9,0.8), (z2,0.3,0.7,0.8), (z3,0.4,0.6,0.8): z1, zz, z3eX } 
J=\(21,0.4,0.9,0.9), (z2,0.2,0.8,0.9), (z3,0.3,0.5,0.8): z1, zz, z3EX  } 
be three NSs over X. 


Here the collection t={0n,1n , L, K, J} is not a neutrosophic topology on X because KX ¢t. 


Definition 2.5. [Salama & Alblowi, 2012a] Let (X,t) be a NTS and H be a NS over X. The 
neutrosophic-interior (in short Nin) and neutrosophic-closure (in short Na) of H are defined by 
Nint(H) = U{P : P is an NOS in X and PCH}; 

Ne(H) = OQ: Q is an NCS in X and HCQ}. 


Proposition 2.1. [Salama & Alblowi, 2012a] Let C, D are two neutrosophic subsets of (X, t). Then the 
following properties hold: 

1) Cc&Na(C); 

2) Nin(C) CC; 

3) Nint(C) c Na(C); 

4) CeD=XS Nuit(C) C Nin(D); 

5) CcoD=>Na(C) c Na(D); 

6) Na (On) = On; 

7) Nint(1n) = 1N; 

8) Na(CUD) = Na(C)VU Na(D); 

9) Nin(CUOD)D Nint(C)U Nin(D),; 

10) Nint(CAD) = Nint(C)O Nint(D),; 

11) Na(CAD) € Na(C)A Na(D); 

12) Cis neutrosophic closed if and only if Na(C)=C; 

13) Cis neutrosophic open if and only if Nint(C)=C. 


The neutrosophic bitopological space is defined as follows: 
Definition 2.6. [Ozturk & Ozkan, 2019] Assume that (X, t1) and (X, 12) be two different NTSs. Then 
the triplet (X, t1, t2) is called a neutrosophic bitopological space (NBTS in short). 


Example 2.3. Let X={z1, z2} and let 

Un={(z1,0.6,0.5,0.4), (z2,0.8,0.7,0.6): z1, z2EX }, 

U={(z1,0.4,0.6,0.5), (b,0.7,0.8,0.8): 21, 22EX }, 

Us={(z1,0.4,0.6,0.8), (z2,0.6,0.9,0.8): z1, z2EX }, 

Us4={(z1,0.6,0.8,0.7), (22,0.4,0.6,0.7): z1, z2EX }, 

Us={(z1,0.8,0.4,0.5), (z2,0.6,0.4,0.5): z1, z2EX }, 

Us={(z1,0.7,0.5,0.6), (22,0.6,0.5,0.5): z1, z2EX } are six NSs over X. 

Then clearly t1={On, 1n, U1, U2, Us} and 12={0n, In , Us, Us, Uo} are two different NTs on X. So the 


triplet (X, t1, t2) is a neutrosophic bitopological space. 
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Definition 2.7. [Ozturk & Ozkan, 2019] Let (X, 11, t2) be an neutrosophic bitopological space. Then H, a 
neutrosophic set over X is called a pairwise open set in (X, 11, 12) if there exist a open set Gi in t1 and a 


open set G2 in t2 such that H= GiUGz. 


Remark 2.2. Let G be a neutrosophic subset of a neutrosophic bitopological space (X, t1, 72). Then we 
shall use the following notations: 

1) Ni (G)= ti -neutrosophic-closure of G (i=1, 2); 

2) Nj,-(G)= ti -neutrosophic-interior of G (i=1, 2). 


3. ti -neutrosophic-b-open set: 

Definition 3.1. Let (X, t1, t2) be an neutrosophic bitopological space. Then P, a NS over X is called 
1) ti-neutrosophic-semi-open if and only if PS NUNi.(P); 
2) ti-neutrosophic-pre-open if and only if PS Ni.Nu(P); 
3) ti -neutrosophic-b-open if and only if PS NUNji-(P) U NiNG(P). 


Remark 3.1. In a neutrosophic bitopological space (X, tu, 12), a NS P over X is called a 


ti-neutrosophic-b-closed set if and only if its complement is ti-neutrosophic-b-open set. 


We formulate the following results based on the above definitions. 
Proposition 3.1. In a neutrosophic bitopological space (X, t1, 12), if P is ti-neutrosophic-semi-open 


(ti -neutrosophic-pre-open), then P is ti neutrosophic-b-open. 


Proposition 3.2. In a_ neutrosophic bitopological space (X, %, 7), the union of two 


ti-neutrosophic-b-open set is a ti-neutrosophic-b-open set. 


4. tii -neutrosophic-b-open set: 
Definition 4.1. Assume that (X, 11, 12) be a neutrosophic bitopological space. Then P, a NS over X is 
called 

1) ti -neutrosophic-semi-open if and only if PS NiN?,(P) ; 

2) ij -neutrosophic-pre-open if and only if PS N2 Nu (P); 

3) ti -neutrosophic-b-open if and only if PS NiNZ(P) U N2 NG (P). 


Remark 4.1. A neutrosophic set P over X is called a ti -neutrosophic-b-closed set if and only if P« 


(complement of P) is ti -neutrosophic-b-open set in (X, 71, 72). 
Definition 4.2. Assume that (X, t1, t2) be a neutrosophic bitopological space. Then a neutrosophic set G 


over X is said to be a 


1) ti-neutrosophic-p-set if and only if NLN?,.(G) Cc NLNZ(G) ; 
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I 


2) Contra ti -neutrosophic-p-set if and only if Ni Ni. (G) Cc NLN2, (G); 
3) ti -neutrosophic-q-set if and only if N2 N&(G) Cc NLN?,.(G). 


4) Contra ti -neutrosophic-q-set if and only Nj, J(G) Cc NiNZ(G). 


Theorem 4.1. In a neutrosophic bitopological space (X, 11, 72), 


1) if G is tineutrosophic-closed and _ ti-neutrosophic-pre-open then G _ is 
ti-neutrosophic-semi-open. 
2) if G is  tneutrosophic-open and _  tiy-neutrosophic-semi-open then G_ is 


ti-neutrosophic-pre-open. 


Proof: 
1) Let (X, t1, t2) be a neutrosophic bitopological space and G be a neutrosophic set over X, which is 


both ti-neutrosophic-closed and ti-neutrosophic-pre-open. So, we have 


GG —”C#§S wt Sze (1) 
andiGE NN (G) ii Sais (2) 
From eq (2) we have GG N2..N&(G) 


= Ni (G) [by eq (1)] 
= GON, (G) © NiNL.(G) 
= GC NiNj,(G) 
Hence, G is a ti-~neutrosophic-semi-open set in (X, 1, 72). 


2) Let (X, t1, 12) be a neutrosophic bitopological space and G be a NS over X, which is both 


tj-neutrosophic-open and tij-neutrosophic-semi-open. So, we have 
j j 


GaN Gy —~—“(it*C*i eng (3) 
and GG NGN AG) chester tte (4) 


int 
From eg (4) we have 
GE Ni Ni, (G) 

= Nu(G) [by eq (3)] 

= GC Ni(G) 

= Nie(G) S Ni Ne (G) 

— G = N? (G)S N? N&(G) [since G= Ni CG) 
Ne(G) 


int 


J 
=—G4C Nint 


Hence, G is a ti-neutrosophic-pre-open set in (X, T1, 72). 


Theorem 4.2. Let (X, t1, 12) be a neutrosophic bitopological space. If A is tij-neutrosophic-semi-open 
(tij-neutrosophic-pre-open), then A is ti-neutrosophic-b-open. 
Proof: Let us assume that A is ti-neutrosophic-semi-open set in a neutrosophic bitopological space 


(X,T1,T2). Then AG NiN?2 (A). 


int 
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Now, AS NUN, (A) 

= AC NIN, (A) U NZNGCA). 

Therefore, A is ti-neutrosophic-b-open in (X, 71, 72). 

Similarly, we can show that if A is tij-neutrosophic-pre-open set in (X, t, 12) then it is 


ti-neutrosophic-b-open. 


Theorem 4.3. Let (X, 11, 12) be a neutrosophic bitopological space. 

1) If A is Ttineutrosophic-b-open, contra  tj-neutrosophic-p-set then A is 
tii -neutrosophic-pre-open set; 

2) If A is ti-neutrosophic-b-open, contra  ti-neutrosophic-g-set then <A _ is 
tii -neutrosophic-semi-open set; 

3) If A is ty-neutrosophic-b-open, tij-neutrosophic-p-set and contra tji-neutrosophic-g-set then 
A is tji-neutrosophic-b-open set; 

4) If A is ti-neutrosophic-q-set (tij-neutrosophic-p-set) then A‘ is contra tji-neutrosophic-p-set 


(contra tij-neutrosophic-q-set). 


Proof: 


1) Let A be both ti-neutrosophic-b-open and contra ti-neutrosophic-p-set in a neutrosophic 


bitopological space (X, 1, 72). 


Then, we have AG NiN?2 (A) U N2 Nu (Ay raced (5) 


int 

and NiNi (A) © NZ,.Ni CA) ae) 
From eqs (5) & (6) we get 

AS NiNiie(A) U Nz.NG(A) 
c NZ NECA) U NZ NECA) 

=N ne Net (A) 
= AS NipNe(A) 
Therefore, A is ti-~neutrosophic-pre-open set in (X, 71, 72). 
2) The proof is analogous to the proof of part (1), so omitted. 
3) Let A be ti-neutrosophic-b-open, ti-neutrosophic-p-set and contra tji-neutrosophic-q-set in a 


neutrosophic bitopological space (X, 11, t2). Then we have 


AG NEN CAVUNZ NECA, eee (7) 
NaN2 (AS NEANAAD tees (8) 
and NZ NE(A)S NANA eee (9) 


From eq (7) we get AS NiUNZ (A) U NZ NG(A) 
CNieNA(A) U NENie(A) — [by eqs (8) & (9)] 
= ACNL.NL(A) U NLNE (A) 


int’ "c int 


Therefore, A is tii-neutrosophic-b-open set in (X, T1, 72). 
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Theorem 4.4. In a neutrosophic bitopological space (X, 11, 12) 


1) if A is tj-neutrosophic-semi-open and  i-neutrosophic-p-set then A _ is 
tTi-neutrosophic-pre-open; 
2) If A is wTi-neutrosophic-semi-open and contra tji-neutrosophic-p-set then A _ is 


ti-neutrosophic-pre-open. 


Proof: 
1) Let (X, 11, t2) be a neutrosophic bitopological space and A is both tij-neutrosophic-semi-open and 
Ti-neutrosophic-p-set. 
Since, A is ti-neutrosophic-semi-open, so we have 
AGNEN SA) = = senstdnetdanciarnaee (10) 
Since, A is T;-neutrosophic-p-set, so 
NEN SCAVGNANEAY acre tanernaclu tied (11) 
From eqs (10) & (11), we've got 
AG Ni,.NZ (A). 
Hence, A is tii -neutrosophic-pre-open in (X, 1, 72). 


2) The proof is analogous to the proof of the first part, so omitted. 


Theorem 4.5. Let (X, 11, 12) be an neutrosophic bitopological space. 
1) If Ais ty-neutrosophic-p-set and tji-neutrosophic-g-set then NiNZ(A) CN J Ni (A) ; 
2) If A is contra tij-neutrosophic-p-set and contra ti-neutrosophic-qg-set then N NEA) C 


NaN}, (A). 


Proof: 


1) Let (X, t1, t2) be a neutrosophic bitopological space and A be both tij-neutrosophic-p-set and 
ti-neutrosophic-q-set. Then, we have 
NON AVGNGANA)  j— siegeacirirnarn (12) 
and NiNO(A) CONNEC) =  davuseosassoarde (13) 


Cc int 


From eqs (12) & (13), we get 
NéNine(A) S NeyNine(A)- 
2) Let (X, t1, 12) be a neutrosophic bitopological space and A be both contra ti-neutrosophic-p-set 
and contra ti-neutrosophic-q-set. Then, we have 
NONE AWE NEIN OA) =  sihoeierienuse (14) 


NeaN GAYE ONEN AY = aise cided (15) 


From eqs (14) & (15), we get 
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N; Nine (A) S Ne Njie(A). 
5. Pairwise ti -b-open: 

Definition 5.1. A neutrosophic set H is said to be pairwise ti-neutrosophic-semi-open set 
(pairwise tij-neutrosophic-pre-open set) in a neutrosophic bitopological space (X, 1, 12) if H=KUL, 
where K is a_ tij-neutrosophic-semi-open set (ti-neutrosophic-pre-open set) and L is a 


ti-neutrosophic-semi-open set (tji-neutrosophic-pre-open set) in (X, 71, 72). 


Definition 5.2. A neutrosophic set H is said to be pairwise tij-neutrosophic-b-open set in a 
neutrosophic bitopological space (X, 11, t2) if H=KUL, where K is a tij-neutrosophic-b-open set and L 


is a tji-neutrosophic-b-open set in (X, 71, 72). 
j 


Theorem 5.1. The union of two pairwise ti-neutrosophic-b-open set in a neutrosophic bitopological 
space (X, 71, 72) is again a pairwise tij-neutrosophic-b-open set. 

Proof: Let A, B be two pairwise tij -neutrosophic-b-open set in a neutrosophic bitopological space (X, 
T1, 72). [hen there exists two tij-neutrosophic-b-open set Gi, G2 and two tji-neutrosophic-b-open set 1, 
Hz such that A= GiUHi and B= G2UH2. 


Since, Gi, G2 are tij-neutrosophic-b-open set so 


GON NENG )UNNEG) gti ct (16) 

and G, S NiNZ (G2) U N2.N4 (G2) ssdioutelaene(l 7) 
Since, H1, H2 are ti-neutrosophic-b-open set so 

H,CNUNL CAUNENA(AD ete (18) 

and H,ONUNL-CH)UNEANA (HD) eee (19) 


Now, we have 
G,UG, SN ee U NZ N4 (G1) U NUNL (Go) UNZ,NU(Go) [using eqs (16) & (17)] 
IN} (G1) U NY Nie (Gz) U Nene Ne (Gy) U Nene Ne (G2) 
& area U Nie (G2)) U Nee (NE (G1) U Ne(G2)) 
= Ni (Neue (Gr U G2))U Nee (Na (Gy U G2)) 
=> GiUG: is a ti -neutrosophic-b-open set. 
Further, we have 


H, UH, © NJ N}.(H,) UNL, (H,) U NZNE.(H2) UNiL,NZ(H2) [using eqs (18) & (19)] 


int Ne Aa) U N; Ni, (Hz) 
© NJ (NL.(H1) U Ni (H2)) U NL. (NZ (A) U NZ (A2)) 
= Ni (Nine (Hy U H2)) U Nine( NACA, U H2)) 


=N? Ni (H; ) U Ni Nine (H2) U Nint int 


=> HiVH:z is a ti-neutrosophic-b-open set. 
Hence, AUB=(G1UHA1)U (G2UA2)= (G1UG2)U(A1UVA2)=GUH. 
Therefore there exists a tij-neutrosophic-b-open set G=(GiUGz) and a ti-neutrosophic-b-open set 


H=(MiUAH2) such that AUB= GUH. Hence AUB is a pairwise tij-neutrosophic-b-open set. Thus the 
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union of two pairwise ti-neutrosophic-b-open set in a neutrosophic bitopological space (X, 11, 12) is 


again a pairwise ti-neutrosophic-b-open set. 


Theorem 5.2. In a neutrosophic bitopological space (X, 11, 12), every pairwise ti-neutrosophic-semi 
open set (pairwise tij-neutrosophic-pre-open set) is a pairwise tij-neutrosophic-b-open set. 

Proof: Let G be a pairwise tij-neutrosophic-semi-open set (pairwise ti-neutrosophic-pre-open set). 
Then there exist a ti-neutrosophic-semi-open set A (tij-neutrosophic-pre-open set A) and a 
tTi-neutrosophic-semi-open set B (tji-neutrosophic-pre-open set B) such that G=AUB. 

In theorem 4.2, it is clearly shown that every  tj-neutrosophic-semi-open _ set 
(tij-neutrosophic-pre-open set) is a tij-neutrosophic-b-open set and every tji-neutrosophic-semi-open 
set (tii-neutrosophic-pre-open set) is a tji-neutrosophic-b-open set. So A be ti-neutrosophic-b-open 
and B be ti-neutrosophic-b-open set. Therefore, there exist a ti-neutrosophic-b-open set A and a 
ti-neutrosophic-b-open set B such that G=AUB. Hence, G is a pairwise ti-neutrosophic-b-open set. 
Thus every pairwise tij-neutrosophic-semi-open set (pairwise ti-neutrosophic-pre-open set) is a 


pairwise ti-neutrosophic-b-open set. 
6. Conclusion 


In this article, we studied neutrosophic-b-open set, pairwise neutrosophic-b-open set in 
neutrosophic —bitopological spaces and investigate their basic properties. By defining 
neutrosophic-b-open set, pairwise neutrosophic-b-open set, we prove some theorems on 


neutrosophic bitopological spaces and some examples are given. 
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Abstract: The aim of this paper is to introduce various types of r-single-valued neutrosophic open 
sets based on the single-valued neutrosophic ideals in Sostak Sense. Different mappings of 
single-valued continuity and ideal continuity based on the r-single-valued neutrosophic ideal 
openness are defined and many implications between them are investigated with counterexamples 
illustrated. 


Keywords: r-single-valued neutrosophic open set; r-single-valued neutrosophic ideal closed set; 
single-valued neutrosophic continuous mappings and single-valued neutrosophic ideal continuous 
mappings. 


1. Introduction 


In the classic text, Kuratowski [1] dealt with the genesis of the concept of ideal in general 
topological spaces. This area of study is approached by many others and hence some sorts of ideals 
arise as one goes further in mathematics such as the ideal of finite subsets of T, the ideal of nowhere 
dense sets and ideal of meager sets. Many topologists introduced distinct types of operators as 
regards ideals, compatibility property, compactness module an ideal and other concedes. 
Vaidyanathaswamy [2] introduced the concept of local function of J in relation to t. The notion of 
fuzzy ideal and the concept of fuzzy local function of J with respect to t had been introduced and 
examined by Sarkar [3]. Besides, the notion of compatibility of fuzzy ideals with fuzzy topologies 
had been introduced and studied by Sarkar. In [4], Sostak initiated a new definition of fuzzy 
topology, which is termed "fuzzy topology in Sostak sense", as an extension of both crisp topology 
and Chang's fuzzy topology, in the logic that not only the objects are fuzzified, but also the 
axiomatics. Sostak [5-7] presented some rules and explained how such an extension can be realized. 
Saber et al [8] familiarized and considered the notion of fuzzy ideal and the concept of fuzzy local 
function of J in respect of t in Sostak sense. Saber et al [9-13] provided several rules and displayed 
how such an extension can be acquired. 

Thus, Smarandache [14] generalizes almost all the existing logics like, fuzzy logic, intutionistic 
fuzzy logic etc. After this, many researchers used neutrosophic sets and logic in topological spaces, 
such as Das et al. [15], Fatimah et al. [16], Riaz et al. [17], Porselvi et al. [18], Singh et al. [19]. In recent 
times, Abdel-Basset et al. have studied a novel neutrosophic approach [20-23] in many areas, in other 
words, information and communication technology. In the meantime, Salama et al. [24, 25] 
investigated the notions of generalized neutrosophic set (NS) and Intuitionistic neutrosophic set 
(JFS). Respectively, Hur et al [26, 27] brought to light classifications neutrosophic H-set (WhS) and 
(NCS) as well as neutrosophic crisp as they scrutinized them in a universe topological position. Still, 
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Salama and Alblowi [28] displayed neutrosophic topology in as much as they claimed a number of 
its features. Wang et al [29], among many others, shaped the single-valued neutrosophic set concept. 
Presently, Kim et al grappled with a neutrosophic partition single-value, neutrosophoic equivalence 
relation single-value and neutrosophic relation single-value. The notion of single-valued 
neutrosophic ideal, single-valued neutrosophic ideal open local function and _ single-valued 
neutrosophic ideal open compatible are explored in (2020) by Saber et al [30, 31]. 

This paper is arranged as follows. Preliminaries of single-value neutrosophic sets and 
single-valued neutrosophic topology are reviewed in Section 2. In Section 3 and 4, we obtained very 
important relevant topics and results such as single-valued neutrosophic ideal closed sets in Sostak 
sense and_ single-valued neutrosophic ideal continuous (SVNJ— continuous) mappings, 
single-valued neutrosophic continuous (SVN — continuous) mappings and investigated several 
characterizations of these crucial topics and ideas. These mappings are obviously considered to be 
generalizations of fuzzy ideal continuous mappings, introduced by Saber et al [32] In Section 5, we 
obtained very important relevant topics and results such as single-valued neutrosophic ideal closed 
sets (t-SVNSO) in Sostak sense and SVNJ— continuous. We have arrived to notable definitions 
theorems, and counter examples in detailed analysis to examine some of their substantial 
characteristics and to explore the best results and imports. We can safely claim that diverse decisive 
concepts in single-valued neutrosophic topology were established and generalized in this article. 
Distinct aspects like continuous and ideal continuous which have a major effect on the overall 
topology’s notions were also considered. 

Original aspects and credits of this article juxtaposed to pertinent recent research on groups 
related to it are very worthwhile. This study deals with continuous and ideal continuous of 
single-valued neutrosophic topological spaces (SVNTJS) in Sostak sense. The great import of this 
study is the introduction of the concept of r-single-valued neutrosophic open (r-SVNSO). The 
researchers secure some of its basic properties. Moreover, as an application, we give a multicriteria 
decision making for the combining effects of certain enzymes on chosen DNA. 


2. Preliminaries 


Here, in this section, we consider the fundamental concepts of single valued neutrosophic sets 
(briefly, SUN'S), single valued neutrosophic topological spaces (briefly, SVNTJS) and single-valued 
neutrosophic ideals (briefly, SVNJ). Although Section 2 is considered as a background for the 


material included in this paper. 

Definition 2.1 [33] Suppose that T is a non empty set, then S = {(w, Vs, Ns, fis): W € T}, is called a 
neutrosophic set (briefly, WS) in T, where, fis, fis, fs and the degree of non-membership (namely 
fts(w)), the degree of indeterminacy (namely fjs(w)), and the degree of membership (namely 
Y¥s(w)), forall w € T to the set S. 


A neutrosophic set S = (w., Ys, fis, fis: @ € XZ), can be identified as (Ys, f\s, fis) in ]70,1*| in &. 


Definition 2.2 [35] Suppose that S and € are NWS's of the form S = {(w,fs, fis, fis): @ € T} and € = 
{(w, Vs, fis, is): @ € T} Then, S © €, iff for every w € &. 


inffjs (w) = inf fe (ow), inf fis(w) = inffic (W) and infY- (w) < infY_ (w), 
sup fjs(w) 2 sup fie (w), sup fls (w) = sup fis (w) and sup/s (w) S sup/¢ (w). 
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Definition 2.3 [29] Suppose that S is a space of points (objects) with a generic element in T 
denoted by w. Then, S is called a single-valued neutrosophic set (briefly, SVN'S) in &, if S has 
the form S = (fs,fjs, fis), where Vs, fs, fis: E > [0.1]. 

In this case, fs,f5,fis are called truth-membership mapping, indeterminacy-membership 
mapping, falsity-membership mapping, respectively, and we will denote the set of all SVN'S's in T 
as I*. 

Moreover, we will refer to the Null (empty) SVS (resp. the absolute (universe) SVN'S) in & as 
Oy (resp. 1y) and define by Oy = (0,1,1) (resp. 1, = (1,0,0)) for each w € &. 


Definition 2.4 [29]. Let S = {(w, 7s, fs, fis): @ € XT} be an SVNS on T. The complement of the set 
S (in sort, S°) maybe defined as, for all w € T 


Ysc(w) = Us(@), fise(w) = 1— ffs) and fise(w) = ¥s(w). 


Definition 2.5 [34]. Let S,E € SVNS(&). Then, 
1. SC€E,if, forevery w € y, 


js(W) 2 fje(W), Hs(w) 2 He(w) and Ys(w) < Ve(), 
2. wesay S=E if SCE and SDE. 


Definition 2.6 [35]. Let S,E € SVUNS(&). Then, 
1. SNE isa SVNS in F defined as: 


SNE=(VsNVe, Ns UNe, Us VU fe). 
Where, (jis U fig)(w) = fis(w) U fig(w) and (7s Nf¥c)(wW) = Fs(wW) NFe(w), for all w € F. 


2. SUE isan SVNS on & defined as: 
SUE=(V%sUVe, sy NNe, Hs N te). 


Definition 2.7 [28] Let S € SVNS(&). Then. 
1. The intersection of {5;:j €A} (briefly, Njea 5) is SUNS over T defined as: for all w € T, 


()sJM=[(Jr,@, La,@, Ja } 


JEA jEA jeEA jEA 


2. The union of {5;:j €A} (briefly, Ujen 5;) is SUNS over & defined as: for all {S;: j EA}, 
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LJsJ@=(Lis@, ()A@,  () As, } 


jeEA jeEA jEA jen 


Definition 2.8 [30]. Suppose that t,s,k € lh and s+t+k <3. A single-valued neutrosophic point 
(briefly, SUNP) x,, of T isthe SVNS in I* for every w € S, defined by 


(s,t,k), if x=a, 


fie OV eat if x=w. 
A SVNP x54% is said to belong to a SUNS S = {(w,7s, fs, fis): w € T} E It, (notion: X;¢p €S iff 


S <5, t=>fs and k = fis), and the set off all SVNP in T denoted by SVNP(3). 


Definition 2.9 [36] Suppose that (¢”,77,#") be the collection of SVNSs over J; then (¢”,7", 7") is 
called SUNT on T& if (t’, 7, ¥) satisfies the following axioms: 
1. #70) =7#7(1) =1 and 77(0) = 771) = 7#(0) = 77(1) = 0, 
2. tTY(SNE)>*E"(S)NFE"(E), E"(SNE) <T7(S)UF"(E) and F#(S NE) < F#(S) U F#(E), for 
every 5,E€ 1% 
3. EY (Ujen Sj) SNjen F’(S)), FE" Vien 5) SUjeg T7(Sj) and F"*(Ujen 5;) SUjen T#(S;), for every 
{Sp eAVeI= 


The triplet (&, 77, 77,7) is called SVNTS, where @”, 7,77: I* > I. Occasionally, we will write 7777 


for (¢’,#",¢") and it will cause no ambiguity. 


Theorem 2.10 [30] Let (%,7”"") be an SVNTS. Then, for all S€ It and re Ih, we can define 


operator Cyyqu:1 tx IL-7! as follows: 
Cran (S.7) = M{EET*: SSE, 71-O) =r, F70 -€) s1-1, F#A-€) < 1-7}. 
Then, (%,C,yqz) isan SVNCS. 


Definition 2.11 [30] A map J”’,J7,J#:1 t_s] is called SVNI on ©& if it satisfies the following three 
conditions: 
1. 37(Q) = %@) =0 and F7(0) =1, 
2. If S<€ then Ji(€) > F7(S), F2(E) = F#(S) and J”(E) < F7(S), forall S,E € I. 
3. INSUE) SIME) UTNE), FE(S UE) < F#(S) UFF(E) and J’(S UE) = I”(S) NIE), 
for all S,€ €I*. 


The triple (¥,¢”"",9’"") is called a single-valued neutrosophic ideal topological space (briefly, 
SVNITS). 


Definition 2.12 [30] Let (%,#”"") be a SVNTS for each SE I. Then the single-valued 
neutrosophic ideal open local function S7(¢7,5’"") of S is the union of all single-valued 


neutrosophic points x,;, such that if € € Q.7qu(%stp,7) and J’(D) =r, "(D) < 1-17, J*(D) < 
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1 —r, then there is at least one w € © for which fe(w) + 7s(W) —1>7p(w), Ae(w) +7Hs(w) -—1< 
p(w) and fig(w) + fis(w) — 1 S p(w). 
Occasionally, we will write 5% for Si(z”",J’"") and it will be no ambiguity. 


Remark 2.13 [30] Suppose that (Tt, JVI") isan SVNITS and SE! = Then we obtain; 


Clivqn(S.r) =SUSF, — intzyqn (Sr) = SA [(H)7)‘I. 
Theorem 2.14 [30] Let ({,#”7",5’"") bea SVNITS and ay me oe 1 bea SVNI on ©. Then 
1. If S<€,then S; < €; 
teen, JS7) ond J) SF then oe a es ae) 
Sp = Cryin (S77) S Cyyan(S,7), 
(Sr); S S57, 
(S; VE-) = (SVE);, 
If 7(€) =r, I(E) < 1-1, and J*(€) < 1-1 then (SVE)NF=SiVER=Sf, 
If 77(€)=r, T7(€) <S1—r1r,and t#(€) < 1-1, then (EAS) S (ENS), 
(Sp AEF) = (SAE). 


ee Oy el ee eS 


3. Single-Valued Neutrosophic Ideal Closed Sets in Sostak Sense 


The aim of this section is to define the r-single-valued neutrosophic ideal open (briefly, 
t-SVNIO), r-single valued neutrosophic semi-open (briefly, r-SVNSO),  r-single-valued 
neutrosophic /-open (briefly, r-SVNPO) and r-single-valued neutrosophic pre-open sets (briefly, 
t-SVNPO) in the sense of Sostak. 


Definition 3.1. A single-valued neutrosophic set S of an SVNITS (X, #77", I") is called: 

1. r-SVNIO if S < int,yan(S;,7r), for r € Ip, 

2. r-SVNSOif S < Cyyan(intyan(S,1),1), for every r € I, 

3. r-SVNBO if forevery rel) SS C.5au (int, van (Ceran (S, ahorer 

4. r-SVNPOif S < int,yan(Cyan(S,7),1r), forevery r € Ip. 
The complement of r-SVNIO (resp. r-SVNSO, r-SVNBO, r-SVNPO) is called r-SVNIC (resp. 
t-SVNSC, r-SVNBC, r-SVNPC). 


Remark 3.2. r-SVNO and r-SVNIO are independent notions 

Example 3.3. Let T = {a,b}. Define €,,€ ,€3,D,,D>,D3 € I® as follows: 

E, = ((0:5,0-5),(0-5,0-5),(0°5.0°5)), €, =((0: 4,0: 3),(0:4,0-1),(0:1.0°2)), 
Ez = ((0-1,0-3),(0-4,0-1),(0-5,0-4)), Dy = ((0-°4,0- 4), (0: 4,0 - 3), (0+ 2,0-2)), 


Dz = ((0-2,0-2),(0-2,0-2),(0-1,0-1)), Dz = ((0-1,0-1),(0-1,0-1),(0-1,0-1)), 


Define 7”7#, JY": I* 41 as follows: 
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if S = (0,1,0, se rn 


1 
J 1 

#7 (S) = : if S = (1,0,0), 9’ (S) = one if 5 = D,, 

ee ae 2 

od if S O45 3 if0<S<D,, 

0, if S = (0,1,1), ‘4 if S = (0,1,1), 
=7(S) = | if S = (1,0,0), j1(S) = o° if S = Dp, 

ae ae 1 

22 if S E>, re if0<S<Dh,, 

0, if S = (0,1,1), if 5 = (0,1,1), 
z#(S) = : if 5 = (1,0,0), j¥(S) = oe if S — Do, 

ey ee 1 

9? if 5 = Es, 7 if0<S<Dp. 


Then, €, is =-SVNIO but #7(€,) =<, #7(€,) =1 £5 and #(€,) = 1 £ = isnot —SVNO. 


ai 


Lemma 3.4. Let (¥,7”"4,5’") bea SVNITS. Then, 
1. any union of r-SVNIO sets is r-SVNIO, 
2. any intersection of r-SVNIC sets is r-SVNIC. 


Proof 
1. Let {5;, j EA} isa family of r-SVNIOs. Then, we obtain, 5; < int,yan((S;);, 7), and hence 


foreach w € &, 


jek Vs, (w) an Vint5 (S;, r) (w) s Vint5 un (Sj); r) (w) Ss Vint5 CY Sir, r) (w), 
ion Ns, (w) a Nint 5 (S;, r) (w) = Nint 5 on (S;)r, r) (w) Zz Nine 5 (y, Sir, r] (w), 


an Hs, (w) =k Hint (S;; r) (w) Ez Hint oe (Sj); r) (w) = Hint cn Sir r) (w). 


Therefore, Vje, S; S intyyan(Vjen 5;,7) Hence, Vje, 5; is r-SVNIO. 
2. Similarly to (1). 


Proposition 3.5. Suppose that (T,7”7",5’"") isa SVNITS. Then, 
1. If S istr-SVNIO, @’(€) =r, @7(€) <1-—r and ##(€) < 1-1, then, SNE is r-SVNIO. 
2. If S isr-SVNIC, 7”(1-—€)>r, 77(1-—€) <1-r and @#(1-—€) < 1-1, then, SUE is 

t-SVNIC. 

If S is both r-SVNIO and r-SVNSC sets, then S = int,yan(S7,7). 

If S isr-SVNIO and SSE <C,yu(S,r), then € is anr-SVNBO set. 

SN int,yau(S;,7) is an r-SVNIO set. 

If S isr-SVNIO, then SN Cyyan(E,r) S (S N E);, for every E is r-SVNSO. 

If S isr-SVNIO, @*”7#(R°) > r, F(R) < 1-1 and t*#7#(R°) < 1-71, then 


OY SOY 
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int van (S,1) = int,yan(S;,7). 


8. If S isr-SVNIC, then S > (int,y9u(S,7r));. 
Proof. 
1. Since S isr-SVNIO and 7’(€) =r, @"(€) < 1-1, @#(€) < 1-1, foreach w € f, 
Vers) S Venint (Spr) (w) < Vint ((EnS}),r) (w) < Vint, 7 (EASE) (w). 
ens(@) 2 Nenint 5 (S77) (w) 2 Nint a ((EAS?),r) (w) = Nint 5 (EASE) (w). 
Hens(@) 2 Henint (S77) (w) 2 Hint 7 ((EASP.7) (w) 2 Hint (EASE) (w) 
Thus EAS < int,yan((E AS);,1r). Hence, EAS is anr-SVNIO set. 
2. Itis easily proved by the same manner. 


3. Since S is both r-SVNIO and r-SVNSC, then for each w € © and for each w € T 
(Theorem 2.14.(3)), we have 


VYs(w) S Vint,5 (Str) (w) S V int_»(C.(S.).r) (w) S7s(w), 
Hs(@) = Nine q(s¢r)(@) = Nint_9(C.n(S).r) (w) = fjs(@), 


Us (w) 2 Nint a (Shr) (w) 2 Hint aC (S,r),r) (w) 2 Us (Ww). 


Thus, S = int,yan(S7,7). 
4. Similarly to (3). 


5. Since, intyyan(S;,7) = Sp N int,van(S;,7), for each w € S and as we obtained by 


Theorem 2.14(7), such that for each w € T. Then we have, 


Vint,7 (Str) (w) < V(snint5(sf.7))t (w), Nint 5 (Str) (w) = N(snintp (Str) (w), 


Hint (Str) (w) 2 H(snineg(St.r))t (Ww). 
Thus, 


Ysnint,5 (S77) (w) = YRnint (Snint,5(Sp.r))r7) (w) Ss Vint 5 ((Snint,7(Spr))77) (w), 


NRoint 5 (Str) (w) 2 Asnintq((Snint 5 (Str)Er) (w) 2 Nint 5 ((Snint 5 (St.r))E7) (w), 
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HRnint 9 (S}.) (w) 2 HRnint_ (Sint p(SEn)Er) (w) 2 Hint ((Srint,p(57.7))h7) (Ww). 


Hence, SO int ,yan(S;,7) S int,van((S A int, van (S;,1r));,. Therefore, SN int jan (S7,r) is r-SVNIO. 


6. Let € ber-SVNSO. Then Cyan (€.1) = Cyan (int yan(E.r).r) and by Theorem 2.14(3,7), 
for each w € T we have, 
Ysac. PACs r) = S Vint 5 (St T)AC, qr (int FE, T),T) 


< Yo (SpAint,7((E,r),-r)) 


= Vc (SA8)Er) = Visaeyy 


Nn _ = Wis pe sate 
"s NC Fj (Er) = Tint 5 (Sp T)AC. 7 (int 7 (E€,r),r) 


= Nea (StAint 5 ((Er)r)) 


= Nc q(sneyer) = Nsaeyy, 


Usnca(Er) = Hint a(r)ac,p(int,g(E7),7) 


> Mc a (SpAint,7((Er),r)) 


= Uc g(saeypr) = Hsaeyy 


7. Similarly to (6). 


8. Let S be r-SVNIC. Then, S° < int,jan7((S*);, 1). Since, 5; < Cyan (S,1r), by Theorem 
2.14(3), 
S° < int, van ($7) 1) 
< int van (Cyan (S% 1), 1) 
(C, vin (interan (S, rr)": 
Then, Cyan (interya(S,7),1r) < S. Thus, int yan (S,7r)); S Cyan (int yan (S,7),7) SS. 


Theorem 3.6. Suppose that (%,7”74,j”") is a SVNITS, for each S,E € I*. Define the operator 


IC yn: I= x I, - I as follows: 
IC wan (S,r) = N{E € I?|S <€, Eisr —SVNIC set}. 


Then, for each r € I) the operator JC,mn7 satisfies the following conditions: 
1. IC yqx((0,1,1), r) = (0,1,1), 
2. S<IC,77n(S,7), 
3. IC ymn(S,7) VIC AHS.) S IC AMS V ET), 
4. ICH (IC; yn (S,7),7) = IC, evn (S,71), 
5. S ist-SVNIC, iff S = IC,yan(S,7), 
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6. If Crin(S, r) is r- SVNIC, then C. avin (IC yan (S, r), r)= =JC: ann (C, mind, r), r)= = Crin(S, Yr). 
Proof. It is trivial. 


Theorem 3.7. Let (¥,i777,3777) be a SVNITS, for each S,E €I*, we define the operator 


Jint yan: I? x I, > I as follows: 


Jint,van(Sr) = N{E € I?|S <€, Eisr —SVNIO set}. 
Then 
1. Jint,yan(S 7) = IC wan(S,7))", 


2. Jintyan(S,7) SS S IC ZAUS,7), 

3. S isr-SVNIO iff Jintyan(S,r) = 

4. Jintyau(S,r) =SA ety 

5. Jint,van(S,r) = (0,1,1) if and only if int,yan(S;,r) = (0,1,1), 
Proof. 


(1), (2) and (3) are trivial form the definition of Jint jan and IC yA. 


(4) By Theorem 2.14(7), we have 


Vint y (Str) = Vstnint,y (Spr) = V (Saint5 (Str) r 
Nintq (Str) = Ustnintg (Str) = NSaint,q (Sint 


ry. * — ry KT > ry . * * 
Hint, 7 (Spr) Est” int (SE) = HK (Saint a (Sr.r))r 
This implies that 


/ . * < V > 5 A < Vy. 4 * * 
VY saint, 5 (S77) = YsVnint 5 (Saint, (Str))P7) = Vint 5 ((SAint,5 (Spr) nr) 
Isnint 7 (Str) 2 ISA(SAint4 (SET) ET) 2 Tint 4 (Saint 4(Spr)rry 


saint (Str) = Usn(snint,g(stnypr) = Hint, g (Saint g(Stn)ir)- 
Thus, S A int ,yan(S;,7) is r-SVNIO, then S A int yan (S;,7r) < Jint yan (S,7r). 
For each € is r-SVNIO set and €<S then by Theorem 2.14(1), we have €; <5S;, and so, 
int,yan (Er, 7) S int,yan(S;,7), 
ESS Aint yan (EF, 7) SS A int yan (57,7). 


Thus, Jintyan(S,r) SS A intyan(S;,7). 


(5) Let Jint yan(S,r) = (0,1,1). Then, S A int,yan(S;,7r) = (0,1,1), implies that Cyyan(S A 
int;(S;,r),r) = (0,1,1) and C,yqn(S,r) A int,yan(S;7,7) = (0,1,1), by Theorem 2.14(3), Cyyan(S,r) A 
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int,vau(S;, 7) = int,yan(S;,r) = (0,1,1). 


On the other hand, let int,an(S;,r) = (0,1,1). Then S A int,yan(S;,r) = (0,1,1). Hence, by (2), 
Jintymu(S,r) = (0,1,1). 


4. Single-Valued Neutrosophic Ideal Continuous Mappings 


We introduce the notions of single-valued neutrosophic continuous (briefly, SVN-continuous) 
(resp. single-valued neutrosophic ideal continuous (briefly, SVNJ-continuous), single-valued 
neutrosophic ideal-open (briefly, SVNJ-open), single-valued neutrosophic J -closed (briefly, 
SVN3J-closed), single-valued neutrosophic pre continuous (briefly, SVNP-continuous)) mappings. 
Also, we obtain new decompositions of SVN-continuous in SVNITS in Sostak Sense. 


Definition 4.1. Suppose that f:(&,#77",J’"") > (§,é”") is a mapping and r € 1. Then, f is 
called: SVNJ-continuous iff f~1(S) is r-SVNIO in & for every € € IS, 6’(S)>r, &1($)<1-1, 
6"(S)<1-r1, 


Definition 4.2. Suppose that f: (&,#”"") > (§, 77, J”) is a mapping and r € Ip. Then, f is said 
to be: 
1. SVNJ-open iff f(S) is rSVNIO in § for every € er, #’(S) =r, #1(S)<1-—r and 
t*(S) < 1-1, 
2. SVNIJ-closed iff f(S) is r-SVNIC in § for every € € ae #”(S°) >r, @1(S°) < 1-1 and 


vH(S)y<s1=7r 


Definition 4.3. Suppose that f:(X, 7” > (§,é”") isa mapping and r € Ip. Then, f is called: 
1. SVN-continuous iff f~1(S) is r-SVNO in & for every € € 1s, 6’(S)>r, &€1(S)<1-r 
and é"(S) <1-r, 
2. SVNP-continuous iff f~1(S) is r-SVNPO in & for every E€ € IS, 6’(S)>r, €"(S)<1-r 


and 64 (S$) <1-—r. 


Remark 4.4. 
1. SVNJ-continuous > SVNP-continuous, 


2. SVNL-continuous and SVN-continuous are independent. 
Example 4.5. Suppose that T = {a,b}. Define €,, €5,€3, C,C2,C3 € I® as follows: 
E, = ((0:5,0-4),(0:5,0-5),(0-9,0-6)), E, =((0:4,0-4),(0-1,0-1),(0-1,0-1)), 
Ez = ((0-3,0-1),(0-1,0-1),(0°1.0°4)), C, = ((0-4,0-5),(0-5,0-5),(0-6,0-9)), 


C, = ((0-2,0-2),(0-2,0-2),(0:1.0:1)), C, = ((0-1,0:1),(0-1,0:1),(0-1.0°1)). 


Define 7774, j”74 gY1H : I> 4] as follows: 
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1, if S = (0,1,1), 1, if S = (0,1,1), 
>? if S = &, 3? if 5 =C,, 
0, if S =(0,1,1), 0, if S = (0,1,1), 
2? if S=&, 3? if S=C,, 
0, if S = (0,1,1), 0, if S =(0,1,1), 
#() = 10. if 5=(L10) gt(s) = 40 if 5 = (110), 
>? if S = &3, 5? if S=Cz, 
1, if S = (01,1), 0, if S =(0,1,1), 
a ~ ; 
J’ (S) = 3? if S = Cy, j"(S) — 2? if S == Co, 
=, if 0<S<C, ~ if 0<S<C, 
0, if S=(0,1,1), 
1 
(syaiq Fs=Cs, 
1 
pf O<S<Cy, 


Define f:(, 777", 7/4) > (5,6) as follows f(a) =b and f(b) =a. If J’(C,) => =, J (Cy)= 


1—= and J*(C,) <1—5. Then f-1(C,) = ((0-5,0-4), (0-5,0-5), (0-9,0-6)) is —-SVNO in &. 


Thus, f is SVN-continuous. However, it is not SVNJ-continuous. 


Theorem 4.6. Let f:(&,#”7%,""" ) > (§,é’"") be a mapping and r € I). Then the following are 
equivalent. 
1. f is SVNJ-continuous. 
2. For any Xxst~% €SVNP(S), W(Syzr, SS) <s1—-r and S#(S)<1-r containing 
f (%stx), there exists r-SVNIO set € such that x,+, €€ f(€) <S. 
For any 6’(S°) =r, €"(S°) <1—r and G4(S°) < 1-1, f71(S) is r-SVIC set. 
Cerin ((f-1(S))2,7) Sf (Cgran(S), 7), for any SEP. 
5. f(Cyan(E;,7)) S Cyyan(f(€),r) for any and € € It. 


Proof. 
(1) > (2): For any x... €SVNP(X), G(S)=r. &"(S)<1-r and G*(S)<1-r. By 
SVN4J-continuity of f we have € = f~1(S) is anr-SVNIO set and for any w € T 


S<Vp-1(5) (w)=Yc(w), t= fl p-1(s)(@) =fjc(w), k= li p-1(s)(@) = fle(w). 
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Hence, f(€) <8. 


(2)(3): Suppose that §’(S°) =r, 37(S°) < 1-1, 34(8°) < 1-1 and x,+, € f 11-4), by 
(2). There exists r-SVNIO set € € / t and Xst~n € € such that f(€) < 1—S. Hence, for any w € T 


S<YVe(w) S Vint, (Ebr) (w) < Vint (FMS EN) (w), 
t2Ne(w) = Nint 5 (ELT) (w) 2 Tint (FMS DEN) (w), 


k 2 Ue(@) = Hint gepr)(@) 2 Hint a(F 2S DET) (w). 
Hence f~*(S°) < int,yan((f *(S°))3, 7). Then f~*(S°) = (f-7(S))*° is r-SVNIO set in Z. Thus, 
f-1(S) is t-SVNIC set in &. 
(3)>(4): For any S € IX and re In, since 6’((C57(S,7r))9 a ae 6"((C9(S,7))) <1-r and 
6" ((Cya (S,r))°) < 1-1, by (3), we have f~*(C,7in(S,1r)) is r-SVNIC set. Hence, 


f-* (Cyn (S,7)) = Cerin (f™* (Caran, r)))F, r) = Cyan S.1))n7), 
(4)>(5): For any € € I* and re Ip. Put f(E) = S. By (4), we have, 
Cyran(Enr) S Coranl(F *FO)-i7) < f-* (Cyran(f (€),1)). 
Itimplies f (Cyan (Er,7)) S Cyrmn f(E€),1). 
(5)>(1): Let 6Y(E) =r, €"(E) < 1-7 and G*(E€) < 1—rT. Then by (5) and Theorem 2.14(3), we 
have, 
f Cymn(f (EVE) S Coram f (fF -(ED), 7) S Corn (E% 1) = ES. 


Therefore, Cyyan((f~*(E))7,7) S f-'(E°) . This show that f~*(€) is r-SVNIO set. Thus, 


SVNJ-continuous. 


Theorem 4.7. Suppose that f: (&, #7, 77%) > (5, 677") is SVNJ-continuous for all S EIS. E € I* 
and r € I). Then the following are holds: 
1. (intyaa(f~*(S), 1); < f7*(S7), for every [r-single valued neutrosophic *-dense-in-itself 
S<S;]. 
2. f(int yan(E,r)); S GF (E));, for every [r-single valued neutrosophic *-prefect (€; = €)]. 


Proof. 
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1. For every SE [Ss by Theorem 2.14(3), we obtain Cyyan(S;.7) = $5;, this implies that, 
GY ((St)9) =r, F°((S7)°) =r and &*((Sf)°) = r. Then by Theorem 4.6(3), we have f~1(S) 
is r-SVNIC set in &. Thus, by using Proposition 3.5(8), we have f~1(S7)= 


(int yan (f+ (S7).1))}. Hence, 
f\(St) = Cintyran(f1(S7),7))t = (intern (F-1(8), 7}. 
2. Forevery € €/* and r € Ip, Put S = f(E) from (2). Then 
f-(F(E))r) = Cintyrnn F-*(F(E)), 7) F = (intra (E,)) 7. 


Itimplies f (int yan(Er))r S FE) r- 


~wTwe ~~ 


Theorem 4.8. Suppose that f:(%,@”7",5’") > (8, é”") is a SVNJ-continuous for each r € Ip. 
Then, 

1. f (int, (Cyn (S,1),7)) < Cyrnn(f (S),1), for each r-SVNIO S € Ie. 

2; int van (Coan f~ *(E),r).r) < f-*(Cyrmn(E,r)), for each [r-r-single valued neutrosophic 


x-dense-in-itself E € I] 3]. 


Proof. 
1. Lel S€J* be a r-SVNPO. Then S < int.ynn(S;,r). Hence, by Theorem 4.6(5), we 


obtain 
f (intra (C ran (S, tr) r)) < f (int, evi (Cyan (int yan (S71), r), -T)) 


< f(int, evan (Cran (Sr, r),T)) 
< f(C, yau(S;,7)) S Cy xvnn(f (S), r), 


1. Let E€€D be r-r-single valued neutrosophic *-dense-in-itself. Then € < €7. By Theorem 
4.6(4), we obtain, 


int van (Caan (f— eu); r) < int, yan (Cyan f— *(€),1),1) 
< int yan (Cran *(EZ,7),1T),1) 
< Cnn f~ “(Ez iT) rT) Ss fo “(Ce yan (E,7)). 


Theorem 4.9. A mapping f: (77) > (5, 674, 772) is SVNJ-open iff for every S € IS and for 
each @’(E)>r, @7(E)<1-—r and ##(€)<1-—r such that f-1(S) <€, there exists De IS is 


t-SVNIC set containing S such that f~*(D) < €. 


Proof. Obvious. 
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Theorem 4.10. If f:(%, #77") > (8, 67,5”) is SVNJ-open, then the following properties are 
holds: 
1. f-*(Cyymn(intzynp(S,1).1r)) < Cyan(f-*(S),1r) for allg’(S) >r. &1(S) <1—r and G4(S)< 
Loy 
2. f-*(Clyym(E,1)) S Cyan (f~*(E), 1) for all 6(E) =r, GY(E) <1 —r and G’(E) S<1-r. 


Proof. 
1. Since, 
8 (Cyan (F-1(S), 1) = 1, E(Cyran(FM(S),7))) S 1-1, F(Cyran(F (8), 7))) S 1-1 
for each S € 15. By Theorem 4.9, there exists D € I% is r-SVNIC set containing S such that 
f(D) S$ Cyvmn(f*(S).1r). Since D° is r-SVNIO set, f~*(D°) < f7*(intyan((D)7,1), we 


obtain, 


(f-*(D))° < f*(Cintyyin((D)77) S ft Cint gran (Cyan (D7. 7) 
8 pe (int yrnn(Clevan (Cy yan (D°,1), i), r)) 


a (C2 avin (ints ymq (int, vin (D, 71), r); r))). 


Since S < D, we obtain, 


fe (Cran int van (S, r),r)) < f 7? (Cyran (int yaa (int yran (D, a),)) 
< f(D) < Cyan(f*(8),1). 


Hence, f~*(Cyyqn(intryqu(S,7),1)) < Cyan (f*(S), 1). 


2. Foreach 6’(€) =r, é"(€) <1-—r and G*(€) < 1—T. By (1), we have 


f-\(Clopmn(E,r)) S f-\CoranE,r) Sf (Cavan (intgran(E.7),7)) 


< f* (Copan (int3yna(E.7),7)) < Cyrnn(f-2€), 7). 


Theorem 4.11 below, is similarly proved as Theorem 4.10. 


Theorem 4.11. If f:(%,#”") > (§, 61", J’) is SVNIJ-closed, then the following properties are 


holds: 
1. f-*(intyynn(Cryqn(S,1).1)) S Cyran(f-*(S), 7), for each 6’(S)>r, &1($)<1-r and 
6" (S)<1-r. 
ID f-* Cintra (E, r))< int.van(f~*(E),1), for each GY (ES) ay AP GN(EC) <1-r and GEES) < 
A ee oe 
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Theorem 4.12. The following hold for the mappings f:(%,77"",7""™) > (§,72"",7"™) and 
9: (a7, PY (gy, eM PAM, 
1. gof is SVN3J-continuous if f is SYVNIJ-continuous and g is SVN-continuous, 
2. gf is SVNP-continuous if f is SVNP-continuous and g is SVNJ-continuous, 
3. goef is SVNJ-open if f and g is SVNJ-open, f is surjective and g(S5;) < (g(E)); for 
each S < €. 


Proof. Straightforward. 


Remark 4.13. The composition of two SVWNJ -continuous mappings need not to be a 


SVNJ-continuous. 
Example 4.14. Suppose that © = {a,b}. Define €1, €,€3,C,,C2,C3 € I* as follows: 


E, = ((0-:4,0-4),(0-4,0-4),(0-4,0-4)), E€, = ((0-3,0-3),(0-3,0-3),(0-3,0-3)), 

Ez = ((0-2,0-2),(0-2,0-2),(0-2.0-2)), C, =((0-2,0-2),(0-2,0-2),(0-2,0-2)), 
C, = ((0-1,0-1),(0-1,0-1),(0-1.0-1)), 

«VIL ~VnE giih Gvie Gvik, 1% 


Define 7, "57." — I as follows: 
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1, if S =(0,1,1), 
z”(S) = 41 tf § = (1,10), 


=, if S=&, 

0, if S =(0,1,1), 
"(S) = 0, if S = (1,1,0), 

3? if S = C4) 

0, if S = (0,11), 
z#(S) = ‘ if S = (1,1,0), 

3? if S = oan 

1, if S =(0,1,1), 
#”(S) = 1 if S = (1,1,0), 

3? if S = E3, 

0, if S = (0,11), 
t"(S) = . if S = (1,1,0), 

3? if S = E32, 


1, if S =(0,1,1), 
#”(S) = 1 if S = (1,1,0), 
5? if = E>, 
0, if S = (0,11), 
(S$) = 0, if S = (1,1,0), 
3? if S =, E> 
0, if S = (0,11), 
z#(S) = > if S = (1,1,0), 
3? if SE E>, 
1, if S = (0,1,1), 
#”(S) = : if S = (1,1,0), 
3? if S = E>, 
0, if S = (0,11), 
7S) = my if S =(1,1,0), 
3? if S —=y E> 
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0, if S =(0,1,1), 
z#(S) = 0, if S = (1,1,0), 
; if SS Cas 


2 


1, if 5 = (0,1,1), 
1 


PG6)s4 5 8G 
=, if 0<S<C,, 
0, if S = (0,1,1), 
~, 1’ 3 
Jy (S) = 42? if S=C, 
-, if 0<S<C, 
0, if S = (0,1,1), 
ms 1 ; 
ba) ee ee 
- if O<S<y. 


160 


0, if § =(0,1,1), 
z#(S) = 0, if S = {1,1,0), 
; if 5 = E>, 


2 


1, if 5 = (0,1,1), 
1 


B(S)=4 9 Ff SHC 
=, if 0<S<C,, 
0, if S = (0,1,1), 
ee i 7 
DT Oy=4 ge = 
-, if 0<S<C, 
0, if S = (0,1,1), 
ae i, 23 _ 
(SS. os 
~, if O<S<C,. 


~y 


The identity mappings idy: (x, pe) S65"). and idy (Y, (ea >\(Zoe.) tare 


~wyw 


SVNJ -continuous. But the identity mapping  idy: (x q ae nibh ue ) (Zt) my is not 


SVNJ -continuous because, i” (E3) > =, i" (E3) <1 —< j i? (E3) <1 -< and (€3)1 = (0,1,1) and 
2 


(E3)i £ intyyan ( (Es)3,3). 
2 2 


Propositions (4.13) and (4.14) are similarly proved from Theorems (4.6) and (4.8), 


respectively. 


Proposition 4.13. Let f:(%,@7™",J’") > (§,6”™) be a mapping. Then, following statements are 


equivalent. 


1. f is SVNJ-continuous. 


f-1(S) is t-SVNIC for each &”(S°) > 17, &1(S°) <1—r7r and &(S°) < 1-1, 


IC wan(f *(E,r)) < f-1(Cyvan(E,1)), for each r € I) and €€ 1, 


2. 
3. f (IC an(S,r)) < Cyvan(f (S),1), for each r € Ig and S €I*, 
4 
5 


f~*Cntzyan(E,1)) S Jint,yan(f ~*(E.1)), for each r € In and E€ IS, 


Proof. Obvious. 


Fahad Alsharari, Decomposition of Single-Valued Neutrosophic Ideal Continuity Via Fuzzy Idealization 


Neutrosophic Sets and Systems, Vol. 38, 2020 161 


Proposition 4.14. Let f:(&, 7”) > (5, 6’, I”) be a mapping. Then, the following statements are 
hold: 

1. f iscalled SVNJ-closed. 

2. f (IC van(S,r)) < Cyvan(f (S),1), for each r € I) and S € J*, 

3. for any SE IS and M(EV=>r, F(E)<1-—r and f’(E) <1-r such that f-(S)<€, 
there exists ar-SVNIO set D € IS with S <‘D such that fUC@D)<E. 


Proof. Obvious. 


6. Conclusions 


In this paper, the author has made a study of the r-single-valued neutrosophic ideal open 
(r-SVNIO), the idea of r-single-valued neutrosophic B-open (r-SVNfO) and r-single-valued 
neutrosophic pre-open sets (r-SVNPO) in the sense of Sostak, which are different from the study 
taken so far and obtained some of their basic properties. Next, the concepts of a single-valued 
neutrosophic continuous (resp. single-valued neutrosophic ideal continuous, single-valued 
neutrosophic J -open, single-valued neutrosophic J -closed, single-valued neutrosophic pre 
continuous) mappings were introduced and studied and too obtained new decompositions of 
SVN-continuous in SVNITS in Sostak Sense. 


Discussion for Further Works: 
The theory can be extended in the following natural ways. One may study the properties of 


single-valued neutrosophic metric topological spaces using the concept of basis defined in this 


paper; 
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Abstract. In this paper we try to introduce neutrosophic bitopological group. We try to investigate some new 
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1. Introduction 


In 1965, Zadeh [1] defined the concept of fuzzy set (FS). With the help of FS, defined the 


concept of membership function and explained the idea of uncertainty. In 1986, Atanassov [4] 





generalised the concept of FS and introduced the degree of non-membership as an independent 


component and proposed the intuitionistics fuzzy set (IFS). After that many researchers de- 





fined various new concepts on generalisation of FS. Smarandache [2, 3] introduced the degree 
of indeterminacy as independent component and discovered the neutrosophic set (NS). 

After the generalisation of FS many researchers have applied the generalisation of fuzzy set 
theory in many branches of Science and Technology. Chang [6] introduced the fuzzy topology 
space (FTS). Coker |7] defined the concept of Intuitionistic fuzzy topological space (IFTS). In 
1963, Kelly [5] defined the study of bitopological spaces. Kandil et al [9] discussed on fuzzy 
bitopological space (FBTS). Lee et al [8] discussion on some properties of Intuitionistic fuzzy 
bitopological space (IFBTS). 

In 2012, Salama and Alblowi [18] introduced the concept of neutrosophic set (NS) and neu- 
trosophic topological space (NTS) and in 2018, Riad K. Al-Hamido, [28, 29] defined the concept 
of Neutrosophic Crisp Bi-Topological Spaces and Crisp ‘Tri-Topological Spaces. Narmada Devi 
R. et al [27] discussed on separation axioms in an ordered neutrosophic bitopological space 


(NBTS). Ozturk and Ozkan discussion on neutrosophic bitopological spaces. 
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In 2015, Sumathi and Arockiarani [10], defined the fuzzy neutrosophic group (FNG). After 
defining neutrosophic group (NG) Sumathi and Arockiarani [22] defined the concept of topo- 
logical group structure of neutrosophic set. Currently, neutrosophic set has been applying by 
researchers in various field of Science and Technology as a tool for getting more appropriate 
result. Abdel-Basset et al. [12] has applied neutrosophic as a tool on group discussion making 
framework. Abdel-Basset et al. [13] done on work in solving chain problem using base-worst 
method based on novel plithogenic model. Smarandache [39] extended neutrosophic set to 
neutrosophic Overset, Neutrosophic Underset and Neutrosophic Offset. Smarandache [39], 
in 2016, introduced Neutrosophic Tripolar Set, Neutrosophic Multipolar Set, Neutrosophic 
Tripolar Graph and Neutrosophic Multipolar Graph. Salama [40] studied some properties of 
topological space of rough sets with tools for data mining. Broumi et al. [41] introduced 
the concept of rough neutrosophic sets. Parimala et al. [42] studied on aw-closed sets and 
its connectedness in neutrosophic topological spaces. Pamucar and Bozanic [30] (2019) used 
single-valued neutrosophic sets to propose projection-based multi-attributive border approxi- 
mation area comparison (MABAC) method. In 2018, Liu et al. [31] studied on new extension 
of decision-making trial and evaluation laboratory method (DEMATEL). Guo et al. [32] (2017) 
extended the rough set model to neutrosophic environment and used to multi-attribute deci- 
sion making (MADM) problem. Nie et al. (2017) [33] studied the Weighted Aggregates Sum 
Product Assessment (WASPAS) method in the context of interval neutrosophic sets (INS). 
Ye (2016) [84] introduced interval neutrosophic hesitant fuzzy set (INHFS). Pamucar et al. 
(2018, 2019) [35, 36] studied application of linguistic neutrosophic number. Karaaslan (2020) 
[37] introduced type-2 single valued neutrosophic set along with some distance measures. Neu- 
trosophic number is used by Maiti et al. (2019) [38] to solve multi-objective linear programming 
problem. Abdel-Basset et al. [24] recently studied integrated plithogenic MCDM approach 
for financial performance evaluation of manufacturing industries. Abdel-Basset et al. [26] ob- 
served on a novel framework to evaluate innovation value proposition for smart product-service 
systems. 

NS is used to control uncertainty by using truth membership function, indeterminacy mem- 
bership function and falsity membership function. Whereas F'S is used to control uncertainty 
by using membership function only. NS is used indeterminacy as an independent measure of 


the membership and non-membership function. As a result, NS is considered as a generaliza- 





tion of FS and intuitionistic fuzzy set (IFS) and shows more better result. NS is more necessary 
to manage the real-life information which are uncertain and inconsistent in nature. In various 
problem F'S and IFS can not completely assured due to in exact inconsistent characteristic. 


Therefore, NS shows more rational to design the membership function. By observing this we 
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are going to do our research and try to study neutrosophic bitopological group (NBTG) by 
using NS and try to prove some of their properties. 

2. Preliminaries 

2.1. Definition:[18] 


A NS A on a universe of discourse X is defined as A = { (2, Ta(z),Za(x), Fa(az)) : 2 € X}, 
where 7,7, : X — [0,1]. Note that 0 < Ta(x) + Za(x) + Fa(z) < 3. 


2.2. Definition:(21, 18] 


The complement of NS A is denoted by A‘ and is defined as A(z) = {(x,Tac(x) = 
FA) 142) = 1148), ee) = I4@)) eo eX 


2.3. Definition:[21, 18] 


Let X A ¢ and A = {(z,Ta(z),Za(x), Fa(z)) : 2 € X}, B= {(z,Ta(x), Ia(2), Fa(2)) : 
Le X}, are NSs. Then 

(i) AANB= {(x,min(Ta(2), Ta(x)), min(Za(x), Zp(x)), max(F a(x) 

(ii) AV B= {(x,max(Ta(2), Ta(x)), max(LZ4(x), Zp(x)), min(Fa(x) 

(iii) A < B if for each x € X, T(x) < Ta(x),Za(x) < Tp(ax), Fa(x) > 


Fp(x)),): cE X} 
FRx)),) 2c X} 
Fala). 


y 
y 


2.4. Definition:[21| 


Let X and Y be two non empty sets and let @ be a function from a set X to a set Y. Let 
A= {(2,Ta(x), Za(x), Fa(a)) > © X}, B= {{y, Ta(y), Za(y), Fa(y)) : y © Y} be NS in X 
and Y. Then 

(i) ¢ +(B), the preimage of B under ¢ is the NS in X defined by 
o-'(B) = {(2, 9" (Ta) (x), & (Za) (@), & "(F)(a)) s @ < X} 


where for all ¢ € X,¢-1(Tg)(x) = Ta(f(x)), @-'(Ze)(x) = Te(f(x)), 671 (Fp)(x) = 
Fa(f(z)). 


(ii) The image of A under @ denoted by ¢(A) is a NS in Y defined by 
o(A) = (¢(Ta), (Za), 6(Fa)), where for each u € Y, 


V Ta(x), if @*(u) £0 
$(Ta)(u) = § ree *(u) 
0, otherwise 
Vo Lala), if du) £0 
o(La)(u) = § eo) 
0, otherwise 
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Vo Fa(2), if "(u) #0 
b(Fa)(u) = ¢ ceo (u) 


0, otherwise 


2.5. Definition:[19| 


Let a, 8,y € [0,1] annda+8+~7<3. A neutrosophic point 29,7) of X is the NS in X 
defined by 
L (a,B,y) (w) —_ 
(0,0,1), ifeéu 
A neutrosophic point is said to belong to a NS A = {(a, Ta(2),Z4(x), Fa(x)) se © X} in X 
denoted by 29,4) € A ifa < Ta(x), 8 < Za(x) and y > Fa(z). 


} each u € X. 


3. Neutrosophic Group 
3.1. Definition:[10] 


Let (X,0°) be a group and let A be a neutrosophic group (NG) in X. Then A is said to be 


a NG in X if it satisfies the following conditions: 


(i) Ta(zy) = Ta(z) A Taly), Za(vy) = Za(x) ALZaly) and Fa(xry) < Fa(x) V Fay), 
(ii) Ta(a*) > Ta(x), Za(x—') > Za(x), and Fa(x~') < Fa(z). 


3.2. Definition:[22] 








Let X be a group and let G be NG in X and e be the identity of X. We define the NS G by 
Ge = {x € X : Tg(x) = Tg(e), Zg(x) = Ig(e), Fg(x) = Fa(e)}. 


We note for a NG G in a group X, for every x € X : Jg(a~') = To(x), Ig(a~') = Tg (x) and 
Fg(x~) = Fg(x). Also for the identity e of the group X : Tg(e) > Tc(x),Zg(e) > Zg(x), and 
Fg(e) < Fg(x). 


3.3. Proposition: 


Let G be a NG in a group X. Then for all 7, y € X, 
(1) Tg(xy*) = Te(e) > Te(z) = Tey) 
(2) Ig(xy~*) = Ig(e) > Ig(x) = Tg(y) 
(3) Fg(ry~*) = Fg(e) > Fo(x) = Foly) 


3.4. Proposition: 


Let X be a group. Then the following statements are equivalent; 


(i) G is neutrosophic group in X. 
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(ii) For all 2,y € X,Tg(xy~") > Te(x) A Te(y), Zg(ty*) = Ig (x) A Te(y), Fe(zy™) < 
FG a) Foy). 


3.5. Definition:[10] 


Let 6: X — Y be a group homomorphism and let A be a NG in a group X. Then A is said 
to be neutrosophic-invariant if for any x,y € X,7a4(x) = Ta(y), Za(x) = Za(y) and Fa4(x) = 
Fa(y). It is clear that if A is neutrosophic invariant then f(A) € NG (Y). For each A € 
neutrosophic group (X), let X4 = {a © X : Ta(x) = Ta(e), Za(x) = La(e), Fa(x) = Fa(e)}. 
Then it is clear that X 4 is a subgroup of X. For each a € X, let rg: X > X andl, : X —~ X 
be the right and left translations of X into itself, defined by rg(x) = xa and Ig(x) = az, 


respectively for each x € X. 


3.6. Definition:[18] 


Let X be a non empty set and A neutrosophic topology is a family { of neutrosophic subsets 
of X satisfying the following axioms: 
(i) O4, lug ET 
(ii) Gy Gg € © for any G1, Gz € T 
Gii) UG; V{G; :71E J} CL 
In this case the pair (X,%) is called a neutrosophic topological space (NTS) and any neu- 
trosophic set in Y is known as neuterosophic open set. The elements of © are called open 
neutrosophic sets, a neutrosophic set F is neutrosophic closed set if and only if it C(F) is 


neutrosophic open set. 


3.7. Definition:[19] 


Let (X,Z) be a NTS and A be a NS in X. Then the induced neutrosophic topology on A 
is the collection of NSs in A which are the intersection of netrosophic open sets in X with A. 
Then the pair (A, £4) is called a neutrosophic subspace of (X,{). The induced neutrosophic 
topology is denoted by @ 4. 


4. Neutrosophic Continuity 

It is known by [4] that f : (X,2x) — (Y, Ly) is neutrosophic continuous if the preimage of 
each neutrosophic open set in Y is neutrosophic open set in X. 
4.1. Theorem: 


Let (X, Tx) and (Y, Ty) be two NTGs and f : (X,Tx) > (Y, Ty) be a mapping , then f is 


neutrosophic continuous if and only if f is neutrosophic continuous at neutrosophic point 
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L(q,8,y)) tor each x € X. 
5. Neutrosophic Bitopological Spaces 
5.1. Definition: [23] 


Let (X, 1) and (X, £2) be the two neutrosophic topologies on X. Then (X, £1, Y2) is called 
a neutrosophic bitopological space (In short NBTS). 


5.2. Definition: [23] 


Let (X,%1,%2) be a NBTS. A NS A = {(x,Ta(x),Z4(x),Fa(z)) : cw € X} 
over X is said to a pairwise neutrosophic open set in (X,7,72) if there exist 
a NS Ay = {(x,Ta,(2),Za,(z),Fa(z)) : «2 € X}$ in GF and a NS Ap = 
{ (x, Ta,(x),Z4,("),Fa(z)) : x € X} in J such that A = Ay U AQ = 


cee min(TA, (x), TAp (x)), min(Za, (x), ZA, (x)), max( Fa, (x), F Ay (x))) -LE Xx}. 
6. Neutrosophic Topological Groups 
6.1. Definition:[22] 


Let X be a group and G be a NG on X. Let T¥ be a neutrosophic topology on G then (G, TY) 
is said to be neutrosophic topological group ( In short NTG) if the following conditions are 
satisfied: 

(i) The mapping w : (G, TY) x (G, TY) > (G, TY) defined by w(x, y) = xy, for all x,y € X, 
is relatively neutrosophic continuous. 
(ii) The mapping p : (G, 9%) > (G, TY) defined by u(x) = x7!, for all x € X, is relatively 


neutrosophic continuous. 


6.2. Definition:[18] 





Let X be a group and U, V be two NSs in X. We define the product UV of NS U, V and 


the inverse V~! of V as follows: 


UV (a) = 1 (2%, Juv(2), lov @),Fov@)) we Xx} 


where 


Tuv (x) = sup{ min{ Ty (21), Tv (x1) }} 
Lg = sup{ min{LZy (x1), Zv(x1)}} 
Fuy (te) = sup{ min{ Fy (21), Fy (x1)}} 


where & = 21.%9 and for V = {x(Ty(2x),Zy (2), Fy(2)): 2 € X}, we have 
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7. Main Results: 

7.1. Definition: 


Let X be a group and G be a NG on X. Let a. Ty be two neutrosophic topologies on G then 
(G, Roe) is said to be neutrosophic bitopological group (In short NBTG) if the following 
conditions hold good: 

(i) The mapping w : Cas x (G, 5?) — Cs defined by w(x, y) = xy, for all x,y € X, 
is relatively neutrosophic 7-continuous for each 7=1, 2. 
(ii) The mapping p : (G, 5%) > (G,T%) defined by p(x) = a7, for all x € X, is relatively 


neutrosophic 2-continuous for each i=1, 2. 


7.2. Definition: 


Let G be a NG of a group X. Then for fixed a € X, the left translation I, : (G, Z?) — 
(G, 5?) for each 1 = 1,2; is defined by I,(x) = az, for all « € X, where ax = 
{(a, 7," (ax), Z2 (ax), FY (ax)) : « € X} for each i = 1,2. 

Similarly, the right translation rz : (G,T7) + (G, TY) for each i = 1, 2; is defined by ra(a) = xa, 
for all a € X, where ax = {(a, 7,9 (xa), TY (xa), FY (wa)) : x € X} for each i = 1,2. 


7.3. Lemma: 


Let X be a group with NBTG G in X with two neutrosophic topologies {1,‘{2. Then for each 
a € Ge, the translation /, and rq are relatively neutrosophic homeomorphism of (G a) 
into itself. 
Proof: From Proposition 3.11 [10], we have /,[G| = G and ra|G| = G, for all a € G and let 
Oe (ise > (G, =) x (G, S, for each i = 1, 2; defined by h(x) = (a,x) for each x € X. Then 
ra: Woh. Since a € Ge, T,/(a) = 7,7 (e), Z7 (a) = TY (e), and F(a) = FY (e), for each i = 1,2. 
Thus 7,%(a) > 7/9 (x), Z¥ (a) > TY (x), and F¥(a) < FY (a), for each x € X. It follows from 
proposition 3.34 [11] that ¢ : (G,T%) > (G, T%) x (G, TZ) is relatively neutrosophic é-continuous 
for each 1 = 1,2. By the hypothesis ~ is relatively neutrosophic 7-continuous for each 2 = 1, 2,. 


t= 


SO Yq is relatively neutrosophic 7-continuous for each 7 = 1,2. Moreover r7 rq-1. Similarly 


we are shown the relatively neutrosophic i-continuous for each i = 1,2 of I7+ = 1,-1. 


7.4. Theorem: 


Let G be a NBTG on X with &1, {2 two neutrosophic topologies. Let U be a neutrosophic 
open set of (G, To) for each i=1, 2 and x € G, then xU and Uz are neutrosophic open set. 
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Proof: Since U is neutrosophic open set of G and x € G, A: G5) 3 (G, Z?) is 
neutrosophic homeomorphism for each i=1, 2. This implies that /,(U) = «U is neutrosophic 


open set in G. Similarly Uz is neutrosophic open set in G. 


7.5. Lemma: 


Let X be a group and let G be NBTG in X. ‘Then 

(i) The inverse function ¢ : (G,T%) > (G,T¥) defined by ¢(x) = x71, for all  € X is 
relatively neutrosophic 7-continuous homeomorphism for each 7=1, 2. 

(ii) The inner automorphism A : (G,T%) — (G,Z%) defined by A(g) = aga! = 
{(g, 7," (aga—'), TY (aga—'), FY (aga-"))}, where g € X and a € G is relatively neutro- 
sophic homeomorphism for each 7=1,2. 

Proof: (i) Clearly ¢ is one-to-one. Since $(G) = {(x, 6(7,2 (2)), o(Z2 (x), o( FY (a2))) : 2 EG} 
for each i=1, 2 where 
iT9(2)) = en if O(a) A : 

0, otherwise 


F(a), if oa) A 7 


0, otherwise 


0, otherwise 


_ 8 (x), if o"(e) Aol 


Also, 6(Z9(e)) = 18 («) and 4(F9(2)) = FF (@) 
Thus $(G) = {(2,7,9(), TZ? (a), FY (x)) : « € G}, for each i= 1, 2. Also ¢ is neutrosophic 
i-continuous for each i=1,2 by definition because (G, 5s TY) is NBTG. Since ¢7!(x) = x~ is 
relatively neutrosophic 7-continuous for each i=1, 2. Hence for every x € X, @ is relatively 
neutrosophic open. ‘Thus ¢ is relatively neutrosophic homeomorphism. 

(ii) Since rg and I, are relatively neutrosophic homeomorphism and rz! = r,-1. The inner 
automorphism 2 is a composition r,-1 and /. Hence A is a relative neutosophic homeomor- 


phism. 


7.6. Theorem: 





Let G bea NBTG in a group X and e be the identity of X. Ifa € G, and N is a neighbourhood 
of e such that 7, (e) = 1, Z¥(e) = 1, Fi’ (e) = 0 for each i=1, 2 then aN is a nbd of a such 
that aN(a) = In. 

Proof: Since N is a nbd of e such that Te =e i* =, vad = 0 for each 7=1, 2; there exists 
a neutrosophic open set U such that U C N and 7,” (e) = 7; (e) = 1, Z/ (e) = ZN (e) = 1, 





B. Basumatary and N. Wary, A Study on Neutrosophic Bitopological Group 


Neutrosophic Sets and Systems, Vol.38,2020 \74 


FY (e) = FN(e) = 0, for each i=1, 2. Let Ia : (G, T%) > (G, T%) be a left translation defined 
by la(g) = ag, for each g € X and i=1, 2. Then J, is neutrosophic homeomorphism. Then aU 


is a neutrosophic open set. Now, 


aU (a) = {(a, T;27 (a), T°" (a), F2" (a))}, for each i = 1,2. 
= {(a, 7," (aa), LY (aa), FY (aa“"))} 
= {(a, Ty (e), Zi (e), Fi (e))} 
= 4 (a, 4,1,0)+ 

Also, aN(x) = {(z, ae ee Bee mae each i = 1,2. 

= {(2, Te (a-*a), T'(a*2), Fe (a *a)) se € X} 
> {(2,T, (a2), TZ; (a *2), Fj’ (a *a)) : 2 € X} 
= {(x, 72" (2), Tf" (x), Fr” (2))} 


= aN(a) = {(a,1,1,0)} 


Thus, there exist a neutrosophic open set aU such that aU C aN and aU(a) = aN(a) = 


{(a,1,1,0)}. 
7.7. Proposition: 


Let X be a group and G be a NBTG on X with {1,%» two neutrosophic topologies. Let 
\: X x X — X be the function defined by \(g, h) = gh~* for any g,h € X. Then G is a NBTG 
in X iff the function » : (G, TY) x (G, TZ) > (G, TY) is relatively neutrosophic i-continuous for 
each 1=1, 2. 

Proof: The function w : (G,T%) x (G,T%) + (G,TY) x (G,T%) is neutrosophic relatively 
i-continuous for each i=1, 2; by the corollary to Proposition 3.28 [11]. Also since G is a 
NBTG in X by the Definition [7.1] = : (G,T%) x (G,T%) — (G,T%) is relatively neutrosophic 
i-continuous for each i=1, 2. Then 8 : Wop: (G,3%) x (G, 5%) > (G,TY) is relatively 


neutrosophic 7-continuous for each i=1, 2. 
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Conversely, let 6 : (Case x (G, Z?) = GCs) is relatively neutrosophic i-continuous for 
each i=1, 2. If e is the identity element of X, then 7,%(e) > 7,4(g), Z¥(e) > Z¥(g) and FY (e) < 
F¥ (g) for all g € X. By the Proposition 3.34 [11], the function ¢ : (G,I7) > (G, 7) x (G, TY) 
defined by ¢(h) = (e,h) is relatively neutrosophic i-continuous for each i=1, 2. Thus the 
function a= Bod: (G, To) +> (G, To) is relatively neutrosophic i-continuous for each i=1, 2. 
The function p : (G, =) x (G, 55 > (G, 55) x (G, sap is relatively neutrosophic i-continuous 
for each 1=1, 2 by the corollary to Proposition 3.28 [11]. Thus ~ = Gop: (G, a) x (G, a) — 
(G, To) is relatively neutrosophic i-continuous for each i=1, 2. Therefore G is a NBTG in X. 


7.8. Proposition: 


Let ¢: X — Y be a group homomorphism and %1,%2 and U,,U2 be the neutrosophic 
topologies on X and Y respectively, where {; is the inverse image of Uj; under ¢ and let G be 
a NBTG in Y. Then the inverse image ¢~!(G) of G isa NBTG in X. 

Proof: Consider the function a : X x X — X defined by a(gi,g2) = gigz” for any 
g1,g2 © X. We have to prove that the function a : (2-19),  ) x (o-(9), = — 


(og), =) is relatively neutrosophic 7-continuous for each i=1, 2. Since Y; is the in- 
verse image of U; under ¢, @: (X,%;) > (X,U;) is the neutrosophic 7-continuous for each 
i=1, 2. Also, 6(¢-1(G)) C G. By Proposition 3.9 [11], ¢: (og), af) + (9,u?) is 
(9) 


=i 
relatively neutrosophic 7z-continuous for each 7=1, 2. Let U = xP . Then there exist a 


V =U such that ¢-1(V) =U. Let (91,92) € X x X. Then 


To '"(gn, 92) = a7" (TY ) (gn. 92) = Te (algn.92)) = TH (g1,99"), for each i = 1,2. 


= qo (91,93) = bevy (9192) = 7 (o(91,957)) 


= 7," (6(91), 0(93')) = TY (4(a), (6(92))*) 
( 


Thus T° (g1,92) = KY (4(91), (#(92))*) 


Similarly we have T2 (Dg, go) = fn (o(n1), (#(92))*) and Fe gi go) = 
i (o(n1), (4(92))*) for each 1=1,2. By the hypothesis, the function 6 : (G, Tt?) x (G, 5?) — 
(G, To) given by B(h1,h2) = hihs ' for any hi, ho € Y is relatively neutrosophic i-continuous 
for each 1=1, 2. By corollary to the Proposition 3.28 [11] the product function ¢ x @ : 
(og), af) x (og), 27) + (G,Z¥%) is the neutrosophic i-continuous for each 
i=1, 2. Now, let (91,92) € X x X. Then 


TY (6(91), (6(92))") = TP (6(a1), (G2) = Fg, 90), 
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= 


ZY (6(m); (6(g2))') =P (a1), 62) = T°" (gu, 90) 
and FY (6(91); (6(2)) |) = FP (0(g1), 6(92)) = FO" gr, ge) 
for each i = 1,2. 
Thus a71(0) 9 (671) x 6-1G)) = (6x 6) (BAY) 1 (671) x 619) 
= [B0(¢x dV) (61) x 61). 
So aU) A (og) x o-(g)) e oO x PO ie, a : (og), af) x 
(9G), 5°) + (1G), 57) is a relatively neutrosophic i-continuous for each 
’ 


i=1,2. By Result 3.9 [10], 
o-1(G) is NBTG in X. 


~1(G) is neutrosophic group in X. Hence by Proposition [7.7], 


7.9. Proposition: 


Let @: X — Y bea group homomorphism. Let %1,%_ and Uy,,U2 be the neutrosophic 
topologies on X and Y respectively, where U/; is the image under @ and of &; , for each i=1, 2; 
and let G be a NBTG in X. If G is the neutrosophic invariant, then the image @(G) of G is a 
NBTG in Y. 

Proof: Consider the function 8: Y + Y defined by 8(h1,h2) = hihz' for any hy, h2 € Y. 
We have to prove that the function ( : (o(9), ur ) x (o(9), ue ) > (o(9), ur) is a 
relatively neutrosophic 7-continuous for each 2=1, 2. Suppose G is a neutrosophic invariant. 
By the Definition 3.2, ¢(G) is a neutrosophic group in Y. Let U € f;. Also U c ¢7 (o(U)). 
Then there exist a family {U)}ye, C %; such that ¢-'(d(U)) = U Ua. So d-'(@(U)) € &. 
Since U; is the image of {; under ¢, o(U) € Uj, for each i=1, 2. So é is neutrosophic 7-open. 
Now, let U € Te Then there exist aU = Ui; MG. Since G is neutrosophic invariant, by 
Proposition 3.12 [10], 6(U) = (U1) N d(G). Since @ is neutrosophic i-open, @(U,) = &%, 
for each i=1,2. Then @(U) € ue), for each i=1,2. Thus ¢ : (G,5%) > (o(9), ue) is 
relatively neutrosophic i-open for each 7=1,2. By Proposition 3.31 [11], the product function 
(ox 6): (G, 3%) x (G, 5%) > (o(9), ue) is relative neutrosophic 7-open for each i=1,2. 

Let V € ur) and let (91,92) € X x X. Then 


TPO”) gy gn) = [Bo (6x #)]~ (7") (91, 92), for each i = 1,2. 
= Ti [8 0 (6 x 4)] (1,92) = TY (4m), 6(92)) 
= T" (0(91), (692) !)) = TY (a), (9 ")) [Since @ is homomorphism] 
= Ti (#(9195')) = Ti" 6(alg, 92) = TY (¢0 a(g1,92)) 
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— (d O a)~* (7° (au. 92)) — Fea) (91, g2), 


where a : X x X + X is the mapping given by a(g1,92) = gigy” for each (91,92) € 
Xx X. Thus TXAM) _ lgoay (V(x 9) 1B) zo eV) 


zioxd) 1B) = zoe WV) and Zloxd) 1B (V)) = Zoe N(V)) So (¢ 5 o)[8-l(V)] _ 


1 1 1 1 


= Similarly 
a~(d—1(V)). Since G is NBTG in X, a: (G, To) x (G, so > (G, To) is relatively neutrosophic 
i-continuous for each i=1, 2. Since U/; is the image of {; under ¢, ¢: (G, o > (G, S. ooh) 
is relatively neutrosophic i-continuous for each i=1, 2. Then (@ x ¢) : (G — x (G, ZY) — 
(09), uP ae x (o(9),U? =) is relatively neutrosophic 2-continuous for each 7=1, 2. ‘Thus 
(px d)oB : (G,Z%) x (GTZ) (o(9), ur ) is relatively neutrosophic i-continuous for 
each i=1, 2. Since G is neutrosophic invariant, (¢ x ¢)~'[B-'(V) N (d(G) x A(G))| = 
(b x @)* [B-"(V) | NG x G). 

So (6 x ¢) *|B-1(V) N (d(G) x A(G))| € 7 x 5S Since (¢ x ¢) is relatively neutrosophic 
i-open for each i=1, 2; (¢ x d)(¢ x ¢)*|B-1(V) N (4(G) x O(G))] € ug) x ur) for each 
i=1, 2. But (¢ x 9)( x )1[B-(V) n (6G) x 4(G))] = BV) M (6G) x 4). 80 
B-'(V) N (d(G) x &(G)) € ur) x ur) for each i=1, 2. Hence $(G) is a NBTG in Y. 


7.10. Proposition: 


Let X be a group and let G be a NBTG in X with 1, {2 two neutrosophic topologies. N a 
normal subgroup of X and let f be the canonical homomorphism of X onto the quetient group 
X/N. If G is constant on N, then G is f invariant. 

Proof: Suppose f(71) = f(x2) for any 71,%2 € N. Then 21;N = x2N. Thus there exist 
k1,k2 € N such that 21k, = rgk2. Since G is a constant on N, T, (a) = T,“(e), T? (x) = T? (e) 
and FY (a) = F¥(e) for each i=1, 2 and  € X. Then 


To (a1) = To (wakeky') > TY (x2) A TY (koky*) 
= T (#2) A TY (e)(koky' €.N) 
= T (x2) 
i.e., 7,7 (a1) > 7,2 (a2). 


Similarly, we get 7,%(x2) > 7/(a1). Thus 7,%(21) = 7;%(x2). Similarly we can show that 
TY (a1) = I (x2) and FY (x1) = FY (a2). Hence G is f invariant. 
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8. 


Conclusion: 


The main characteristic of NS is that NS can deal with imprecises as well as inconsistent 


information which is very helpful to handle the various real-life application. By observing 


this we have studied NBTG on the basis of NS, so that we can deal with various problem of 


topological group with respect to NS. In this study we have introduced some new definition of 


NBTG. We investigated some properties and proved some propositions on NBT'G. We hope 


our work will help in further study of generalised NBTG and also for study of neutrosophic 


almost topological group and neutrosophic almost bitopological group. 
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Abstract: The article processes the conceptualizations of neutrosophic crisp a-open and neutrosophic crisp 
semi-c-open sets to define some new types of weakly ’“neutrosophic crisp continuity” essentially, neutrosophic 
crisp a*-continuous, neutrosophic crisp a**-continuous, neutrosophic crisp semi-a-continuous, neutrosophic 
crisp semi-a*-continuous and neutrosophic crisp semi-a**-continuous functions. Also, we shall explain the 
relationships between these types of weakly neutrosophic crisp continuity and the concepts of neutrosophic 
crisp continuity. 

Keywords: Neutrosophic crisp oa*-continuous, neutrosophic crisp a**-continuous, neutrosophic crisp 
semi-co-continuous, neutrosophic crisp semi-a*-continuous, and neutrosophic crisp semi-a**-continuous 


functions. 


1. Introduction 


In 2014, Salama et al. [1] performed the abstraction of neutrosophic crisp topological space 
(concisely, NCTS). Al-Hamido et al. [2] submitted the intellect of neutrosophic crisp semi-a-closed 
sets in NCTSs. Abdel-Basset et al. [3-8] gave a novel neutrosophic approach. Maheswari et al. [9] 
presented gb-closed sets and gb-continuity in aspects of the neutrosophic theory. Banupriya et al. 
[10] investigated the notion of ags continuity and ags irresolute maps in the sense of neutrosophic 
view. In [11], Dhavaseelan et al. exhibited the theme of neutrosophic a™-continuity. Al-Hamido et 
al. [15] introduced neutrosophic crisp topology via N-topology. Imran et al. [16] introduced and 
studied the thought of neutrosophic generalized alpha generalized continuity. Hanif PAGE et al. 
[17] presented neutrosophic generalized homeomorphism. This paper aspires to lay on new types of 
weakly neutrosophic crisp continuity, for instance, neutrosophic crisp a*-continuous, neutrosophic 
crisp a**-continuous, neutrosophic crisp semi-a-continuous, neutrosophic crisp semi-a*-continuous 
and neutrosophic crisp semi-a**-continuous functions. Likewise, we shall explain the relationships 
between these types of weakly neutrosophic crisp continuity and the concepts of neutrosophic crisp 
continuity. 


2. Preliminaries 


For the whole of the disquisition, (X,/;), (Y,/>), and (Z,I3) (merely X,Y, and Z) habitually 
intend NCTSs. Let C be a neutrosophic crisp set (shortly, NCS) in NCTS (X,[,) and denote its 
complement by C°. Indicate the neutrosophic crisp open set as NC-OS, and the neutrosophic crisp 
closed set (its complement) as NC-CS in NCTS (X,I,). Additionally, we refer to the neutrosophic 
crisp closure and neutrosophic crisp interior of C via NCcl(C) and NCint(C), correspondingly. 
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Definition 2.1 [1]: Assume that nonempty particular understudy space X has mutually disjoint 
subsets C,,C, and C3. A NCS C with form C = (C,,C2,€3) is called an object. 


Definition 2.2: For any NCS C in NCTS (X,I;), we have 

(i) if C S NCint(NCcl(NCint(C))), then it is called a neutrosophic crisp a-open set and symbolize by 
NCa-OS. Furthermore, its complement is named neutrosophic crisp a-closed set and signified by 
NCa-CS. Likewise, we reveal the collection consisting of all NCa-OSs in X with NCaO(X). [12] 

(ii) if C © NCcl(NCint(NCcl(NCint(C)))), then it is said to be a neutrosophic crisp semi-ca-open set 
and indicated via NCS a-OS. Moreover, its complement is known as a neutrosophic crisp 
semi-a-closed set and referred with NCSa-CS. Besides, we mentioned the collection of all NCSa-OSs 
in X through NCSaO(X). [2] 


Proposition 2.3 [12]: For any NCS C in NCTS (X,/;), then C € NCaO(X) iff we have at least a NC-OS 
D satisfying D © C © NCint(NCcl(D)). 


Proposition 2.4 [14]: Every NC-OS is a NCa-OS, but the opposite is not valid in general. 


Proposition 2.5 [2]: Ina NCTS (X,I,), the next assertions stand, but not vice versa: 
(i) All NC-OSs are NCSa-OSs. 
(ii) All NCa-OSs are NCSa-OSs. 


Definition 2.6 [1]: Let 7: (X,[,) — (Y,I) bea function, we called it a neutrosophic crisp continuous 
and denoted by NC-continuous iff for all NC-OSs D from Y, then its inverse image n~'(D) is a 
NC-OS from X. 


Theorem 27, [1]: A function 7:(X,G,) > (Y,5) is NC -continuous iff 
n~\(NCint(D)) © NCint(n7!(D)) for every D CY. 


Definition 2.8 [1]: Let 7: (X, ,) — (Y,/,) be a function, we named it a neutrosophic crisp open and 
indicated via NC-open iff for all NC-OSs C from X, then its image 7(C) is a NC-OS from Y. 


Definition 2.9 [13]: Let 7:(X%,[,) — (Y,f,) be a function, we said it a neutrosophic crisp 
a-continuous and referred through NCa-continuous iff for all NC-OSs D from Y, then its inverse 
image 7n~'(D) isa NCa-OS from X. 


Proposition 2.10 [14]: Every NC-continuous function is a NCa-continuous, but the opposite is not 


valid in general. 


3. Weakly Neutrosophic Crisp Continuity Functions 


Definition 3.1: Let 7: (X,[,) — (Y,I) bea function, we call it as 
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(i) aneutrosophic crisp a*-continuous and denoted by NCa*-continuous iff for all NCa-OSs D from 
Y, then its inverse image n~'(D) isa NCa-OS from X. 
(ii) a neutrosophic crisp a**-continuous and indicated via NCa**-continuous iff for all NCa-OS D 


from Y, then its inverse image n~'(D) isa NC-OS from X. 


Definition 3.2: Let 7: (X, ,) — (Y,/5) bea function, we named it as 

(i) a neutrosophic crisp semi-o-continuous and referred through NCSa-continuous iff for all 
NC-OSs D from Y, then its inverse image n~'(D) isa NCSa-OS from X. 

(ii) a neutrosophic crisp semi-a*-continuous and symbolize by NCS«a*-continuous iff for all 
NCSa-OSs D from Y, then its inverse image n~'(D) isa NCSa-OS from X. 

(iii) a neutrosophic crisp semi-a**-continuous and signified via NCSa**-continuous iff for all 
NCSa-OSs D from Y, then its inverse image n~'(D) isa NC-OS from X. 


Theorem 3.3: Let 7: CX, I,) — (Y,I,) bea function, then the next declarations are same: 

(i) 7 isa NCSa-continuous. 

(ii) its inverse image of each NC-CS from Y is NCSa-CS from X. 

(iii) N(NCint(NCcl(NCint(NCcl(C))))) S NCcl(n(C)), for each C € X. 

(iv) NCint(NCcl(NCint(NCcl(n“'(D))))) S n71(NCcl(D)), for each D € Y. 

Proof: 

[(i) = (ii)] Suppose D is a NC-CS from Y. This implies that D° stands a NC-OS. Hence n7'(D‘) 
is a NCSa-OS from X. In other words, (n7'(D))° stands a NCSa-OS from X. Thus n71(D) is a 
NCSa-CS in X. 

[(ii) = Gii)] Let C €X, then NCcl(j(C)) stays a NC-CS from Y. Hence n7'(NCcl(n(C))) is 
NCSa-CS in X. Thus we have n7!(NCcl(n(C))) 2 NCint(NCcl(NCint(NCcl(n~!(NCcl(n(C))))))) 2 
NCint(NCcl(NCint(NCcl(C)))). 

Or NCcl(n(C))) 2 n(NCint(NCcl(NCint(NCcl(C))))). 

[Gii) = (iv)] Since D € Y,n~'(D) € X.So, we have by our hypothesis the corresponding notation 
NCint(NCcl(NCint(NCcl(n“!(D))))) S NCcl(n(n“!(D))) S NCcl(D), and that leads us to this fact 
NCint(NCcl(NCint(NCcl(n“!(D))))) & n-1(NCcl(D)). 

[(iv) = (@)] Let D be a NC -OS of Y. Let C=D° and D=n'(C) by (iii) we have 
NCint(NCcl(NCint(NCcl(n1(C))))) S NCcl(C) = C. 

That is NCint(NCcl(NCint(NCcl(n-1(D‘))))) © yn 1(D°). Or NCint(NCcl(NCint(NCcl(n !(D))))) 2 
n 1(D). Hence n~1(D) isa NCSa-OS in X and thus 7 be there a NCSa-continuous. 


Proposition 3.4: 

(i) all NC-continuous functions are NCSa-continuous, but the opposite is not valid in general. 

(ii) all NCa-continuous functions are NCSa-continuous, but the opposite is not exact in general. 
Proof: 

(i) Suppose 7: (X,[,) — (Y,f,) is a NC-continuous function, and D be a NC-OS from Y. Next 
n'(D) remains a NC-OS from X. Since any NC-OS is a NCSa-OS, n~'(D) stays a NCSa-OS from 


X. Thus 7 exists a NCSa-continuous function. 
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(ii) Let n: (X,) — (Y,1,) bea NCa-continuous function and D bea NC-OS from Y. Subsequently 
n\(D) happens a NCa-OS from X. Since any NCa-OS is NCSa-OS, n~'(D) stays a NCSa-OS from 


X. Thus 7 is a NCSa-continuous function. & 


Example 3.5: Suppose X = {p,q,r,s} and Y= {u,v,w}. Then I, ={y,Xy}VU {(({p},¢,)} and 
I, ={oby, Yv}U ({u}, 6, )} be neutrosophic crisp topologies (shortly, NCTs) on X and Y, 
correspondingly. Define the function 7:(X%,%)—-(WY,Ih) via n(({p}, ¢,6) = nC{q}¢,¢)) = 
({u},b,b), nr}, ¢,6)) = ({v}, 6,6), nCts} & 6) = ({w}h¢,¢). Then n is a NC a-continuous 
function but not NC-continuous since ({u},¢,@) is NC-OS but n-'(({u}, d, b)) = ({p,q},¢, d) 
which is not NC-OS in X. Also, 7 is a NCSa-continuous function but not NC-continuous, since 
({u}, 6, b) is NC-OS in Y but n7!(({u}, d, 6)) = ({p, 9}, ¢, h) isnot NC-OS from X. 


Example 3.6: Suppose X = {p,q,r}. Then T = ($y, Xy}U {tp}, & O), (tah, bo) ({p, G3, b, b)} be a 
NCT on X. 

Define the function 7: (XT) > (XT) by n(({ph 6,6) = ph, & b)nCtah 6.6) = nr}, 6, 6) = 
({q},,0). It is easily seen that 7 is a NCSa-continuous function but not NCa-continuous, since 
({q},¢,@) is NC-OS in X but n-!(({q}, 6, 6) = ({q,r}, 6, b) isnot NCa-OS in X. 


Remark 3.7: The concepts of NC-continuity and NCa*-continuity are independent, for examples. 


Example 3.8: Suppose X = {p,q,r,s} and Y = {u,v,w}. Then 

DT, ={hy, Xu} U {fp}, o, b), (fa. r} , o), {p,¢,7},6,6)} and E, ={by, Vy} U {({u}, ¢, 6)} be NCTs on 
X and Y, correspondingly. Define the function 7: (X,[) — (Y,I;)via n(({p}, ¢, 6)) = (uh, @, >), 
n{qs, o,o)) = {v3}, 6,6), nr}, 6,6) = nts}, 6, 6)) = (wh, ¢,6). Then 7 is a NC-continuous 
function but not NCa*-continuous, since ({u,v},¢,¢) is NCa-OS in Y but n7*({u,v}, ¢,¢)) = 
({p,q}, 0, ®) isnot NCa-OS in X. 


Example 3.9: Assume X= {p,q,r,s} and Y= {u,v,w}. Then [, ={y,Xy}U {({p}, ¢,¢)} and 
I, ={oby, Yv}U ({u}, 6, 6)} be NCTs on X and Y, correspondingly. Define the function 7: (X,l,) > 
(Y,1,) via ntph 6,6) =ntas, 6,6) = {updo nlitrh¢, 6) = vt, o, 6),nUtsh 6b) = 
({w},@,@). Then yn is a NCa*-continuous function but not NC-continuous, since ({u},¢,@) is 
NC-OS in Y, but 77! (({u}, 6, 6)) = ({p, gq}, ¢, b) is not NC-OS in X. 


Theorem 3.10: 

(i) If a function 7:(X%,[,) — (Y,f,) is NC -open, NC -continuous, and bijective, then 7 is a 
NCa*-continuous. 

(ii) A function 7:(X,l,) — (Y,l) is NCa*-continuous iff n:(X,NCaO(X)) — (Y,NCaO(¥)) is a 
NC-continuous. 

Proof: 

(i) Let D € NCaO(Y), to prove that n~!(D) € NCaO(X), i.e, n7(D) S NCint(NCcl(NCint(n~'(D)))). 
Let ren t()=>n(r)ED . Hence n(r) € NCint(NCcl(NCint(D))) (since D€ENCaO(Y) ). 
Therefore, at least NC-OS H from Y where n(r) € H © NCcl(NCint(D)). Then ré€n41(H) Cc 


Qays Hatem Imran, Riad K. Al-Hamido and Ali Hussein Mahmood, On New Types of Weakly Neutrosophic Crisp 
Continuity 


Neutrosophic Sets and Systems, Vol. 38, 2020 183 


n i(NCclI(NCint(D))) , but n~t(NCcl(NCint(D))) S NCcl(n“!(NCint(D))) (since n+ is a 
NC -continuous, which is equivalent to 7 is a NC-open and bijective). Then r €n7'(H) & 
NCcl(n~1(NCint(D))). Hence r € n71(#H) © NCcl(n7!(NCint(D))) © NCcl(NCint(n“1(D))) (since 7 
is a NC-continuous). Hence r € n7!(H) & NCcl(NCint(n“!(D))), but n7~'(H) remains a NC-OS 
from X (because 7 be present a NC-continuous). Therefore, r € NCint(NCcl(NCint(n'(D)))). 
Hence n~1(D) © NCint(NCcl(NCint(n '(D)))) = n-!(D) € NCaO(X) | 7 isa NCa*-continuous. 
(ii) The proof of (ii) is easily. 


Theorem 3.11: A function 7: (X,,) — (Y,f,) is a NCS a*-continuous iff 7: (X,N CSa0(X)) — 
(Y,N CSa0(¥)) is a NC-continuous. 
Proof: Obvious. @ 


Remark 3.12: The concepts of NC-continuity and NCSa*-continuity are independent, for examples. 


Example 3.13: Suppose X = {p,q,r,s} and Y = {u,v,w}. 

Then [, ={hy, Xv} U U{P}, G6), a7h 6,6), tr, 73,6,p)} and I, ={hy, Yy}U t{uy,6,6)} be 
NCTs on X and Y, correspondingly. Define the function 7: (X,[,) — (Y,I,) via nC {p}, ¢, o)) = 
(tus, bb) nth bb) = (tv, bd), nUtr}, & 6) = nts} d })) = (wh, d, d). It is easily seen that 7 
is a NC-continuous function but not NCSa*-continuous, since ({u, v},@,@) is NCSa-OS in Y but 
n* (({u, v}, $b) = ({p,q}, bb) isnot NCSa-OS in X. 


Example 3.14: Assume X = {p,q,r,s} and Y= {u,v,w}. Then I, ={@y,Xy}VU {({p},¢,6)} and 
I, ={oby, Yv}U ({u}, b, 6)} be NCTs on X and Y, correspondingly. 

Define the function 7:Q%)—-(,1) via n(({p},¢,¢)) = nC{ah, oo) = (tut, >), 
n(({r}, b, b)) = ({v}, 6, o), nC {s}, 6, 6) = {w}, ¢,¢). Then n isa NCSa*-continuous function but not 
NC-continuous, since ({u},¢,@) is NC-OS in Y, but 77! (({u}, d, d)) = ({p, gq}, d, @) is not NC-OS in 
X. 


Proposition 3.15: Every NCa*-continuous function is a NCa-continuous and NCSa-continuous; 
however, the reverse generally is not valid. 

Proof: Assume 7: (X,[,) — (Y,/;) isa NCa*-continuous function and let D be any NC-OS from Y. 
Then we have D as a NCa-OS from Y [from proposition 2.4]. Since 7 is a NCa*-continuous, then 
n 1(D) considers a NC a-OS from X. Thus, 7 stands a NC a-continuous. Also, 7 is a 


NCSa-continuous. @ 


Example 3.16: Let X = {p,q,r,s}. 

Then I= {hy, Xv} U {tp}, b, b), (hah, bo), (tp, a3, bb) (ip, 73,6, 6)} be a NCT on X. Define the 
function 9: (XT) — (XP) by nC{p},¢,6)) = Cp}, 6,6), nth 6 6) = nr, & b) = (tsb, b, p), 
n(({s},¢,6)) = ({r},¢,%). It is easily seen that n is a NC a-continuous function but not 
NCa*-continuous, since ({p,g,r},¢,@) is NCa-OS in X, but n-'(({p,¢,7r},¢,6)) = ({p, s},.¢,¢) is 
not NCa-OS in X. 
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Example 3.17: Let X = {p,q,r}. Then r'= {hy, Xy}U {({p}, &, b), (lah,  b), (tp, a3, 6, 6)} be a NCT on 
X. Define a function 7: (XT) > (%T) by n({ph ¢ &)) = (ph, db) nCtah bo) = nXtr3, , o)) = 
({q},,). It is easily seen that 7 is a NCSa-continuous function but not NCa*-continuous, since 
({q},¢,) is NCa-OS inX , but n-'(C{q}, 6, 6)) = ({¢,r}, 6, ¢) isnot NCa-OS in X. 


Definition 3.18: A function 7: (X,[) — (Y,I5) is called M-function iff 77! (NCint(NCcl(D))) Cc 
NCint(NCcl(yn“*(D) )), for every NCa-OS D from Y. 


Theorem 3.19: If 7: (X,[,) — (¥,I,) is a NCa-continuous function and M-function, then 7 is a 
NCa*-continuous. 

Proof: Let C be any NCa-OS of Y, then we have at least a NC-OS D from Y where D&C G 
NCint(NCcl(D)). Since n is M-function, we have n-!(D) Gn 1(C) Gn 1 (NCint(NCcl(D)) ) 
NCint(NCcl(yn“'(D) )). By proposition 2.3, we have n7‘(C) is a NC a-OS. Hence, n is a 


NCa*-continuous. 


Remark 3.20: The concepts of NCa*-continuity and NCS«a*-continuity are independent as the 


following examples show. 


Example 3.21: Assume X = {p,q,r,s} and Y = {u,v, w}. 

Then Ty ={y, Xvi U CCDS, 6), (tgs, 6.6) (db Ot arb Os and 1, =thy, Yy3U 
{({u}, b, b), {v}, b, b), ({u, v}, 6, p)} be NCTs on X and Y, correspondingly. Define the function 
m& Gh) Wh) via nts, 6,6) = nUtsh 6 6) = tv} do), nUirs & 6) = ({wh,¢,¢) and 
n({q}, ¢, d)) = ({u},¢,). It is easily seen that n is a NCS a*-continuous function but not 
NC a*-continuous, since ({v},¢,¢) is NC a-OS in Y but n-'(({v}, ¢,¢)) = ({p,s},¢,) is not 
NCa-OS in X. 


Example 3.22: Suppose X = {p,q,T, S}. 

Then I= {hy,Xy3 VU tts, bb), (igh, b b), (tp, a3, bb) (ip, gr}, 6,0)} be a NCT on X. Define the 
function 7:(%T) > (TF) via n(({ph¢ 6) =nCtah 6,6) = taboo) nltr},¢,¢)) = 
({st, b, db), nfs}, d, d) = Ur}, ¢, ¢). It is easily seen that 7 is a NCa*-continuous function but not 
NCSa*-continuous, since ({p,r},¢,@) is NCSa-OS in X, but n7'(({p,r},¢,¢)) = ({s}, 6, ) is not 
NCSa-OS in X. 


Theorem 3.23: If a function 7: (X,[,) — (Y,[,) is NCa*-continuous, NC-open and bijective, then it 
is NCSa*-continuous. 

Proof: Let 7: (X,[,) — (Y,I;) be a NCa*-continuous, NC-open and bijective. Let D be a NCSa-OS 
in Y. Then we have at least a NCa-OS say P where P ©DCNCcI(P). Therefore n7!(P) & 
n\(D) Sn 1(NCcl(P)) S NCcl(n“1(P)) (since n is a NC-open), but n~'(P) € NCaO(X) (since n 
is a NC a*-continuous). Hence n71(P) Gn 1(D) SNCcl(n \(P)). Thus, n7'(D) € NCSaO(X) . 


Therefore, 7 is a NCSa*-continuous. 
Remark 3.24: Let ,:(X,,) — (Y,[5) and n2:(Y,[,) — (ZI) be two functions, then: 


Qays Hatem Imran, Riad K. Al-Hamido and Ali Hussein Mahmood, On New Types of Weakly Neutrosophic Crisp 
Continuity 


Neutrosophic Sets and Systems, Vol. 38, 2020 185 


(i) If yn, and n, are NC a-continuous, then 7, °7,:(X,4,) —(Z/3;) need not to be a 
NCa-continuous. 
(ii) If yn; and nn, are NCS a-continuous, then 7, °7n,:(X,4) — (ZI3) need not to be a 


NCSa-continuous. 


Theorem 3.25: Let 7,: (X,[,) — (Y,[,) and n,:(Y,f,) — (Z,I;) be two functions, then: 

(i) If n, is NC a-continuous and 7, is NC -continuous, then 7, °7,:(%,[,) -(ZIy) is a 
NCa-continuous. 

(ii) If n, is NC a*-continuous and yn, is NC a-continuous, then 7, °7,:(X,[,) -~ (ZI) is a 
NCa-continuous. 

(iii) If 7, and nz are NCa*-continuous, then 7, ° 7,:(X,I[,) — (ZI) isa NCa*-continuous. 

(iv) If 7, and ny are NCSa*-continuous, then 7, ° n,;:(X,T,) — (Z,1;) isa NCSa*-continuous. 

(v) If 7, and n, are NCa**-continuous, then 7, °7,;:(X,T,) — (ZI) isa NCa**-continuous. 

(vi) If 7, and ny are NCSa**-continuous, then n° n;: (X,,) — (Z,1;) isa NCSa**-continuous. 
(vii) If 7; is NC a**-continuous and 7, is NC a*-continuous, then 7, °7,:(X,,) — (Z/I3) is a 
NCa**-continuous. 

(viii) If 7, is NC a**-continuous and 7, is NCa-continuous, then 7, °7,:(X,[,) — (ZJ3) is a 
NC-continuous. 

(ix) If n, is NC a-continuous and n, is NC a**-continuous, then 7, °7,:(X,[,) — (Z,I3) is a 
NCa’*-continuous. 

(x) If n, is NC -continuous and 7, is NC a**-continuous, then 7, °7,:(X,[,) — (Z/3) is a 
NCa**-continuous. 

Proof: 

(i) Assume F considers a NC-OS from Z. Since yn, isa NC-continuous, n,~'(F) isa NCa-OS in Y. 
Since 7, is a NCa-continuous, n,~*(y27*(F)) = (72°) 1 (F) is a NCa-OS in X. Thus, n° 
n1:(X, 0) — (Z,1;) exists a NCa-continuous. 

(ii) Let F be a NC-OS in Z. Subsequently n, stands a NCa-continuous, and ,~'(F) stays a 
NCa-OS from Y. Since 7, is a NCa*-continuous, n,~'(n.~!(F)) = (no ° 7,1) 1(F) is a NCa-OS inX. 
Thus, 72° 7;:(X,0,) — (ZI) isa NCa-continuous. 

(iii) Let F be a NCa-OS in Z. Since n, is a NCa*-continuous, n,~'(F) is a NCa-OS in Y. Since n, 
is a NCa*-continuous, 7,~'(n2~"(F)) = (42 °m)"*(F) is a NCa-OS in X. Thus, n2 °7:(X,,) > 
(Z,T3) isa NCa*-continuous. 

(iv) Let F bea NCSa-OS in Z. Since n is a NCSa*-continuous, 7n,~'(F) isa NCSa-OS in Y. Since n, 
is a NCSa*-continuous, 7,~'()2~*(F)) = (2°) * (F) is a NCSa-OS in X. Thus, n2 ° 71: (X,,) > 
(Z,I;) isa NCSa*-continuous. 

(v) Let F be a NCa-OS in Z. Since n, is a NCa**-continuous, n,~'(F) is a NC-OS in Y. Since any 
NC-OS is a NCa-OS, n.~!(F) is a NCa-OS in Y. Since 7, is a NCa**-continuous, 7,~'(n.~1(F)) = 
(n2°”,) ‘(F) isa NC-OS in X. Thus, n° 7,:(X%,f,) — (Z,I3) is a NCa**-continuous. The proof is 


obvious for others. 


Remark 3.26: The next figure describes the relationship between various classes of weakly 


NC-continuous functions: 
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4. Conclusion 


186 


We shall use the concepts of NCa-OS and NCSa-CS to define several new types of weakly 


NC-continuity such as; NCa*-continuous, NCa**-continuous, NCSa-continuous, NCSa*-continuous 


and NCS a**-continuous functions. The neutrosophic crisp o-open and neutrosophic crisp 


semi-a-open sets can be used to derive some new types of weakly NC-open (NC-closed) functions. 
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Abstract: Neutrosophic soft set is a parametric set of uncertainty, whereas the neutrosophic soft 
point is an exceptional type of it which used highly to explore the separation axioms. In this study, 
the impression of neutrosophic soft topological space is stretched to anew topology which contains 
neutrosophic soft points as its elements and named as neutro-spot topological space. One more 
topology is defined on the complement of neutrosophic soft points which satisfies the condition of 
supra topological space and named as neutro-supra spot topological space. Also, defined the 
notion of interior and closure, and are approached in a different way, along with the concept of 
subspace topology of such topological spaces. Some related properties have been proved and 
disproved with counterexamples. Moreover, the approach to separation axioms in such spaces has 
been presented with descriptive examples. The current epidemic situation discussed as a real life 
application in decision making problem to detect the major impact of COVID-19 and recover them 
quickly. The affected people investigated by the doctors according to their symptoms and other 
medical issues. The process of solving specified in the algorithm and the estimation formula stated 
for calculation. The appropriate treatment is provided for affected people as per the estimated 
value. 


Keywords: Neutro-spot topological space; neutro-spot absolute interior; neutro-supra spot 
topological space; neutro-supra spot absolute closure; neutro-spot subspace topological space; 
neutro-supra spot subspace topological space; neutro-spot 7;_9 |. -spaces and neutro-supra spot 


T,-0,1,2, “Spaces; decision making problem on COVID-19. 


1. Introduction 


The values of three independent membership degrees such as truth, falsity, and indeterminacy, 
consigned to each element of a set which characterized to neutrosophic set (NS) as originated by 
(1998) Smarandache [16, 17], which is a simplification of a fuzzy set (FS) defined by (1965) Zadeh 
[36], and intuitionistic fuzzy set (IFS) created by (1986) Atanassov [34]. It turns out to be a valuable 
mathematical utensil to examine formless, faulty, unclear data. In recent years many researchers 
have further expanded and developed the theory and application of NSs [1, 10, 12-15]. Also, (2017) 
Smarandache [18] originated a new trend set called plithogenic set (PS) and others developed [4, 8, 
11]. 
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A soft set (SS) is a study of parameterization of vagueness introduced by (1999) Molodtsov [32]. 
Later (2013) Maji [30] pooled two-hybrid sets NS and SS, and urbanized its construction as 
neutrosophic soft sets (NSSs). This type of set is extended by different researchers [2, 7, 9] and its 
application in decision making (DM) problems [3]. Topology plays a vital role among all these types 
of sets such as fuzzy topology (FT), soft topology (ST), fuzzy soft topology (FST), neutrosophic 
topology (NT) [31], etc. Likewise, (2017) Bera & Mahapatra [26, 6] created the conception of 
neutrosophic soft topological spaces (NSTSs) and others [19, 20, 24]. Neutrosophic soft point (NSP) is 
a special type of NSS, which gives rise to the concept of separation axioms on NSTS [23, 25], and 
their application to DM was considered in [21, 22, 28]. Mashhour et al. [35] (1983) diminished the 
conditions of general topology, termed as supra topological spaces (SpTSs). The real-life application 
of SpTS is applied and defined on various sets such as FS [33], SS [29, 27], NS [5], and so on. 

The major contribution of this work is to initiate a topology on NSPs, whose open sets defines 
the concept of the interior on it. The complement of NSP is defined and named as neutrosophic soft 
whole set. Such type of sets obeys the condition of supra topology, and so generated new types of 
supra topology, whose open sets defines the concept of closure on it. Some essential definitions and 
remarkable properties are studied with appropriate examples. On the other hand, the impact of 
separation axioms is examined in both the topologies with suitable examples. The recent 
wide-ranging problem extended as a major application to provide appropriate treatment for 
COVID-19 patients. Those people are under investigation as stated by its symptoms and other 
medical issues. Also, provided the solving procedure and formulae for calculation. The main aim of 
this DM problem to recover them speedily via proper treatment. 

This study is prearranged as follows. Some important definitions related to the study are 
presented in part 2. Part 3 introduces the definition of neutro-spot topology, its interior, its subspace 
topology with fundamental properties, and related examples. Part 4 introduces the definition of 
neutro-supra spot topology, its closure, its subspace topology with fundamental properties, and 
related examples. Part 5 extends this study to separation axioms on both the topologies with 
explanatory examples. Part 6 solves the DM problem to detect the impact of COVID-19. The 
algorithm and formulae are presented to find the final result and provided proper treatment for 
them. At last, concluded with few ideas for upcoming work in part 7. 


2. Preliminaries 


In this part, some essential definitions connected to this work are pointed. 


Definition 2.1 [26] Let V be an initial universe set, E be a set of parameters, and P, Q is any two NSSs 


over (V, E). Then a NSS P over V is a set defined by a set-valued function / (p) representing a 


mapping f (p): E— NS(V) where f ( P| is called the approximate function of the NSS P and 
NS(V) is a family of NS over V. 


— f(A) pj) 
P=f ( P}= le. <v,T f(© p))of s(@ p)v)F (© p)(v)) >VveE y}: eek : 
Definition 2.2 [24] A NSS P over (V, E) is said to be null NSS if 7 7(© p)(”) =( s(@ py) =); 
F'-(@ p)) =1, VeeE, VveV. It is denoted by ¢,. 
A NSS P over (V, E) is said to be absolute NSS if P'( p)) =|, F ,(@p\) =, F'-( p\) =0, VeeLE, 
VveV. It is denoted by1,. 


Clearly, (¢,)° =1, and(I,)° =¢,. 


Definition 2.3 [25] Let V be a universe and E be a set of parameters. Let K be a NSS over (V, E). Let e 
be an element of E and let 
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I) (E) NN (a,f,7), ife’ =e 
Ke)= 4 | K}eo={ean ee forall e'cE. 


Then K(e’) is called NSP over (V, E) and K = J)K(e’). That is, a NSS is the union of its NSPs. 


cE 


3. Neutro-Spot Topology 


This part defines the neutro-spot topology, neutro-spot absolute interior, and its subspace 
topology with some properties and examples. 


Definition 3.1 Let V be a universe and E be a set of parameters. Let NSP(V, E) be the family of all 
NSPs over V. Then +, < NSP(V,E)is said to be neutro-spot topology (NSPT) over (V, E) if it satisfies 
the following conditions 

(i) O,.1, €7,. 

(ii)the finite intersection of NSPs in +, belongs to 1,. 
The trio (V, z,, E) is said to be neutro-spot topological space (NSPTS) over (V, E). Elements in 1, 
are called neutro-spot open sets (NSPOSs). 


Example 3.2 A survey is taken based on the characteristics of houses owned by the people living in a 
slum area. Let V ={p,,p>,p3} be the set of sample people living in different areas in the slum and 


E = {e,,@,€3,e,} be the set of parameters of houses, where e,= neat, e, = beautiful, e,= compact, 
and e,=large. Let rt, ={¢,,1,,K,,K>,K;}. According to the survey, the results have proceeded in the 
form of NSPs K,,K,,K; over V as follows: 


F(©K,)={ p,5(0,0,1) >.< p24(0,0,1,< p3,(0,0,1) >} 
| (2K, )= p1.(0,0.) >< p2.(0,0,1),< p3.(0,0,1) >} 


K, = 
(KR, Jef {< p},(0,0,1) >,< po, (.3,.4,.2), < p3,(0,0,1) >} 
£(K,)={< p,,(0,0,1) >< p2.(0,0,1),< p3,(0,0,1) >} 
f(©PK,)= {< p;,(0,0,1) >,< py,(0,0,1),< p3,(0,0,1) >! 

. p(k, )= {< p,,(0,0,1) >.< p>,(0,0,1), < p3,(0,0,1) >} ~ 

2 7 e 

r(' DK, }e {< p15(.5,.2,.6) >.< p>,(0,0,1),< p3,(0,0,1) >} 
F (Ky }={< p1.(0,0,1) >< p2(0,0,1),< p3,(0,0,1) >} 
fe (OK, la {< p,,(0,0,1) >< py,(0,0,1),< p3,(0,0,1) >} 

K;= 


f(©K3)={ p1.(0,0,0) >< p2,(0,0,D,< py (1,-2.3) >} 


: sion < p,,(0,0,1) >,< py,(0,0,1),< p3,(0,0,1) >} 
(OK, )={ {< p;,(0,0,1) >< py,(0,0,1),< p3,(0,0,1) >} 


Here ¢{1K,=¢, %11K,=¢, %1K3=¢, LK =H, 1,1 K, =K, 111K, =K3, KK, =, 
KK; =¢,, K.(1K3 =4. 

Then K,,K, and K,; are NSPOSs. 

Thus (V, z,, E) isa NSPTS over (V, E). 


Proposition 3.3 Let (V, 7,,E) and (V, t,., E) be two NSPTSs over (V, E). Then (V, 7, 7,5, E) is also 
a NSPTS over (V, E). 
Proof. Let (V, 7,,, E) and (V, t,,, E) be two NSPTSs over (V, E). 
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(i)Obviously, ¢@,1, Et, 1%. 

(ii)Let K,, Ky €t,(t,.- 

Then K,,K,¢€t, and K,,K, €7,5. 

=> K,(\K,€t, and K,{)\K, €T,p. 

=> K,(1K, et, Mt. 

Thus (V, 7, (\t,., E) isa NSPTS over (V, E). 


Remark 3.4 Let (V, 7,,, E) and (V, 7,,, E) be two NSPTSs over (V, E). Then (V, 7, Uz,,, E) is not 
NSPTS over (V, E). 


Example 3.5 Let V ={g),2),23}, E={e,,€),€3,e,}. Let rt, ={¢,1,,K} and t,,=({¢,,1,,L} where the 
NSPs K and L over V are defined as 


p(x)= {< g1,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
7 f(©x)= < g,,(0,0,1) >< g>,(0,0,1),< g3,(0,0,1) >} 
7 p(©K)= < g1,(0,0,1) >< g5,(.75-6,.2),< 23,(0,0,1) >} 

p(K)= {< g1,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 


and 


¢(z)= K< g1,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
- (x)= {< g,,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
r| )- {< g1,(0,0,1) >.< 25, (.3,.9,.5),< £3,(0,0,1) >} 

(x)= {< g,,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
Then 1,,Uz,. ={¢,1,,K,L} is not an NSPTS over (V, E), since KN L€t, Ut. 
Thus (V, 7, Ut,., E) isnot NSPTS over (V, E). 


(¢3) 7 


Proposition 3.6 Let K and L be any two NSPs on NSPTS (V,7z,, E) over (V, E). Then 
(i) (KULF =K°NE. 
(ii) (KNLY =K°UL. 

Proof. Straight forward. 


Proposition 3.7 Let (V,7z,, E) be a NSPTS over (V, E) and 
t, ={K, :K, € NSP(V,E)} = fe p(x): Ke NSP(,E))} 


where f (x )- {». T(E (00 JM F (co J) vEeV,ecE ? 
Define 

= E(onMI|__f 

ti [7 p(© iO and 


03> Fon ML., 
Then 7,,,7,.; and 1,3; are FSTs on (V, E). 
Proof. Let (V,7,, E) be a NSPTS over (V, E). 
(i) Since @,1, €7,, 
=> 0,let,,0,1€7,,,10 €7,3. 
(ii)Let K,,K,et,.Then K,{)K,€r7, . 
That is, 
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aay oe j(min Pi T (org, (VD|_, min i ono lio, F fag) Fon JL. .)} = 
Thus 
ponin [P( iis JO, feta 
min IZ p(© x )\V)-L, I ( 1K MI. ie T,. and 
min iF 1k, \V); if OK, wk Je ee 


(iii)Let K;et,, where ieI .Then UK; er, . 


That is, = 
i - {mes Py(on,)?|, fox hom F(x, ml, M =e 
Thus 


mmax|7 f(© KOI. a [ ET, 
imax|/ p(x,) K J : ET, and 


yrax|P (0, K,) ( yyfe Jo S738 


Hence 7,,,7,. and t,,; are FSTs on (V, E). 
Remark 3.8 The following example illustrates that the converse of Proposition 3.7 is not true. 


K, over V are defined as 


¢(k,)= {< g1,(0,0,1) >.< g,(0,0,1),< g3,(0,0,1) >} 
f(x, )- {< g1,(0,0,1) >.< g5,(0,0,1),< 3,(0,0,1) >} 
(©, = {< g,,(0,0,1) >.< g5,(.7,.6,.2),< 23,(0,0,1) >} 


K, = je 
f(K,)= 1.(0,0,1) >< 22,(0,0,D,< 23,(0,0,1) >} 


and 


F( Kz) = fe 24.(0,0,D >< g2,(0,0,1,< 234(0,0,1) >} 
ge aM Ka)= fe 81.0.0. >< 82, (0.0.D-< 30.0.1 >} 
t(©K,)= {< g1,(0,0,1) >.< g5,(.3,-9,.5),< 23,(0,0,1) >} 
f(y) =f g1,(0,0,1 >< g9,(0,0,0,< 23,(0,0,1) >} 


Then 
T= Clog OT (oo JOT (ox, JOT on, OJ? 
712 = Loy MLZ po \MLp(ox, ML ox, JM, and 
13 = FF (0g \Y), P(e L \Y), P(x, \Y), F(x, ra) as 
are FSTs on (V, E), where 
= ie ,(0,0, 0), (1,1,1), (0,0, 0), (0,0,0)), (25, (0,0, 0), (1, 1, 1), (0, 0, 0), (0,0, 0)), 
(e3, (0,0, 0), (1,1, 1), (0.7, 0), (0,.3, 0)), (eq, (0, 0, 0), (1, 1, 1), (0, 0, 0), (0, 0, 0))t 
Thus t, = 1¢,.1,,K,,K>} is not NSPT over (V, E), since K,{)K> €7,. 


and so on. 


Proposition 3.10 Let (V,7,, E) be a NSPTS over (V, E) and 
t, ={K, :K; ¢ NSP(V,E)}= fe. (x): K, € NSP(V, E))} 
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where f( K}= tv, c (© x\™: I AG x) F 7 J) veV,eck } 
Define 
“a= Zon”, i 


io Von” _,J and 
C= Fon” .J as FSTs on (V, E). 
Then 7z,,Uz,, and t,,Uz,, are not FSTs on (V, E). 


Proposition 3.10 is illustrated by the following example. 


Example 3.11 Let V ={g,,25,93}, E={e,6,¢;,e,} . Let t, ={¢,,1,,K,,K>,K3} where the NSPs 
K,,K,,K, over V are defined as 


es“ 


< g1,(0,0,1) >< g>,(0,0,1),< g3,(0,0,1) >} 
< g,,(0,0,1) >< g5,(0,0,1),< g3,(.75-6,.2) >} 
< g1,(0,0,1) >.< g>,(0,0,1),< g3,(0,0,1) >} 
< g,,(0,0,1) >< g>,(0,0,1),< g3,(0,0,1) >} 


Ho) 
= Ng Cue = 
a f(©K,) 

f(k,)= 


II 
DNS eS 


OK, | 
eK, | 
)K,) 


(CK, 


{< g1,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
= {< g1,(0,0,1) >.< g9,(0,0,1),< g3,(8,.7,.5) >} 
= {x g1,(0,0,1) >.< g,(0,0,1),< g3,(0,0,1) >} 
{< 21,(0,0,1) >< g>,(0,0,1),< g3,(0,0,1) >} 


SK 


J 


| 
eel 
| 
| 


SO 


F(R) = £1,(0,0,1) >< g2,(0,0,1),< £34(0,0,1) >} 
teas f(©K,}= {< g;,(0,0,1) >.< g5,(0,0,1),< g3,(.7,.6,.5) >} 
ie 
F(R) = {< 21,(0,0,1) >.< g5,(0,0,1,< 25,(0,0,1) >} 


f(K,)= {< g1,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
Here @ (1K, =,, 9, (\K, =9,, 9 (1K; =, 1, (\K, =K,, |, (\K,=K,, l, (\K; =K;, K, (\K, = K3, 
Then K,,K, and K, are NSPOSs. 
Thus (V, 7,, E) isa NSPTS over (V, E). 
Then 
t= ey, (0,0, 0), (1,1,1), (0,0, 0), (0,0, 0), (0, 0,0)), (e,(0, 0, 0), (1,1,1), (0, 0,.7), (0, 0,.8), (0, 0,.7)), 
(e3,(0,0, 0), (1,1, 1), (0,0, 0), (0,0, 0), (0,0, 0)), (e4, (0, 0, 0), (1, 1, 1), (0,0, 0), (0, 0, 0), (0, 0, 0))t 


J 


and so on, are FSTs on (V, E). 
But, 7, Ut, andz,, Uz,; are not FSTs on (V, E). 


Proposition 3.12 Let (V,7,, E) be a NSPTS over (V, E). Then 
‘Ty = |r rl kV) :Ke r, |, 
i= 7 s(© kV) ‘Ke r, | and 
“Ds = VF(iox\”) : K € r, | 

foreach ec¢E, define FTs on (V, E). 
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Proof. Follows from Proposition 3.7. 
Remark 3.13 The following example illustrates that the converse of Proposition 3.12 is not true. 


Example 3.14 Consider Example 3.9. 
Then 


"Tie Tylorg \P 2 (or, \O 2 fl x \OF rl OI / 

i 12 = E p(evrg PZ fen, \Z ox, (WL (0x, Wj and 

"Ty3 = f(@ é, \O) (er, )Y f(@ x > fl x, )Y) 
are FT's on V, where 

“7,1 = {(0,0,0),(1,1,1),(0,0,0),(0,0,0)} and so on. 
Consequently, \@ Pig Ee? raf and . Ci oy r3| are fuzzy tritopologies on V. 
Thus tz, ={¢,1,,K;,K>} isnot NSPT over (V, E), since K,(K> €1,. 


Definition 3.15 Let (V,z,, E) be a NSPTS over (V, E) and Le NSP(V,E) be any NSP. Then the 
neutro-spot absolute interior of L is denoted by L, and defined as 

(i) L,={K:K €NSPOS&K CL} i.e., the union of all neutro-spot open subsets of L. 

(ii) 

ie = \7 a, ) F (1). ae {max , T (x, pMBX I (og, tin ; Fferge)) -K, €T, & f(°K; Je ws) 


r( p)to r(© L) 


Example 3.16 Let V ={g),g)}, E={@,€),e;}. Let t,={¢,,1,,K,,K>,K3} where the NSPs K,,K5,K, 


over V are defined as 
#(©K,)= ‘< £1,(0, 0, 1) A5< 2,(0, 0,1)} 
K, = AK, )= \< g1,(.9,.4,.2) >.< Zy,(0,0,I)} 
F(K, =f g1,(0,0,1) >.< g3,(0,0,)} 


va (HK, 
aad 
f 


)={ \< g1,(0,0,1) >.< gy,(0,0,1)} 
)={ {< g1,(0,0,.1) >.< g>,(0,0,1)} and 
DK, )={ {< g1,(0,0,1) >< g5,(.6.. 1, 8)} 


f\K3 J =f g),(0,0,1) >< g5,(0,0,1)} 
=< f\'K; )={< g,,(.4,.3,-5) >< Z75(0,0,))} 
7 DK, )={ {< g1,(0,0,1) >< gy,(0,0,1)} 


Here ¢,(1K,=¢, 611K, =¢, $11K3=¢, LK, =k, 1K) =Ky, 11K; =K3, K\MK, =¢, 
K\(\K3=K3, Kj 1K; =¢,. 

Then K,,K, and K, are NSPOSs. 

Thus (V,7,, E) isa NSPTS over (V, E). 

Let Le NSP(V,E) be any NSP defined as 


( 
( 
| 
( 
( 
| 


p(x) \< 2),(0,0,1) 5S >,(0,0,1)} 
L= (x)= K< g1,(.9,.5,.1) >< g5,(0,0,1)$ 
f(z)= fe g1,(0.0.1) >< g9,(0,0,1)} 
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Then ¢,K,,K3; cL. 
Thus £, =¢,UK,UK3=K,. 


Also, 
HOR] Oa AK) AOn) 
Hox, Aw] OR) slE) ae 
f(K LF (OK, )e r(©z). 

Then 


ch 
O° 


I, (az) f(z) F. p(s) \< g,,(0,0,1) >.< g>,(0,0,1) >}, 
lems Hoye Fe dems =4 fe 91,(.9,.4,.2) >< 25,(0,0,1) >} and 
( 


—_—_ 
erat 


~~ 


(7, (zoo p( ()z)> f(z 7 \< g,,(0, 0 ,1) aX g>,(0, 0 ,1) >} : 


Thus (F ,(0,)F, o,f ame 


Theorem 3.17 Let (V,z,, E) bea NSPTS over (V, E) and L,S ¢NSPV,E) be any two NSPs. 
Then, 
(i) L,cLand L, is the largest NSPOS. 
(ii) LCSS>L,cS.. 
(iii) L, isaNSPOSie., L, ¢ ae 
(iv) Lis a NSPOS iff 2, =L. 
(v) (2) =2. 
(vi) (§.),=4. and (i,) =4.. 
(vii) (ZENS), =£,NS.. 
(ix) Z.US, c(ZUS), 
Proof. Let (V,z,, E) be a NSPTS over (V, E) and L,SeNSPV,E) be any two NSPs. 
(i) Follows from Definition 3.15. 
(ii) Let LCS.Then L, cCLOSS>L,cSand S,cS. 
Since S. is the largest NSPOS contained in S, hence Ee Ss. 


(iii) Follows from Definition 3.15. 

(iv) Let L be a NSPOS. Then ZL, is the largest NSPOS which contained in L is equal to L. 
Hence L. = Oe 

Conversely, assume that L, = L. 

By (iii), L, €7,. 

Then L is a NSPOS. 

(v) Let L,=K.Then Ker, iff K,=K. 

Thus (7. ) és L.. 
(vi) Since ¢,,1, Ez, and by (iv), hence (4,, ) =¢, and Oa) =],. 

(vii) LI\SCL and L(\ScS. 

=> ZnS), cL, and (ZnS), cS 

= (ENS) cE.NS.. 

Also, L, cLand PCP. 

Then L.NS,cLNS. 

Since (Z () S ) CLf)S and it is the largest NSPOS, then ‘s C) S, eS (7 () S ) 
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Hence (ENS), =£,NS,. 

(vii) LCLUS and ScLUS. 
=f, c(£US), and § c(ZUS). 
= 7,US, c{EUS). 


Definition 3.18 Let (V,7z,, E) be a NSPTS over (V, E) where +, is a NSPT over (V, E) and 
Le NSP(V,E) be any NSP. Then the subspace topology on NSPTS is denoted by 1,’ and defined 
as T= ={LNK;: K,€ t, } and ¢,,1,<€7,. Thus (V, 7’, E) is a neutro-spot subspace topological space 
(NSPSTS) of (V,7z,, E), where t is also a NSPT over (V, E). 


Example 3.19 Let V ={g,,2,,23}, E={e,e}. Let zc, ={¢,1,,K;,K>,K3} where the NSPs K,,K,,K; 


over V are defined as 


—f(©K,)=K 91.(0,0, >< g2,(0,0,1),< g3,(0,0,1) >} 
= 
p(x,)= {< 21,(0,0,1) >.< g5,(.1,.4,-5),< 23,(0,0,1) >} 


f(K,)=f {< g1,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
“| lk, )={ {< g1,(0,0,1) >.< g5,(.4,.75-8),< £3,(0,0,1) >} 


- 7 flK, = {<x g;,(0,0,1) >.< g5,(0,0,1),< g3,(0,0,1) >} 
ae z 
r(' DK, )= {< g1,(0,0,1) >.< g5,(.1,.4,-8),< 23,(0,0,1) >} 
Here 4¢, (1K, =%, % (\K, =%, @, (\K; =, |, (1K, =k, |, (\.K, =K,, |, (\.K; =K;, K, (\K, = K;, 
Then K,,K, and K, are NSPOSs. 
Thus (V, z,, E) isa NSPTS over (V, E). 
Define L, ¢ NSP(V,E) as 


—f (©2,)= g1,0,0,1) >.< g9,(0,0,1,< 25,(0,0,1) >} 
f(x, )= {< 21,(0,0,1) >.< g5,(.7,.3,-6),< £3,(0,0,1) >} 


Thus we denote L,11@=¢@,/ LOL=L, 40K, =, 40K=L, 10k3=h. 
Then the NSPs L,,Z,,L, over V are defined as 


= p(z,)= {< g,,(0,0,1) >< g>,(0,0,1),< g3,(0,0,1) >} 
: f(@z,)= {< g,5(0,0,1) >.< 2, (.1,.3,-6),< 23,(0,0,1) >} 


f@z,)=4 {< 81,(0,0,1) >< g7,(0,0,1),< g3,(0,0,1) >} 
| £(@L5)= fe 214(0,0,1) >.< 29 464,.3,-8)< 23.(0,0,1) >} 


f(@L,)={ {< g1,(0,0,1) >.< g>,(0,0,1), < g3,(0,0,1) >} 
| 24) =f 2140.01 >< 2946.14-3,-8)< 235(0,0,1) >} 


Then 1, = ={4,1,L, L,,L,, Ty is a NSPST over (V, E). 
Thus (V, ie ,E)isa NSPSTS of (V, 7,, E). 
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4. Neutro-Supra Spot Topology 


This part defines the neutro-supra spot topology, neutro-supra spot absolute closure, and its 


subspace topology with some properties and examples. 


Definition 4.1 Let V be a universe and E be a set of parameters. Then the complement of NSP is said 
to be neutrosophic soft whole set (NSWS) over (V, E). 


Definition 4.2 Let V be a universe and E be a set of parameters. Let NSWS(V, E) be the family of all 
neutrosophic soft whole sets (NSWSs) over V. Then (z,)’ c NSWS(V,£) is said to be neutro-supra 
spot topology (NSSPT) on V if it satisfies the following conditions 

(i) 4.1, € (x,y. 

(ii)the arbitrary union of NSWSs in (z,)’ belongs to (z,)’. 
Then (z,)’ is said to be a neutro-supra spot topology (NSSPT) over (V, £), and the trio (V, (z,)’, E) is 
said to be a neutro-supra spot topological spaces (NSSPTSs) over (V, E). Elements in (z,)’ are called 
neutro-supra spot open sets (NSSPOSs). 


Example 4.3 Consider Example 3.2. Here (z,)'= tsps (Ky) (Ky)°s (Ka) f. 
Then NSWSs_ (K,)°,(K,)°,(K3)° over V are defined as 


F (©) }= fe p4.0.1,0) >.< pps(1s,0),< py,(1s1,0) >} 
ye a) MD) =f P1410) >< Paslls,0)< Pao (lL0)>} 

| cK Jaf {< p;,(1,1,0) >,< py, (.2,-6,.3),< p3,(1,1,0) >} 

#(©2(K)°) =e p1.(1,0) >.< py.(151,0),< py,(141,0) >} 


es“ 


othe a) is 
_ 7 (2)(K, \ 
(Kj) = («¢K,) :) 

(“(K,)")=k 


, 
Fa) 


< p,,(1,1,0) >,< py, (1,1,0), < p3,(1,1,0) >} 
< p,,(1,1,0) >,< py, (1,1,0),< p3,(1,1,0) >} 
< p,,(.6,-8,.5) >.< p>, (11,0), < p3,(1,1,0) >} 
< p,,(1,1,0) >,< py, (11,0), < p3,(1,1,0) >} 


es“ 


and 


II 


p(©K,)° Jaq {< p;,(1,1,0) >,< py, (1,1,0),< p3,(1,1,0) >! 
(K,)° = (OK, y J={ \< Pi (l, 1,0) >,< p>, (1,9), < p3, (1,1, 9) >} 
( Jat i. 1,0) >,< po, (1,1, 0), < ps, (.3,.8,-1) >} 


I? (K3)° 
TI (K3)° J={k py,(1,0) >< po,(1,1,0), < p3,(1,1,0) >} 


Here: UK)” =)» @ UGG) =)» BUGGY HG) > BUG) Hh 10G)" 1,5 
1, U(K3)° =1,, (K,)° U(Ky)° =1,, (Ky)° U(K3)° =1,,, (Kz) U(K3)° =I. 

Then (K,)°,(K,)° and (K,)*° are NSSPOSs. 

Thus (V, (z,)', E) isa NSSPTS over (V, E). 


Proposition 4.4 Let (V, (z,,)’, E) and (V, (z,)', E) be two NSSPTSs over (V, E). Then (V, 
(7,,)' 1\(t,2)', E) is also a NSSPTS over (V, E). 

Proof. Let (V, (z,,)', E) and (V, (7,7)', E) be two NSSPTSs over (V, E). 

(i)Obviously, ¢,1, € (74) Np)’. 
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(ii)Let {K, ¢ NSWS(V,E):i€lbe(t,)'N(z0)'- 
Then \K;} E(t)’ and \K,\e (T,>) . 
=> UK; € (th) and UK; €(7)'. 


iel iel 


=> UK; E(t) NG) . 


Thus (V, (7,,)' MN (q2)', E) isa NSSPTS over (V, E). 


Remark 4.5 Let (V, (z,,)', E) and (V, (z,)’, E) be two NSSPTSs over (V, E). Then (V, (z,,)’ (4), E) 
is not NSSPTS over (V, E). 


Example 4.6 Consider Example 3.5. Here (z7,)'=\6,1,,K tf and 1, = ie where the NSWSs 


K* and L° over V are defined as 


f(@K °) = {< 21,(1,1,0) >.< g5,(1,1,0),< g3,(1,1,0) >} 

: | @K?)= \< g1,(1,1,0) >.< gy,(1,1,0),< g3,(1,1,0) >} 
| (© 2K )= { B10) >< 29(.25-4s.7)< ¥35(b1,0) >} 

f(@K: )= {< g1,(1,1,0) >.< gy,(1,1,0),< g3,(1,1,0) >} 


f(z Jaf {< g1(1,1,0) >< g5,(1,1,0), < g3,(1,1,0) >} 
fl@x*)={ {< g1,(1,1,0) >,< g5,(1,1,0),< g3,(1,1,0) >} 
p(x )= K< 21,(0,0,1) >.< g5,(.5,.1,.3),< 23,(0,0,1) >} 
p(x°)= {< g1,(1,1,0) >,< g5,(1,1,0),< g3,(1,1,0) >} 


Le 


Then (z,)'U(q,2)' =16,1,,.K ayia is not an NSSPTS over (V, E), since K©ULS €(z,)'U(q)’- 
Thus (V, (z,,)'U(@,2)', E) isnot NSSPTS over (V, E). 


Proposition 4.7 Let K and L be any two NSWSs on NSSPTS (V, (z,)’, E) over (V, E). Then 
(i) (KUL) =K°NL. 
(ii) (KNLY =K°UL’. 

Proof. Straight forward. 


Proposition 4.8 Let (V, (z,)', E) be a NSSPTS over (V, E) and 
(r,) = {K, :K, ¢ NSWS(V,E)} = fe f(r): K,¢< NSWS(V.E))} 


where f( K}= {. T (o x). I AG x)), PF (o J) veV,eckE ? 
Define 


a = Vor, h 
(Tj) = U,( OK a) and 


(3) =Fyiox\L_ 
Then (7,,)',(¢,2)' and (z,3)’ are FSTs on (V, E). 
Proof. Let (V, (z,)', E) be a NSSPTS over (V, E). 
(i) Since @,1, €(z,)’, 

=> 0,1 € (z,,)',0,1 € (7,)',1,0 € (%3)’. 
(ii)Let {K, ¢ NSWS(V,E):ielbe(z,). 
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Then UK; €(z,)’ . 
iel 


That is, 


UK; = {(suAl (0 | suPll ig |i F arg wl \r eG): 


iel iel 


Thus 


BU rg |_| Ea)’ 


i 


BU («|_| , € a)’ and 


sup £(© oe ; [_ E (7,3) 


(iii) Let K,,K, €(t,)’. 
Then K,{\)K, €(z,)' - 
That is, 


K,[\K, = (min Pog T (og, (Doin Fon I iorg,(VD|_ 0x Fag) Flog, ) E(t). 
Thus 


prin IP, (0, \V IT (ox \M|_ Je Ea) 
ymin l Ox, JY 4 /(o MOVs: fe (t,.)' and 
prin [F 7(@x VF lox, OL. Je (rs). 
Hence (t,)',(7,.)' and (z,;)’ are FSTs on (V, E). 
Remark 4.9 The following example illustrates that the converse of Proposition 4.8 is not true. 


Example 4.10 Consider Example 3.9. Here (z,)’ = tslyo(Ky)°.(Ky)° | where the NSWSs (K,)° and 


(K,)° over V are defined as 


(CK) °) = {< g1,(1,1,0) >< gy, (1,1,0),< g3,(1,1,0) >} 
(KR) e) < g,,(1,1,0) >.< g>,(1,1,0),< g3,(1,1,0) >} 


(K,)° = a ; and 
r| 9(K,) )- K< 215(1,1,0) >< g55(.2,.4,.7),< 35(1,1,0) >} 
f((K,)°) = f< g1.(1,0) >< 294(141,0),< g3.(1,1,0) >} 

f (Ka) °) = {< gs(0e1.0) >< g94(151,0),< 5,(041,0) >} 
= f(© (Kp) °) = g1.(1,0) >.< gs(11,0).< g34(1s1,0) >} 
om 
(©(K,)°)= {< g15(1,1,0) >< g5,(.5,-1,.3),< 235(1,1,0) >} 
F(&)°) = fe g.(041,0) >< g9,(041,0),< g3,(11,0) >} 
Then 


(1) = (0 \Y), P(0,\V), F( (K,)°\): Toe, y\M |_| / 
(7,2) = LE png \Y), F (@,)M); FE (Kx, \): Lou”. of and 
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(73) = Fy \Y), (4, \Y), P(e (K,)°)) Fou) |_| are FST's on (V, £), 
where 


(t,)' = ile, ,(0,0,0), (11,1), (LD, 1,)),(e,(0,0,0), (LL), (LL, (.1,)), 


and so on. 
(e3,(0,0,0), (1,1,1), (1,-2.1), (,.5,1)), (e4,(0,0, 0), (L1,), (11), (LL, 1))} 


Thus (z,)' = tBrslys(Ky)°s(Ko)°f is not NSSPT over (V, E), since (K,)'(\(K,)' €(z,)’. 


Proposition 4.11 Let (V, (z,)', E) be a NSSPTS over (V, E) and 
(c,)' = {K, :K, « NSWS(V,E)}= fe f(®K):K, ¢ NSWSV,E))} 
Where 
f (Ox = {. T f(O x) I r(© |: PF (© oJ) veV,eck ? 
Define 


(T) = ConOL., 
(T,.) = i (e) Kk) a) as j and 
(3) = (OK tf are FSTs on (V, E). 


Then. (z,,)’ is and (t,,)'U(z,)' are not FSTs on (V, E). 


Proposition 4.11 is illustrated by the following example. 


Example 4.12 Consider Example 3.11. Here (z,)'= ijo,6(K;) “,(K,)°,(K3) cf where the NSWSs 
(K,)°,(K>)°,(K3)° over V are defined as 


f(K)°)= fe B10) >< g25(1,1,0),< g35(410) >} 
(OK, ‘a )= {< g1,(1,1,0) >.< g5,(1,1,0),< g3,(.2,.4,.7) >} 


(K,)° = 
#(©K,)°) =f 1.01.0) >< £5 (Lal, 0),< 244(141,0) >} 
#((K,) ©) = gys(,0) >< 9.(LL,0,< g3,(141,0) >} 

#(© (Ky) °) = 24,040) >< 9 (1s1,0),< 23,(11,0) >} 
ere f(©(K) | {< g1.(1,1,0) >.< g5,(1,1,0),< g3,(.5,.3,.8) >} = 
f(©&)°) =f g1401,0) >< 25,(1,1,0),< 234(141,0) >} 

f (Kp) ) = fe 2.(041.0) >< 294(11,0),< g34(11,0) >} 
#(©(K3)°) =f @1,01,0) >.< 23,(11,0),< 351,10) >} 

{K,)* = f (© (Ks) =f {< £1,(1,L0) >.< g,(1,L,0),< g3,(.5,.4,.7) >} 
f(©&) = {e 21501,0) >< £9 (11,0),< 23,(11,0) >} 


F (6K) )= fe 21,0,1,0) >< 295(11,0),< 254(1,1,0) >} 


Here 4, U(Ki)° =(Ky)°, $,U(K3)° =(Ka)°, & U(K3)° =(K3)%, 1, (Ki) =1,, 1, U(K3)° = 1, 
1, U(K3)° =L, (K,)° U(K3)° =(K3)°, (K,)° U(K3)° =(K3)°, (K,)° U(K3)° =(K3)°. 

Then (K,)°,(K,)° and (K,)*° are NSSPOSs. 

Thus (V, (z,)', E) isa NSSPTS over (V, E). 

Then 
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(r,,)' = (e,,(0, 0,0), (1,1,D, (1,0), (1,0, 1,1), (e2,(0,0,0), 11, (1,1,.2), (1-5), (1.1.5), 
(e;,(0,0,0), (1,11), (1.1, D, (1,1,), (1,1), (e4,(0,0,0), (L1.), (LD, (LD, (1,1,1)) 


J 


and so on, are FSTs on (V, E). 
But, (7,)'U(q%3)’ and (z,.)'U(z,;)’ arenot FSTs on (V, E). 


Proposition 4.13 Let (V, (z,)', E) be a NSSPTS over (V, E). Then 
CT) = \r fl k\V) ‘Ke (c,y'}, 
CT.) = 7 (© k\Y) -Ke (z,)'| and 


(13) =LFyfiog (VK ef 
foreach ec £, define FTs on (V, E). 
Proof. Follows from Proposition 4.8. 


Remark 4.14 The following example illustrates that the converse of Proposition 4.13 is not true. 


Example 4.15 Consider Example 4.10. 
Then 


(t,4)° = Fyforg VT {cr WT r(reae ye) P)-Fpleo xe} / 
(“Z5)" = E plorg JMIL 00, \W IZ fer aeye\ PZ fom aey JM} and 


Mt)" = F (arg (OF (01, \MF £(( Ky YF (( yO are FI's on V, 
where 
(“7,,)' = {(0,0,0),(1,1,1),(1,1,1),0,1,1)} and so on. 


Consequently, <~ Ty) (7 Bo) C7 Fs) o and a ti) lh Gs) a) | are fuzzy tritopologies on V. 


Thus (z,)' = .1,.(K,)°.(K>)°} is not NSSPT over (V, E), since (K,)' (Koy ¢ (z,)"- 


Definition 4.16 Let (V, (z,)', E) be a NSSPTS over (V, E) and Le NSWS(V,E) be any NSWS. Then 

the neutro- supra spot absolute closure of L is denoted by L_ and defined as 

(i) L_={K:K €NSSPOS&K CL} i.e., the intersection of all neutro-supra spot open subsets of L. 

(ii) 

[_= (iF p(o2)-4- por) Fpl eae {rnin Tog, min ; I (0, MAX; Fw a :K, €(t,)'& Ae K,)c wa) 
Example 4.17 Consider Example 3.16. Here (z,)'= oh.(Ky) “,(K,)°,(K3) ei where the NSWSs 
(K,)°,(K>)°,(K3)° over V are defined as 


£(©K,) = & 21.041,0) >< 29.(41,0)} 


(K,)° = f(K,)*)= {< 21,(.2,.6,.9) >< g5,(1L0)} ; 
HK) )=K 4,0) >< 25,010} 
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£(©(K)°)=  g1,(11,0) >< 295(b1,0)} 
(K3)° =4 (© (K)°)={« g1,0L0) >< g5,(L0)} and 
f(© (Ky) ©) = fg 4(151,0) >.< 224(.8).9,-6)} 


F(© (&3)°)= fe g1s(0s1,0) >< g2,(1,1,0)} 
(K3)° =}. f((K) = 215.74) >< g2,(11,0)} 
AK) )= K 21.11,0) >.< 27,(1,0)} 
Here ¢,U(K))° =(K)", @U(K2)" =(K2)°, UK)" =(K3)° , YUCK)" =1,, 1.0K) = 1, 
1, U(K3)" =1,, (Ky) U(Ky)" = 1, (K)° U(K3)" = (K3)°, (Kp) U(K3)° = 1,- 
Then (K,)°,(K,)° and (K;)° are NSSPOSs. 
Thus (V, (z,)’, E) isa NSSPTS over (V, E). 
Let Le NSWS(V,E) be any NSWS defined as 


#1) =f g,41,0) >< g25(1,0)} 
L= (x)= K< 215(.1.5,-9) >.< g>,(1,1,0)} 


F(L)= fe 21,(41,0) >< g2,(1,1,0)} 


Then 1,,(K,)°,(K3)° DL. 
Thus L_=1,U(K))° U(K3)° =(K))°: 
Also, 


APE) AOE) HOG) )aAOr), 
NOK) VA) LAK) )> Az) and 


1K) LAK) Ja 2). 
Then 


(7 r(' “p)> E. rept pleoz))= \< g,,(1,1,0) >< g,,(1,1,0) S}, 
F. plicg pF pln, F pleos))= \< g1,(.2,.6,.9) >< g>,(,1,0) >} and 


(7 r(' s)z)> ia re =z F pllo))= { g,,(1,1,0) >< g>,(,1,0) >} . 


Thus \F ,( ©) id - f(x) F on) _,SF (K,)° ; 


Theorem 4.18 Let (V, (z,)’, E) be a NSSPTS over (V, E) and L,S eNSWS(V,E) be any two NSWSs. 
Then, 
(i) LCL_and L_ is the smallest NSSPOS. 


(ii) LOSS>L_cS.. 
(iii) L_ isaNSSPOSie., L_e(z,)°. 
(iv) Lisa Pane iff L.=L. 


(v) (2) =z 
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(vi) (a_). = db, and (i_) = te 
(vii) (ZUS) =Z_US.. 
(x) (ENS) ENS. 
Proof. Let (V, (z,)’, E) bea NSSPTS over (V, E) and L,Se¢NSWS(V,E) be any two NSWSs. 
(i) Follows from Definition 4.16. 
(ii) Let LCS.Then LcL_ and PcS => LcSc 
Since L_ is the smallest NSSPOS containing L, hence 


(iii) Follows from Definition 4.16. 
(iv) Let Lbe a NSSPOS. Then L_ is the smallest NSSPOS which containing L is equal to L. 


Hence L_ —7 oe 


=LcS. 


S. 
Le S 


Conversely, assume that L_ =L. 
By (iii), L_ e(z,)°. 
Then L is a NSSPOS. 
(v) Let L.=K.Then K e(z,)° iff K_=K. 
Thus (7 ) = ae 
(vi) Since ¢,1, €(z,)° and by (iv), hence (a_). =¢ and (i_) =1,. 
(vii) LCLUS and ScLUS. 
= i <(ZUS) and § <(ZUS). 
> US_c (ZUS) . 
Also, LCL. and Scs. 
Then LUS CL. US.. 
Since LUSc (Z Us ) and it is the smallest NSSPOS, then (Z Us ) Cc L_US.. 
Hence (ZUS) =f US.. 
(vii) LI\SCL and L(\ScS. 
= (ENS). <L and (ZS). cs. 
=> (ENS). cL NS... 


Definition 4.19 Let (V, (z,)’, E) be a NSSPTS over (V, E) where (z,)’ is a NSSPT over (V, E) and 
Le NSWS(V,E) be any NSWS. Then the subspace topology on NSSPTS is denoted by (z;’)’ and 
defined as (cty ={LNK, K;, E(z,)'} and ¢,1,€(z,)'. Thus (V, (rc), E) is a neutro-supra spot 
subspace topological space (NSSPSTS) of (V, (z,)’, E), where (x;y is also a NSSPT over (V, E). 


Example 4.20 Consider Example 3.19. Here (z,)’ = tbol,.(Ky) “,(K,)°,(K3) er where the NSWSs 
(K,)°,(K>)°,(K3)° over V are defined as 


em piae! f< g1,(1,1,0) >.< g9,(1,1,0),< g3,(11,0) >} 
je 


f(©(K) :) {< g1,(1,1,0) >.< g9,(-5,.6,-1),< g3,(1,1,0) >} 


(K \< _ ee \< g,,(1,1,0) 2s g>,(1,1,0),< g3,(1,1,0) >} 
2 — 
AO 2) «| = \< g,,(1,1,0) Py< 2>,(.8,.3,.4), < g3,(1,1,0) >} 
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aie oe { 1, (11,0) >.< g9,(141,0),< 35(11,0) >} 
a) = 
p(©K3)°)= {< g1,(1,1,0) >.< g9,(.8,-6,-1),< 3,(1,1,0) >} 
Hers: UG) Sa). BUGGY EUG): BUG) Hays WU) =. LUG) ei, 
I, U(K3)° =L, (K,)° U(kK,)° =(K3)", (K,)° U(K3)° =(K3)°, (K,)° U(K3)° =(K3)°. 
Then (K,)°,(K>)° and (K;)° are NSSPOSs. 
Thus (V, (z,)’, E) is a NSSPTS over (V, E). 
Define L,e NSWS(V,E) as 


7 p(z,)= {< g1,(1,1,0) >.< gy,(1,1,0),< g3,(1,1,0) >} 
| , 
f(x, )= {< g1,(1,1,0) >.< g5,(-6,.7,.7).< 235(1,1,0) >} 
Thus we denote L,11¢,=¢@, LOL=L, LINK) =L, LMN(K)°=L, LN(K)° =. 
Then the NSWSs L,,/;,L, over V is defined as 


P ioe {< g1,(1,1,0) >.< gp,(1.1,0),< 23,(1,1,0) >} 
a 
A©1,)= {< 21,(1,1,0) >,< 29, (.5,.6,-7), < 23,(1,1,0) >} 


(e5 IT 


. (Pz, )={ {< g1,(1,1,0) >.< gy, (1,1,0), < g3,(1,1,0) >} 
r J={ {< g1,(1,1,0) >.< gy, (.6,.3,.7),< 23, (11,0) >} 


_frlz,)=4 {< g},(1,1,0) >.< gy, (1,1,0), < g3,(1,1,0) >} 
pz,)={ {< g1,(1,1,0) >.< gy, (.6,.6,-7), < 23,(1,1,0) >} 


Then (cy! = a llidon Lasky} is a NSSPST over (V, E). 
Thus (V, (z;’)', E) isa NSSPSTS of (V, (z,)', E). 


5. Separation Axioms 


This part is split into two parts as separation axioms on NSPTS and NSSPTS are defined 


with examples. 
5.1. Separation Axioms on NSPTS 
Definition 5.1.1 Let (V,7,, E) bea NSPTS over (V, E) where rt, isa NSPT over (V, E). Let p and g be 
any distinct NSPs. If there exists NSPOSs R and _S such that 
peR and p(\S=¢, or 


géeS and g/\R=¢, 


Then (V,z,, £) is said to be aneutro-spot 7) -space. 


Definition 5.1.2 Let (V,z,, E) bea NSPTS over (V, E) where tr, isa NSPT over (V, E). Let p and g be 
any distinct NSPs. If there exists NSPOSs R and _S such that 


peR and pf\S=¢ and 
geS and gf\R=¢, 
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Then (V,7,, E) is said to be aneutro-spot 7, -space. 


Definition 5.1.3 Let (V,z,, E) bea NSPTS over (V, E) where +, isa NSPT over (V, E). Let p and g be 
any distinct NSPs. If there exists NSPOSs R and _S such that 
peER, qéesS and RNS=¢@, 


Then (V,7,, £) is said to be aneutro-spot T, -space. 


Theorem 5.1.4 Let (V,z,, E) be a NSPTS over (V, E). Every neutro-spot 7, -space is also a neutro-spot 
T, -space and every neutro-spot 7, -space is also a neutro-spot 7) -space. 
Proof. Follows from Definitions 5.1.1, 5.1.2, and 5.1.3. 


Example 5.1.5 Let V={v,,v,}, E={e,e} . Let 1,={¢,1,,R,,R),R3,R,} where the NSPs 
R,,R>,R;,R, over V are defined as 


f(©R,)=  ¥,,(0,0,1) >.< 4,(0,0,0} 
ST (R= fe 1456.75-4s-2) >< v9,(0,0,0} 


_ F(R, ) =f %45(0,0,1) >< v2,(0,0,D} 
° f(R, ={< v,,(.3,.5,..6) >, < v>,(0,0,1)} 


on 
)={ 


{< v,,(0,0,1) >,< v>,(0,0,1)} 
\< v1, (.3,.4,.6) >,< v>,(0,0,1)} 


_[rl©rr, = {<x v,,(0,0,1) >,< v2, (0,0,1)} 
[dor )={ {< ,(0,0,1) >.< v95(.8,.4,.5)} 


Here # MR =G, ONR=46, &NR=G%, &NR=G, YOR HR, LAR =R, 1,0R =R;, 
1, Ry=Ry, RMR =R3, ROR =R3, RNR HG, RMR = Rs, RNR HG, BNR =HG- 
Then R,,R,,R; and R,are NSPOSs. 

Thus (V, 7,, £) isa NSPTS over (V, E). 

Let p and q be any distinct NSPs which are defined as 


= {< ¥1,(0,0,1) >.< ¥,(0,0,1)} _ 


((e2) Ja{ Kv (1, AS, < v7,(0,0,1)} 
—[£(q)= 4,00.) ><r2,(0,0,} 
|e g)=y,.0.0,D><%.(2.b.5} 


Hence (V,z,, £) is aneutro-spot 7, -space, also a neutro-spot 7, -space and aneutro-spot 7p -space. 
5.2. Separation Axioms on NSSPTS 


Definition 5.2.1 Let (V, (z,)', E) be a NSSPTS over (V, E) where (z,)’ is a NSSPT over (V, E). Let p 
and q be any distinct NSPs. If there exists NSSPOSs R and S such that 


peR and pi\=¢@_ or 
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geS and g{/\R=¢@, 
Then (V, (z,)', E) is said to be a neutro-supra spot 7, -space. 


Definition 5.2.2 Let (V, (z,)’, E) bea NSSPTS over (V, E) where (z,)’ isa NSSPT over (V, E). Let p 
and q be any distinct NSPs. If there exists NSSPOSs R and S such that 


peR and p{\S=¢ and 


geS and g{/\R=¢@, 
Then (V, (z,)', E) is said to be a neutro-supra spot T, -space. 


Definition 5.2.3 Let (V, (z,)’, E) be a NSSPTS over (V, E) where (z,)’ isa NSSPT over (V, E). Let p 
and q be any distinct NSPs. If there exists NSSPOSs R and S such that 

peR, gqeES and R{\S=¢, 
Then (V, (z,)', E) is said to be a neutro-supra spot T, -space. 


Theorem 5.2.4 Let (V, (z,)’, E) be a NSSPTS over (V, E). Every neutro-supra spot T, -space is also a 


neutro-supra spot 7, -space and every neutro-supra spot 7, -space is also a neutro-supra spot 
Ty -Space. 


Proof. Follows from Definitions 5.2.1, 5.2.2, and 5.2.3. 


Example 5.2.5 Consider Example 5.1.5. Here (z,)'= 1,.(R)) “CR, )© (R3) © (Ry) | where the NSWSs 
(R,)°,(R,)°,(R3)°,(R4)° over V is defined as 


axe pK) Jef \< ;5(1,1,0) >.< v>,(1,1,0)} 
I f\"(R,)° = {< V1, (.2,.6,.7) >.< V7, (1,1, 0)} 


f Nek {< v,,(1,1,0) >.< v,(1,1,0)} 


(R,)° = 
f(©(R,)°) = {kx v,,(.6,.5,.3) >.< V,(1,1,0)} 


(R3)° = 
f\'2 (Rs) J= {< 11, (.6,.6,-3) >< v>,(1,1,0)$ 


(Ry)" = 


He =< v,,(1,1,0) >,< v5,(1,1,0)! 


)={ 
peed 4 {< v,,(,1,0) >.< v>,(1,1,0)} 
a= 


AR, )°}={< v,,(,1,0) >, < v7, (.5,.6, 8} 


Here ¢U(R)° =(R)°, ZUR) =(R)", GUAR) =H)", ZUR) HR), LUR) HL, 
LU(R)=1,, UCR) =, LUR)=L , (R)° UG) =)" 7 (RYU) H(R) , 
(R,)° UCR) =1,, (Ro) ° UCR)" =(R3)°, (Ra) © U(Ry) = 1, (R3)° UCR) © = 

Then (R,)°,(R,)°,(R3)© and (R,)° are NSSPOSs. 

Thus (V, (z,)’, E) isa NSSPTS over (V, E). 

Let p and q be any distinct NSPs which are defined as 


and 


per p)= f< ¥1,(0,0,1) >.< ¥,(0,0,1)} 
DP = 
f ((e2) p)= {< v,,(.001,.002,.987) >,< ¥,(0,0,)} 
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p(q)= {< v,,(0,0,1) >,< vy,(0,0,1)} 
q= 
p(©q)= {< v,,(0,0,1) >,< v7, (.002,.001,.998)} 


Hence (V, (z,)’, E) is a neutro-supra spot 7, -space, also a neutro-supra spot 7, -space and a 


neutro-supra spot 7, -space. 


6. DM Problem to Detect the Impact on COVID-19 


In this part, the DM problem explains the COVID-19 situation and detected its impact on 
corona virus patients to undergoing exact treatment for them according to their medical report. The 


process of evaluation is pointed out in the algorithm and formula defined for computing the result. 


Definition 6.1 Let (V,z,,, E1) and (V,z,,, E2) be two NSPTSs over (V, E1) and (V, E2), respectively 


where V is the set of risk factors and E1, E2 are two different parametric sets of medical issues. Let M 
be a corona virus patient, were “'M ert, and **M er, are two NSPs. 


Then for each veV , the Risk State Value (RSV) of M(v) is given as: 


RSV|M(v) 242? |= (Se : <| x [ _ 3) 


5 | (6.1.1) 





where 
A= af p(00 au)” + 20 4 (r) u) (v), 


B= LE (od y9\™ + mae Om) (v), 


C= 2F 7(Pu\)* ZF i i 


Pur 
and forall s;<«Fl, r;¢F2. 
Then VveV, the Total Risk State Value (TRSV) of M is given as: 


TRSV(M) = >(RSV|Mwv, 8" J) (6.1.2) 


Algorithm 

Step 1: List the set of risk factors veV . 

Step 2: List two different parametric sets, say E1 and E2, where E1 represents the symptoms of 
COVID-19 and E2 represents the pre-medical issues. 

Step 3: Pick out the people affected by COVID-19, say M. 

Step 4: Go through the medical status of each patients. 

Step 5: Test their corona virus symptoms (E1) and categories its risk factors (V). 

Step 6: Collect those data in the form of NSPs. 

Step 7: Define a NSPT 1, and so (V,z,,, £1) isa NSPTS over (V, E1). 

Step 8: Check the pre-medical issues of each patient (E2) and categories its risk factors (V). 

Step 9: Collect those data in the form of NSPs, which satisfies the condition of NSPT 1,5. 

Step 10: Define a NSPTS (V, 7,,, E2) over (V, E2). 

Step 11: Use the formula 6.1.1 to calculate the RSV of M(v), foreach veV , and tabulate it. 

Step 12: Use the formula 6.1.2 to calculate the TRSV of M, for all veV , and tabulate it. 
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Step 13: (i) If TRSV(M) is greater than 2.5, then M undergoes ventilation treatment. 
(ii) If TRSV(M) lies between 1.5 and 2.5, then M needs to be hospitalized. 
(iii) If TRSV(M) is less than 1.5, then M should be self-isolated at home. 
Step 14: Step 13 is also concluded according to the risk factor V. 
Step 15: If two or more patients have the same TRSV, then each patient required the same treatment. 


Problem 6.2 The survey on COVID-19 patients tested in a particular area. Its low-level risk scenarios 
are talking to someone face to face, walking, jogging, cycling, etc., The medium level risk scenarios 
are grocery shopping. The high-level risk scenarios are restaurants, public bathrooms, indoor spaces, 
and common areas. The very high-level risk scenarios are schools, colleges, parties, weddings, 
cinemas, and workplaces. The people who are affected by COVID-19 are tested by the doctors 
according to their symptoms and are under investigation. Also, considered other medical issues. 
They are categorized with some risk factors. Our problem is to recover them quickly by giving 
appropriate treatment for those affected people. 

1. Let V = {v,,¥5,¥3,v4} be the set of risk factors, where v,— low risk, v,— medium risk, v,— high 
risk and v,— very high risk. 

2. Let El={s,,55,53,5,} and E2={7%,%,%,~m} be two different parametric sets. The set E1 
represents the symptoms of COVID-19 such as s,— fever, s,— dry cough, s,— chest pain, and s,- 
shortness of breath. The set E2 represents pre-medical issues such as 7,- diabetes, r, — blood 
pressure, 7,— cardiac diseases, and r,— respiratory diseases. 

3. Let M,, M,, M, and M, be the people affected by COVID-19. 

4. Go through the medical status of each patient. 

5. First test their corona virus symptoms (E1) and categories its risk factors (V). 

6. Those data are collected in the form of NSPs, are as follows: 


f(“m, )= \< v,,(0, 0, 1) P< v7, (0,0, 1), < v3, (0, 0, 1) 7,< v45(0, 0,1) >} 


Ely p(©?m, |= \< v,,(0,0,1) >,< v,(0, 0,1), < v3,(0,0,1) >,< v4,(0,0,1) >} 
= 


p(m, )=f \< v,,(0,0,1) >< v2, (0, 0,1), < v3, (0,0, 1) >, < v4, (0, 0, 1) >} 
(“Pm = {< ¥,,(0,0,1) Ay< v>,(0, 0,1), ,< v3,(0, 0,1) a< V4, (.6,.5,.2) >} 
(Pm, Je {< v,,(0, 0,1) P< V,(.5,.2,.6), < v3, (0, 0, 1) >,< v4, (0, 0,1) >} 
#'M, = (Pm, )={ {< ¥,,(0, 0,1) >< V2,(0, 0,1), < v3, (0,0, 1) >< V4, (0, 0,1) > 
p(m,)=f {< v,,(0,0,1) >< V7,(0, 0,1), < v3, (0, 0, 1) >, < v4, (0, 0,1) >} 
p(“M, }= fe {< v;,(0,0,1) Piss V>,(0,0,1),,< v3, (0, 0, 1) P< v4, (0,0, 1) >} 
(Pm, )={ {<¥,5(0, 0,1) >,< V¥2,(0, 0,1), < v3, (0,0, 1) >,< v4, (0,0, 1) >} 
Ely 7 f(?,)={ {< v,, (.3,.2,.8) eas v>,(0, 0,1), < v3, (0,0, 1) >, < v4, (0,0, 1) >} and 
3= 
p (my }={ {< v,,(0,0,1) >< V7,(0, 0,1), < v3, (0, 0, 1) >, < v4, (0, 0, 1) >} 
(“Om )={ {< v,,(0,0,1) >,< vy,(0,0,1),,< v3,(0,0,1) >< v4,(0,0,1) >} 
(oom, )={ \< v,, (0, 0, 1) >< Vz, (0, 0, 1), < v3, (0, 0, 1) 5S v4, (0, 0,1) >} 
Ely = (Om, )={ {< v;,(0,0,1) >,<v5,(0,0,1),< v3, (0, 0, 1) 7,< v4, (0, 0,1) >j 
4= 
(My = \< v,, (0, 0, 1) >< v7 ,(0,0, 1), < v3, (0,0, 1) Fy< v4, (8, .6,.3) >} 


f(PM4)= fv, (0,0,1) >.< v2, (0,0,D,.< ¥55(0,0,1) >< ¥45(0,0,1) >} 


7. Then tT, ={f M,, *'M,, “'Ms, Aly is a NSPT. 
Thus (V, z,,, E1) is a NSPTS over (V, E1). 
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8. Then, check the pre-medical issues of each patients (E2) and categories its risk factors (V). 
9. Those data are collected in the form of NSPs, are as follows: 


f(a, )= \< v,, (0, 0,1) >,< V7, (0, 0,1), < v3, (0, 0, 1) >, < v4, (0, 0,1) >} 
pl, |= < v,,(.6,.7,.4) >,< Vz,(0,0,1), < v3, (0, 0,1) >< V4, (0, 0,1) >} 


E2 
M, = 
iG M, )- {< v,,(0,0,1) >,< v>,(0,0,1), < v3,(0,0,1) >,< v4, (0,0,1) >} 
ple )M, )= {< v,,(0,0,1) >,< v>,(0,0,1),,< v3,(0,0,1) >< v4,(0,0,1) >} 
(wm, |= \< v,,(0,0,1) >.< v7,(.4,.3,-4), < ¥3,(0,0,1) >,< v4, (0,0,1) >} 
Pay ne \M, )= {< v,,(0,0,1) >,< v>,(0,0,1), < v3,(0,0,1) >,< v4, (0,0,1) >} 
es a 
nG ut, )= {< v,,(0,0,1) >,< v>,(0, 0,1), < v3,(0,0,1) >,< v4, (0,0,1) >} 
p(s ’M, |= {< v,,(0,0,1) >,< v>,(0,0,1),,< v3,(0,0,1) >< v4,(0,0,1) >} 
na \M, )= {< v,,(0,0,1) >,< v>,(0, 0,1), < v3,(0,0,1) >,< v4, (0,0,1) >} 
Pay f( \M, )= {< v,,(0,0,1) >,< v>,(0,0,1), < v3,(0,0,1) >,< v4,(0,0,1) >} a 
2 — 
nG ’M, )- {< ¥,5(-4,.4,.2) >, < V9, (0,0, 1), < v3, (0,0, 1) >,< v4,(0,0,1) >} 
nG \M, )= {< v,,(0,0,1) >,< v),(0,0,1),,< v3,(0,0,1) >< v4,(0,0,1) >} 
nG ’M,)= K< v,,(0,0,1) >,< v>,(0, 0,1), < v3,(0,0,1) >,< v4,(0,0,1) >} 
Paap pl ’M, )= {< v,,(0,0,1) >,< v3, (0, 0,1), < v3,(0,0,1) >,< v4,(0,0,1) >} 
4 = 
nG ut, )= \< v,5(0,0,1) >,< v3, (0, 0,1), < v3,(0,0,1) >,< v4, (0,0,1) >} 
pm, )= {< v,5(0,0,1) >,< v3, (0, 0,1), ,< v3, (.7,-5,.3) >< v4, (0,0,1) >} 
10. Then 1, = PM, “2M, "°M3, FM | is a NSPT. 
Thus (V, 7,5, £2) is a NSPTS over (V, E2). 
11. By using the formula 6.1.1, the RSV of M(v) are calculated, foreach vel . 
These values are tabulated in the following table. 
Table 6.2.1. RSV Table 
Vi1 V2 V3 V4 
M, 1.755 0 0 1.43 
M, 0 1.75 0 0 
M; 1.625 0 0 0 
M, 0 0 1.59 1.855 
12. By using the formula 6.1.2, the TRSV of M are calculated, for all veV . 
These values are tabulated in the following table. 
Table 6.2.2. TRSV Table 
V1 V2 V3 V4 TRSV 
M, 1.755 0 0 1.43 3.185 
M, 0 1.75 0 0 1.75 
M; 1.625 0 0 0 1.625 
M, 0 0 1.59 1.855 3.445 


13. Here TRSV( M, ) =3.185 and TRSV(M,) = 3.445, which are greater than 2.5. 
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Thus they both are at a very high-risk stage. 
So, they each should be treated in ventilation for quick recovery. 
Next, TRSV(M, ) = 1.75 and TRSV( M; ) = 1.625, which are greater than 1.5. 


Here M, is under medium risk stage, and so need to be hospitalized. 
Even though the TRSV of M, lies between 1.5 and 2.5, M, is under the low-risk stage. 
So, M, should be self-isolated at home itself. 


7. Conclusions 


In this paper, NSPTS and NSSPTS are introduced and defined a subspace topology on them. 
Along with its absolute interior of NSPT and absolute closure of NSSPT are also defined. Few 
properties are examined with illustrative examples. This study extended to introduce a concept of 
separation axioms of NSPTS and NSSPTS are defined as neutro-spot Tj.) -spaces and 


neutro-supra spot 7;_9 1) -Spaces respectively with related examples. Additionally, the DM problem 


explains the COVID-19 situation and detected its impact on corona virus patients to undergoing 
exact treatment for them according to their medical report. The process of evaluation is pointed out 
in the algorithm and formula defined for computing the result. The appropriate treatment is 
provided for affected people as per the estimated value. Some more practical applications of such 
types of topologies can be explored for future work. Many more sets like open sets, closed sets, 
rough sets, crisp sets, etc., can be developed on NSPTS and NSSPTS. Later these concepts will step 
ahead on multi-criteria DM problems by upcoming researchers. 
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Abstract: COVID-19 has been declared as pandemic by WHO. This disease is caused by severe 
acute respiratory syndrome coronavirus 2 (SARS-CoV2). The spread of this virus from Wuhan, 
China to the rest of the world has led to increasing concerns as it is considered a threat to mankind. 
The present work in situation analysis using neutrosophy identifies factors which should be taken 
care of so that the spread of this virus can be contained. Known factors as put forward by experts 
together with indeterminate factors which are still not taken into consideration are used to model 
the situation. This work using neutrosophic cognitive maps proves mathematically how these 
indeterminate and unknown factors are responsible for the spread of COVID-19 in India. The 
Neutrosophic Cognitive Map (NCM) is an enhanced version of Fuzzy Cognitive Map (FCM) since 
it takes into account the concept of indeterminacy and uncertainty, which is not addressed by 
FCMs. The obtained results not only show the importance of determinate factors (measures taken 
by the government bodies) in containing the spread of this deadly virus but also show how 
indeterminate and uncertain factors such as poverty, negligence, ineffectual healthcare, age, 
immunity, unscientific practices on religious grounds and illiteracy play a vital role in this regard. 
This model, in general, helps policymakers and government agencies to represent any complicated 
situation mathematically thereby helping them in responding appropriately and forming new 
policies for dealing with such pandemics. This work also signifies how neutrosophic theories can 
be applied in the analysis of the situation for dealing with real life problems. 


Keywords: SARS-CoV2, COVID-19, Neutrosophy, Neutrosophic Cognitive Maps, Situation 
Analysis. 


1. Introduction 


A medical professional knows how the word, “SARS-CoV2”, has changed its meaning in the 
past 7 months [21] from merely being a virus that used to cause “common cold” to the present time 
where it has killed more than 9,70,238 people all over the world till September 22, 2020 [22]. The 
novel Corona Virus is said to have its origin in Wuhan, China wherein the first ever case was 
reported and soon it became a pandemic that has led the world to take it even more seriously. Later 
on, World Health Organization (WHO) also declared it as a pandemic [7][10]. The non-availability of 
a vaccine has caused its widespread all over the world. Since no standard treatment protocol is 
available till date; the only preventive measures which are considered by the government in India 
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are lockdown, social distancing, covering of body parts, home quarantine and making testing kits 
available to contain the spread of this highly contagious virus. These are the safeguard measures 
which are taken in most places irrespective of its demography, population density and economy. 
India adopted similar measures, as is evident from the statement of the Prime Minister Mr. 
Narendra Modi given on the night of 24th March 2020, announcing complete lockdown in the entire 
country. Later the lockdown measures were revised many times as a result of which India has 
entered in Lockdown 4.0 [23]. Undoubtedly, these measures are helpful to certain extent but the 
question is, “Are these measures enough in the Indian context?” India comes in the category of 
developing nations with the second largest population. Further, most of the people in India are poor, 
illiterate and unaware of dealing with such pandemics. When asked about these factors, experts say 
that poverty and unawareness may kill more people in India than the novel corona virus during 
lockdown [8] [12] [13]. Moreover, when it comes to India there are other factors, which need to be 
considered as explained by different experts. These factors may be immunity [6], age [1] [11], 
ineffectual healthcare, which may include lack of trained staff, unavailability of PPE & testing 
centers [14] [15], and unscientific practices on religious grounds as well [9] [10]. These factors are 
termed as indeterminate and uncertain throughout this research work. The major policies which are 
being implemented to contain the spread of SARS-CoV2 in India seems to be more appropriate to 
the richer section of the society since they have most of the facilities which helps in abiding by the 
rules. But there exists a large section of society that cannot afford such facilities and hence find it 
challenging to abide by the rules. This is the reason they are adversely affected in such 
circumstances. 


Figure 2(b) Italy (Source: The Guardian) 





Figure 4(d) Germany ( Source: BBC) 


Figure 3(c) Spain ( Source: Aljazeera) 


Figure 5 Scenes from different countries where complete lockdown is imposed as a measure to curb the spread of 


COVID-19 
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Figure 1 shows the pictures from some prominent countries where this SARS-CoV2 has badly 
affected the population and as a preventive measure they have announced complete lockdown. 
These pictures demonstrate that the action is serving its purpose. Figure 2 depicts a picture of India 
during lockdown that presents a contrasting view from rest of the world. This has not happened 
only once, instead such scenarios have been a regular phenomenon in India during lockdown. 





Figure 6(a) People waiting for transport Figure 7(b) People walking on foot to their homes 


Figure 8 Scenes from India where complete lockdown is imposed as a measure to curb the spread of COVID-19 
(Source: Aljazeera) 


The above pictures from India show a totally different scenario. There was a large number of 
people on roads due to this lockdown. The poor section of the society is more considerate about 
losing their livelihood in this SARS-CoV2 than their lives, as they are afraid of the fact that starvation 
may kill them before COVID-19 does. The statistics show that the total number of cases in India have 
increased rapidly and it took the form of a pandemic, which is evident from the figures mentioned. 
The number of reported cases were 15,000 on April 19, 2020. Just after 10 days, it reached 30,000 
mark, whereas it crossed 40,000 within next four days. This trend continued and in September 5, 
2020 it reached 40, 20,239 cases. After 10 days, it crossed 50, 18,034 mark; while on September 22, 
2020 it was recorded to be 55, 74,096 [28]. The statistics and the pictures discussed above motivate 
the analysis of situation prevailing in India due to COVID-19 so that more factors could be identified 
on which the government should work so that a large section of the society could be saved from this 
and such other deadly diseases. Some of the factors are said to be determinate since the Indian 
Government is currently working on it. Other factors, which are not considered yet, are termed as 
indeterminate and uncertain in this study. These factors must be addressed and situation needs to be 
modelled mathematically so that it gives clear, concise and optimal results. If modelled correctly 
using all the factors whether determinate or indeterminate, it is supposed to aid agencies to work at 
root level so that no disease turns into a pandemic. Since there are many mathematical theories for 
modelling determinate and certain events but indeterminate and uncertain events are still not 
addressed effectively. Neutrosophy is the field of study, which provides a way to address these 
factors [4]. Some researches on COVID-19 using neutrosophy have been reported [30] [31] [32] [34]. 
The recent works in neutrosophic theories are undertaken by well-known researchers in [35] [36]. 

This work aims to analyze all known, indeterminate and uncertain factors which may lead to 
the spread of COVID-19 in India. In this research, it has been attempted to model the situation in 
India using neutrosophic cognitive maps [3], which shows how these indeterminate and uncertain 
factors pose a serious threat as compared to that of the known factors. Neutrosophy is applied 
because it is extended version of fuzzy logic and covers all aspects of decision making [29] [33]. If 
modelled correctly considering all the factors whether determinate, indeterminate or uncertain it 
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would help government and organizations to take appropriate measures beforehand so that such a 
situation does not arise in the future. 

The rest of the paper is divided into three sections. Section 1, as discussed above, deals with the 
background of this study followed by section 2, which models situation of COVID-19 in India using 
neutrosophic cognitive maps. Section 3 presents the interpretation of results while section 4 
concludes the paper. 


2. Materials and Methods 


Situation analysis is an important aspect of our daily lives [24]. In situation analysis an agent 
analyzing the situation takes into account several factors to reach at a conclusion and take decisions 
accordingly [2]. These aspects which agent considers are totally based on the data that he/she collects 
from various sources including field experts. Since data is not always certain and known; some 
collected data is uncertain, indeterminate and not known. There is no denial of the fact that this data 
also captures some part of the information. Earlier there was no appropriate tool to deal with this 
type of data, but with the emergence of neutrosophic theory by Florentin Smarandache [3] [4], such 
data can be modeled and analyzed mathematically. This theory helps in analyzing the situation 
more appropriately and most accurate conclusions may be drawn by the agent, thereby helping in 
making optimal decisions. The present scenario around the world shows how this pandemic of 
COVID-19 has put a threat to mankind and if this situation is not analyzed critically then it could 
lead to a major disaster. There are various aspects, which are known to the agents who are analyzing 
the data in order to control this pandemic. On the other hand the indeterminate, uncertain and 
unknown aspects are not considered. If these factors are considered too, it would lead to better 
results. For this reason situation is modeled using neutrosophic cognitive maps [3]. Some basic 
concepts of neutrosophy, as given by Florentin Smarandache, is given below in order to carry out the 
mathematical work. 


Definition 1. Let N = {(T,I, F): T, 1, F € (0,1)} be a neutrosophic set. Let m: P > N is a mapping of a 
eroup of propositional formulas into N, i.e., each sentence p € Pis associated to a value in N, as it is 
given in the Equation 1, meaning that p is T% true, 1% indeterminate and F% false. 


m(p) = (T,1,F) (1) 
Hence, the neutrosophic logic is a generalization of fuzzy logic, based on the concept of neutrosophy 
according to [25]. 


Definition 2. A Neutrosophic matrix is a matrix M = laiil, where i= 1,2,3.,........,m andj = 


1,2,3,........,m such that each aj € K(I) where K(I) is a neutrosophic ring [3]. An example of 
neutrosophic matrix is given below. Suppose each element of matrix is represented by a+ bI where 
a and b are real numbers and I is a factor of indeterminacy. 


For Example: 


& ay : 7 : Se 271 7) 
i 4 EN Se we -28+1 494131 35461 


Definition 3. A neutrosophic graph is a graph in which there exists an indeterminate node or an 
indeterminate edge with determinate edges. Now taking reference from the Definition 2 above, we 
can conclude that when aj; = 0 it means there is no connection between nodes i and j, ay = 1 
means there is a connection between nodes i and j and aj =I means that connection is 
indeterminate (unknown). 
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Definition 4. Cognitive maps are cause-effect networks, with nodes representing concepts 
articulated by individuals, and directional linkages capturing causal dependencies [26]. 


Definition 5. A Neutrosophic Cognitive Map is a directed graph with nodes as events or policies 
and causalities or relationship as determinate and indeterminate edges. 


3. Modeling COVID-19 Situation in India 


For modeling the situation of COVID-19 in India, all factors must be taken into account. These 
include those being put forward by the government along with the factors which are not taken into 
consideration yet. The factors which seem to be less critical to the Indian Government are poverty, 
illiteracy, age group distribution, and unscientific practices on religious grounds which are 
prevalent in all over India, negligence by the most of the people including government & medical 
staff, immunity of people and ineffectual healthcare in India. These factors need to be considered 
otherwise the spread of COVID-19 cannot be controlled in India. Most of the countries, like Italy, 
Germany, Spain, France and USA have announced lockdown so that there is no community 
transmission of this deadly virus among people. These countries noticed desired effect of the 
lockdown since these are well established on all the grounds which have been termed as 
indeterminate factors in our research. According to UNESCO statistics, 25.63% of the total Indian 
population is illiterate [27]. Literacy plays a vital role in adhering to Government instructions and 
understanding of the danger which is recently posed by COVID-19 in India. Figure 3 below shows 
the comparison of literacy rates of different countries, which have announced the complete 
lockdown to protect its population from COVID-19. 


98.30% 


USA (2018) INDIA (2011) ITALY (2011) | GERMANY (2018) — SPAIN (2016) 





Figure 9 Countries with respective literacy rate 


Figure 3 shows that the literacy rate in India is only 74.37% which is less than all other mentioned 
nations. Next is the poverty and negligence as mentioned in [8]. Since complete lockdown means 
that no one can go out except persons involved in essential services, then what about the daily wage 
workers and poor people who go out every single day in search of food and alms? This section of 
Indian society will die either of COVID-19 or due to lack of food; it would be shocking to know that 
they prefer the first one. Hence, the poor section of the society seems to be an important factor [12] 
[13] that is to be taken in consideration while taking measures to stop the spread of any deadly 
disease. A lot of people who are poor cannot abstain themselves from going out despite the fact that 
government is trying to support all such people. But, the help cannot be provided to all at the same 
time. Figure 4 shows the section of society living below poverty line in the countries where complete 
lockdown is ordered. 21.90% of the Indian population lives below poverty line; it means that this 
section would surely be affected by the government measures to contain the spread of any pandemic 
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of such nature. Though the population living below the poverty line in Italy is more than India Le. 
29.90% but compared to its total population this is a negligible amount that could easily be handled 
and managed. This is undoubtedly an indeterminate and uncertain factor in the Indian context that 
could lead to the failure of government actions taken to contain the spread of pandemic. 


21-20% 21.10% 


GERMANY 





Figure 10 Population living below poverty line in different countries from Source [16] 


The age group has emerged as one of the critical factors to date. The mortality rate due to COVID-19 
is mostly based on the age. Though a large section of the society may get infected by this virus, out of 
these the people with weak immunity are most adversely affected. The report by India Spend [19] 
says that out of 100000 people 122 die due to ineffectual health care in India. According to 
Hindustan Times [15] dated April 04, 2020 an article titled as “Covid-19 is a wake-up call, 
Governments need to invest in healthcare” throws some light on the ongoing health conditions in 
India. As per the current scenario Italy has reported 35,813 numbers of deaths till date and most of 
the people who died are aged persons with weak immunity. Data in Figure 5 shows the total number 
of deaths in the mentioned countries according to their ages. Accordingly, Figure 6 presents the 
elderly population in the countries. These figures show that elderly population aged above 80 
comprise 14.8% of total deaths, caused due to pandemic. In similar fashion in the age group of 70-79 
and 60-69, 8% and 3.6% of the people have died, respectively. These age groups having weak 
immunity are considered more prone to deadly diseases. Figure 7 shows Italy (22.7%) has the largest 
number of the elderly population, followed by the USA (16%) having most extensive deaths due to 
COVID-19 on record. This shows how immunity and age factor may play a critical role in reducing 
the spread of any deadly virus like COVID-19 in India. This factor though indeterminate, must be 
taken care of since it includes elderly citizens having weak immunity and other chronic diseases. In 
India, it may be a critical factor to be considered so that the number of deaths due to pandemic could 
be reduced effectively. 
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Figure 11 Death rate according to age in different countries Figure 12 Elderly population in different countries 


From Source [17] 


All the mentioned determinate, indeterminate and uncertain factors in the Indian context are shown 
in Figure 7. Two categories of factors are mentioned. One which is being considered by the 
government of India and are given top priorities whereas second one comprises less considered 
factors which need further attention because the later may work on root level to fight the pandemic 
like COVID-19 in India. For the convenience of effective modelling of the situation using cognitive 
maps and later their representation in the adjacency matrix, all the factors discusses above are 
represented using abbreviations. These abbreviations are as follows: 


DFL1 = Detreminate Factor Lockdown 

DFS2 = Determinate Factor Social Distancing 

DFW3 = Determinate Factor Washing Hands & Wearing Mask 

DFHA = Determinate Factor Quarantine 

DFA5 = Determinate Factor Availability of Ventilarors & Testing Kits 
NDFP1 = Non — Determinate Factor Poverty 

NDFI2 = Non — Determinate Factor Illiteracy 

NDFA3 = Non — Determinate Factor Age 

NDFR4 = Non — Determinate Factor Unscientific Practices on Religious Ground 
NDFN5 = Non — Determinate Factor Negligence 

NDFI6 = Non — Determinate Factor Immunity 


NDFI7 = Non — Determinate Factor Inef f ectual Healthcare 
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Figure 13 Determinate & Indeterminate Factors in consideration to avoid COVID-19 in India 


4. Modeling Using Neutrosophic Cognitive maps 


Fuzzy Cognitive Maps (FCMs) used earlier for modeling the situation were not that much 
effective as Neutrosophic Cognitive Maps (NCMs) since it does not have provision to represent 
uncertainty related to real life situations [37] [5]. The study in [24] compares FCMs with NCMs and 
shows the effectiveness of NCMs in modelling the situation. FCMs do not assign any weightage to 
indeterminate and uncertain factors; it simply neglects these factors as a result of which the results 
obtained by the agents for drawing the conclusion and making policies seem to be inappropriate. 
However, modeling of the situation using NCMs (Definition 3, 4, 5) is effective because it considers 
all the determinate or indeterminate factors [38]. For modeling situation using NCMs the 
determinate edges are given a weightage of ‘1’ which means the factor is certainly having an effect 
on something under consideration, whereas ‘0’ represents the absence of relationship among factors. 
On the other hand indeterminate relations are represented by the edge with weightage of ‘I’. The 
modelling of the situation of COVID-19 in India considering all the factors is shown in Figure 8. The 
dotted edges represent indeterminate relations among factors. The figure clearly shows how factors 
whether determinate or indeterminate are related to spreading of COVID-19. It also shows how 
certain and determinate factors are affected by the uncertain and indeterminate factors. 
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Figure 14 Neutrosophic Cognitive Map reptresenting situation of COVID-19 in India 


Now based on neutrosophic cognitive map shown in Figure 8, the obtained neutrosophic 
adjacency matrix (Definition 2) is shown in Figure 9. 


Variables | COV. DFLI DFS2 DFW3 DFH4 DFA5 NDFPI NDFI2. NDFA3 NDFR4 NDFNS NDFI6  NDFI7 





COV 0 1 1 it l ll 0 0 0 0 0 0 0 
DFLI I 0 1 0 1 0 I 0 0 I I 0 0 
DFS2 i 1 0 0 1 0 0 0 0 I 0 0 0 
DFW3 1 0 0 0 0 0 I I 0 0 I 0 0 
DFH4 1 1 1 0 0 0 0 0 0 0 0 0 0 
DFAS 1 0 0 0 0 0 0 0 I 0 0 0 I 
NDFP1 0 I I I 0 0 0 0 0 0 0 0 I 
NDFI2 0 0 I 0 I 0 0 0 0 0 0 0 0 
NDFA3 0 0 0 I 0 0 0 0 0 0 0 I 0 
NDFR4 0 0 I 0 I 0 0 0 0 0 0 0 0 
NDFN5 0 0 0 0 I 0 0 0 0 0 0 0 I 
NDFI6 0 0 I I 0 0 0 0 I 0 0 0 0 
NDFI7 0 0 0 0 0 I 0 0 0 0 0 0 0 


Figure 15 Neutrosophic Adjacency Matrix obtained from cognitive mappings 


The neutrosophic adjacency matrix is now evaluated using mathematical matrix calculations to 
know the effect of factors on spread of COVID-19 in India. The situation of COVID-19 in India is 
taken as ON state. Let this ON state vector be represented as X; = (1000000000000). This 
state vector is given as input to determine the effect of X,on the combined system i.e. X, N(E). The 
symbol — denotes that the resultant vector is updated and threshold. The following calculation is 
carried out till a constant state vector is obtained. It is also referred as limit cycle. 
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X,N(E)=(0111110000000)5(1111110000000)= X, 
X,N(E) = (53313 12111 21220 Tjo(11LLILITIITIIOI= X; 

X3;N(E) = (5 174+3 317+3 21741 317+3 1 21 II 21 21  217+D>5 

CO 2? 4 a a i ae, 

X,N(E) =(5 174+3 417+3 31741 317+3 [741 21 I +I 21 21  217+D>5 
Cott £2 TTL Pir hex 
The above iteration is carried forward till a constant vector or limit cycle is acquired. This constant 
vector forms the basis for the interpretation of results. Notice that X, = Xs; a limit cycle is achieved 
so further iterations are not required. X,=(1 11111 11111 1 JI) isaconstant vector or 
fixed point or limit cycle. The significance of this limit cycle is utmost, since it shows a hidden 
pattern which is used in drawing inferences. These inferences show the joint effect of interacting 
knowledge. The current results obtained is (1 1 1 111 111111 JI). Here ‘1’ shows that 
the factors such as lockdown, social distancing, wash hands & wear mask, quarantine and 
availability of ventilators & testing kits are certain to stop the spread of this pandemic therefore 
regarded as determinate or certain factors. On the other hand ‘I’ in above vector shows that though 
the factors such as poverty, illiteracy, age group distribution, unscientific practices on religious 
erounds, negligence, immunity and ineffectual healthcare do not have direct influence on the spread 
of this virus but somehow they are of much importance as they affect determinate factors. If any of 
the mentioned factors either determinate or indeterminate are absent in current scenario the result 
will give ‘0’ in its position. The results show that all factors somewhere or the other have influence 
on the spread of this pandemic since none has got entry ‘0’ in its position in a limit cycle. This proves 
that the measures which are taken by government agencies may not serve its purpose if the factors 
termed as uncertain throughout this study are not taken care of. These uncertain factors one way or 
the other influence the known or certain factors. This may lead to the unsuccessful implementation 
of the measures taken by the government. Though the current method is one of the best to represent 
real life situations mathematically, it needs further enhancements for quantization of linguistic terms 
so that it includes the notion of indeterminacy together with truth and falsity of the statements. 


5. Conclusions 


The global spread of the pandemic COVID-19 has emerged as a threat to mankind. Since there 
is no vaccine or standard treatment protocol available for this disease till date, social distancing, 
lockdown, hotspots identification and isolation, etc. are being used as the most effective measures all 
over the world. This has resulted in flattening the peak by impeding its spread. At this juncture, it 
becomes all the more critical to identify, consider and study closely the factors contributing its wide 
spread. Some of the factors are well known and government is taking necessary steps to address 
these factors so that the spread of this virus can be stopped. Despite all these, there are certain factors 
which have not yet been taken into consideration and these may vary based on the demographic 
changes. These factors may be poverty, negligence, ineffectual healthcare and many more, which at 
this stage may be considered as indeterminate, uncertain and unknown factors. There is no denial of 
the fact that such factors may have their impacts to the overall spread of COVID-19. As the situation 
is emerging and more and more information is coming up from various sources all over the globe, it 
is enriching the understanding of various responsible factors. In this study known factors which are 
thought to curb the spread of the disease along with other factors which are indeterminate, uncertain 
and unknown are taken into account. These factors are based on the opinions of experts and other 
agencies. The influence of these factors on COVID-19 is represented and modeled mathematically 
using neutrosophic theory. This modeling is described graphically, and later conclusions are drawn 
using mathematical calculations. The results will highlight factors which are of utmost importance in 
curbing the spread of this pandemic. The resulting model would help policymakers in analyzing the 
situation more critically and formulating and prioritizing the policies to aid the government 
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agencies in handling the spread of this deadly disease. This would also help the government bodies 
working at the ground level in reducing the loss of precious lives of the citizens. Future work in this 
regard may include implementing and designing machine learning algorithms for carrying out the 
simulation using neutrosophic theories. Earlier proposed algorithms in machine learning for 
situation analysis might be combined with neutrosophic theories so that the output obtained could 
be validated with more optimized results. 
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Abstract: In this paper, first we define the notion direct product of neutrosophic sets in INK-algebras, 
neutrosophic set, neutrosophic INK-ideals, neutrosophic closed INK-ideals and direct product of 
neutrosophic INK-ideals in INK-algebras. We prove some theorems which show that there is some 
relation between these notions. Finally, we define the INK-subalgebra of INK-algebra and then we 
give related theorem about the relationship between their Images and direct product of neutrosophic 
INK-ideals. 


Keywords: INK-algebra; neutrosophic set; direct product of neutrosophic INK-subalgebra; direct 
product of neutrosophic INK-ideal. 


1. Introduction 


In 1986, Atanassov Introduced the Intuitionistic fuzzy set and later intuitionistic fuzzy set 
was applied in BCI/BCK-algebra, Introduced by Imai and Iseki in the 1980s. Following this, various 
researchers published articles using the intuitionistic fuzzy set concept. In 2005, Smarandache 
invented the new notion of the neutrosophic set in 1998 and it is a common code from the 
intuitionistic fuzzy set [1-8] and [15-20]. This has been followed by a lot of researchers publishing 
various articles over the last few years. In [9], [10], [11], [13], [14] and [12] Kaviyarasu et. al published 
an article using the fuzzy concept set in INK-algebra and later in solve they neutrosophic set in INK- 
algebra. In this paper we have introduced a new code using two different neutrosophic sets called 
direct product of neutrosophic sets in INK-algebra. We are also examining the relationship between 


neutrosophic INK- subalgebra and neutrosophic INK-ideal and its conditions. 


2. Preliminaries 


Before we begin our study, we will give the definition and useful properties of INK-algebras. 


Definition 2.1: An algebra (X, *, 0) is called a INK-algebra if it satisfies the following conditions for 
any a,b € X. 

i) ((a*b)*(Q*c))*(z*b)=0 

ii) ((a*c)*(b*c))* (ax) =0 

iii) axO=a 

iv) a*b=Oandb*a=O0implya=b. 
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where “*” is a binary operation and the “0” is a constant of X. 
Definition 2.2: A non-empty subset S of a INK-algebra (X, *, 0) is said to be a INK-subalgebra of X, 
ifa*b € S, whenever a,b € X. 
Definition 2.3: Let (X, *, 0) be a INK-algebra. A nonempty subset | of X is called an ideal of X if it 
satisfies 
i) O€] 
ii) a*b Elandtbelimplyaeé]forallas € xX. 

Definition 2.4: Let J be anon-empty subset of a INK- algebra X. Then J is called a INK-ideal of X, if 

i) OE] 

ii) ((c *a)*(C *'b)) €]andt €Jimplyaeé]foralla,tb,c € X. 
Definition 2.5: A neutrosophic set A in a nonempty set X is a structure of the form 
= {(X, Kee (a))| ae X}, where <*: X > [0,1] is a truth membership function <!:X > [0,1] is a 
indeterminate membership function and <*:X — [0,1] is a false membership function. 
Definition 2.6: A neutrosophic set A in X is called a neutrosophic INK-subalgebra of X if it satisfies 
the following conditions, for alla,b € X. 

i) <* (qx) > min {4* (a), <* (4)} 

ii) <«!(a*b) < max {«! (a), «! (5)} 

iii) <* (a*'b) > min{&«® (a), «* (b)} 
Definition 2.7: A neutrosophic set A in X is called a neutrosophic ideal of X if it satisfies the following 
conditions, for alla,b € X. 

i) &™(0) >x* (a), x! (0) < x! (a) and x? (0) ><? (a) 

ii) «* (a) = min{A* (a.* 5), K* (b)} 

iii) <! (a) < max{k! (a,*'b),«! (b)} 

iv) «* (a) = min{x? (ax), K* (bh. 
Definition 2.8: A neutrosophic set A in X is called a neutrosophic INK-ideal of X if it satisfies the 
following conditions, for all a,b, z € X. 

i) &™(0O) >x* (a), «! (0) < K! (a) and x? (0) ><? (a) 

ii) X™ (a) = min{x* ((c a) * (c*b)), <* (B)} 

iii) x! (@) < max{x! ((c *a) *(c*b)), «! (b)} 

iv) «F(a min{ <* ((c *a) * (Cc ¥ b)), Ke (»)}. 


3. Direct product of Neutrosophic INK-subalgebra and INK-ideal 


Definition 3.1: Let VY and A are two neutrosophic sets in INK-algebras X, and X3. The direct 
product of neutrosophic sets Y and A is defined by YX A= (K™ } ¥yy4)) and defined by 


i) £8 x4) (@ b) = min (4% (a), 44, (B)} 

ii) <4) (@ b) = max {xly (a), <, (w)} 

iii) A" x4) (ab) = min {*, (a), 4", ()} 

For alla,b € X. 

Definition 3.2: A neutrosophic sets YX A= (K” } “(vx a) ) of X, and X, 1s called direct product of 
neutrosophic INK-subalgebra of X, x Xo, if 

i) AT x a)((aa »b1) * (A2,z)) = min {AT yx 4) (Ar +1), A" x A) (Az ,'b2)} 

ii) Kl x 4) ((@1,'b1) * (Az,"bz)) S max {Aly x) (Ar,b1), Aly xa) (Q2,'b2)} 
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lil) £" (y x a)((@a»b1) * @z,'b2)) = min {AF xa) (A151), <"wvx a) (2 ,b)} 
for alla,b € X. 


Definition 3.3: A neutrosophic sets Y X A= (K™ } “wvxa)) Of X; and Xz is called direct product of 
neutrosophic INK-ideal of X, x X2, if 


i) AX yx a) (0,0) 2 K* vx) (CB) 
ii) Kl x) (0,0) < Kx a (Bd) 
iil) K* (yx) (0,0) = Ky xy (@B) 
iv) AT iy x 4) (Aa »b1) = min {AT yx a) (((az,b3) * (Ar »b1)) * ((a3,"b3) * (A2,B2))), ATV x A) (Az»'b2)} 
V) Alexa) (@rb1) S max {Aly x 4) (((az,'b3) * (A1,b1)) * ((a3,'b3) * (A2,'b2))), K! x x) (A2,'B2)} 


vi) <¥oy xa) (@r,b1) 2 min {A* yx 4) (((a3b3) * (A1,'B1)) * ((Az,'b3) * (Az,'2))), <x a) (Az»'b2)} 
foralla, b EX. 


Definition 3.4: A neutrosophic sets VY X A= (K™ “wxa)) Of X; and X> is called direct product of 
neutrosophic closed INK-ideal of X, x Xz, if it satisfies (Def 3.3 iv, v, vi) the following condition 


1) Re ise (0,0) * (a,b) = R* Wren (a, b) 
11) Ase (0,0) * (a,b) < Ahoy x) (a,b) 
iii) KF yx ay (0,0) * (a,b) = KP yay (a,b), forall x, y €X. 


Theorem 3.5: Let Y and A be two neutrosophic INK-subalgebras of X, and X2. Then Y X A= 
(xh | “(vx a) ) is aneutrosophic INK-subalgebra of X, x Xp. 


Proof. For any (a; ,b1), (az ,’b2) © X; X Xz. Then 

A* wy x a)((aa »b1) * (A252) = Ah x (Car * a2), (bi * b2)) 
= min{ <”\ ((a * a2), <", (bi * ‘bz))} 
= min {min {A*y (a.), A") (az )j, min {X*, (bi), 4", (bz) 3 
= min {min {x*y (a), <", (b1)}, min {x*y (a2), <*, (2) } 


Rg (Gas a) * Gacy) => min A was Gas Bi XK Wey Garba} 


Aly x a)((Aa »b1) * (@2,'B2)) = Ah x (Car * 2), (1 * be) 
= max { K!, ((aq * a2), Aly (by * b2))} 
< max {maa{xl) (a), 'y (az )} max {k', (b1), 4! (b2)} 
= max {maa{r'y (ar), <', (bi )}, max {44 (a2), 41 (b2)} 
Aly x 4) (Aa bi) * (A2,'bz)) S max {Aly x4) (Arb), 4! x) (A2,'B2)} 
And 
A¥ vy x a)((aa »B1) * (Az, B2)) = 4" xa (Car * a2), (bi * ba) 
= min{ <*y ((a1 * a2), <", (br * b2))} 
= min{ min {A*y (a), <*y (a2 )h, min {K*, (by), 4%, (2) 3 
= min {min {A*y (a), 4°, (bi )} min {4*) (a2), 4%" (b2 ) 3 
A¥ wy x 4) ((Aa bt) * (Az »'b2)) = min {Fy x 4) (Ar, bi), <* xa) (Az, ba) }. 
Hence, VX A= (K™ # “(vx a) ) is a neutrosophic INK-subalgebra of X; x Xp. 


Theorem 3.6: Let Y and A be two neutrosophic INK-ideals of X, and Xz. Then Y X A= 
(Abe “axa? 
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is a neutrosophic INK-ideal of X; X Xp. 
Proof. For any (aj , a2, a3) and (by, , bz, 3) € X; X Xp. 
Then 4*y x 4) (0, 0) = min {Ky (0), <*, (0)} 
= min {A*y (a), 4", (b)} 
= ATi x) (@ Db), 
Aly xa) (0, 0) = max {x}, (0), «1, (0)} 
< max {x}, (a), «', (b)} 
= Kl xa (a b), 
And 
A* vy xa) (0, 0) = min {x*) (0), «*, (OVS 
= min {*y (a), «*, (b)} 
= A¥y xa) (@ ‘Bd: 
Now (a; ,a2,43) and (by; ,"bz, bz) © X, X Xp. 
AN yx (aa »b1) = min { <*\(aa), A, Cb I 
= min{min{<*y ((a3 * ar ) * ((@3 * a2), <*y (@2)J, min {X*, ((b3 * by ) * ((b3 *'Bz)), A", (2 )}H 
= min {min {<*y ((a3 * ay ) * ((@3 * a2), <4 ((b3 * Bx) * ((H3 * B2)) }, Min {K*, (az), A* (b2)}H 
=min {4° yx) ((a3)'b3) * ((av'b1)), ((@3,'bs) * ((A2,'b2)), AT x a) (A2'b2)}, 
Alyx a((ar»'b1) = max {«'\(ar), 4, (13 
< max {max {x\) ((a3 * ay ) * ((ag *az)), <'y (a2 )}, max {x!, ((b3 * by ) * (bz * bz), KI (2)PH 
= max {max {Ky ((a3 * a1 ) * ((@3 * Az), X', (Cbg *'B1) * ((b3 *B2)) }, max { Ky (Q2), <', (2) PB 
= max {Alyx a) ((a3)'b3) * ((ax,'b1)), ((az,'bs) * ((A2,'b2)), Aly x a) (A2'b2)}, 
And 
A* vx a)((@a,b1) = min { X*\(ar), ~", (b1 3 
= min{min{s*y ((ag * a ) * (a3 *a2)), X*y (a2 )}, min {X*, ((b3 * by ) * ((b3 * bz)), XK") (bz )} 
= min {min {<*y ((a3 * ay ) * (Cag * a2), <" (C3 * Bi) * ((b3 * Bz)) , min { A", (a2), ~*, (b2) 
= min {A¥ yx) ((az.'bs) * ((ar'b1)), ((Az,'b3) * ((@2,b2)), <"~v xa) (Az bad}. 
Hence, YX A= (xK™ | “(vx a) ) is aneutrosophic INK-ideal of X; x Xp. 


Theorem 3.7: Let Y and A be two neutrosophIc closed INK-ideals of X; and Xz. Then Y X A= 
(Kh | “(vxa) ) ts aneutrosophic closed INK-ideal of X; x X>. 
Proof. By using the theorem 3.6. VY X A= (xK® } “(vx 4) ) iS. a neutrosophic INK-ideal of X; x Xp. 
Now for any a,b € X; X Xp, then 
A* yx) (0,0) * (a,b) = Ky x,y (C(O * a), (0 * B)) 
= min { *y (O*a), 4", (0* B))} 
= min { «*y (a), «*, (B))}, 
Alyx a) (0,0) * (a,b) = K'yx ay (CO * a), (0 * B)) 
= max { «!, ((O*a), «), (0* 5))} 
< max { Ky (a), A‘, (b))} 
And 
A¥ wx a) (0,0) * (a,b) = K* yx ay (CO * a), (0 * B)) 
= min { «*y ((0 * a), <*, (0 * b))} 
= min { «*y (a), 4", (B))}, 
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Hence, YX A= (K® } Fav x ay) 1S a neutrosophic closed INK-ideal of X, x X3. 


Theorem 3.8: Let VY and A be two neutrosophic INK-ideals of X; and Xz. Then 


VXA= (KY bP gy, KX” & Fey yay) is a neutrosophic INK-ideal of X, x Xp. 
Proof. Since by theorem 3.7, YX A= (K™ “(vx 4) ) IS a neutrosophic INK-ideal of X; x X. Then, 
A* vx a) (0,0) = A* yx a) (a,b) 
1-4 yx) 0,0) 21- Axa @B) 
K *w xr) (0,0) SK Fx a (@B), 
Aly xa) (0,0) < Ky x ay (a,b) 
1—KAly xa (0,0) $1 - Ky x ay (a,b) 
Rh vx a) (0,0) = K bey x ay (&'B) 
And 
A* iy x 4) (0,0) 2 A* yx ay (@B) 
1 —K* yx) (0,0) 2 1- KF yx, (@B) 
A *wvxay (0,0) SK “way (@B)- 
Now (a , a2, 43), (bi, bz, 'b3) € XX Xp. 
Avy xa) (@rb1) 2 min {A* yx) ((A3,'bs) * ((Ax,'b1)) * ((ag,'B3) * ((A2,'b2)), Axa) (A2»'b2)} 
1 AT yx) (@1,b1) 2 1— min {Ay x ((Az,'bs) * ((ar,'b1)) * ((Az,'b3) * ((@2,'b2)), Axa) (A2,°B2)} 
K Tx) (@'b) S max {1 —AT yx) ((A3,'b3) * (Ax, B1)) * ((A3,B3) * ((A2,B2)), 1 —AT x) (A2,°B2)} 
Kx) (@'b) S max { K yx ((as,bs) * (ax, B1)) * ((a3,'B3) * ((A2,'b2)), X Tex) (A2,b2)} 


Alyx a) (@t1B1) S max {Aly x4) ((Az,'b3) * (As, b1)) * ((a3, bs) * ((Az,'b2)), A! x x) (Az »'ba) 

1 — Alay 9) (Qr,B1) S 1 — max {Aly x4) ((az,'b3) * ((as,B1)) * ((az, bs) * ((Az,'b2)), K!ev x a) (Az» ba) 
Kha x ay (ab) = min {1 —4ly x4) ((az,'b3) * (arbi) * ((az, bs) * ((Az,'b2)), 1 —Aley x ay (Az, ba) 
Kha xa (ab) = min { K by x) (ag, bs) * (arbi) * (agg) * ((Az,b2)), X lv x sy (Az»'ba)} 


A yx a) (Aa,'b1) = min {K¥ yx 4) ((a3,'b3) * ((at,'b1)) * ((A3,b3) * ((Az,'b2)), A* x a) (A2,'b2)} 
1—K¥ yx) (A,b1) = 1— min [K* yx) ((3,'b3) * (Ax, b1)) * ((az,b3) * ((Az,'b2)), <"vx a (A2»'ba)} 
K Fy xa) (ab) S max {1 —4¥ yx) (agg) * ((At,'b1)) * ((a3,b3) * ((Az,'b2)), 1 —A¥ x 4) (A2,'b2)} 
Axa) (ab) S max {ZK Fy x 4) ((az,'bs) * (Arb) * (3,3) * ((A2,'b2)), X "x a (Az»'b2)}. 
Hence, YX A= (KP PF gy, K™ & Fy yay) IS a neutrosophic INK-ideal of X; x Xp. 


Theorem 3.9: Let YX A= (K™ } “(vx a) ) is aneutrosophic INK-ideal of X; x X2. Then 
(YX A)™ = (Kb PY ym ) is aneutrosophic INK-ideal of X; x Xp. 
Proof. For any (a,b) € X; X Xp. 
Then = K% yx) (0, 0) = K* vx a (a B) 
(‘Mee OO SK Ga)? 
A¥y xa) (0, O)™ 2 K* yx ay (@ B)”™ 
AX xaym (0, 0) 2 Ah xaym (@ Bb) 


{x56 (0, 0)}" Ss (kis (a, ‘b)}™ 
AM xa) (0, 0)" < ara (a, b)”™ 
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Alyx aym (0, 0) S Kix sym (a ‘B) 
And 
{4% (yx a) (0, ODF" 2 {K¥ yy Cr BII™ 
A¥wv xa) (0, 0)" 2 AX vx ay (@ B)™ 
AF xaym (0, 0) = Koy x qym (a, Bb). 
Now (a1, 42,43), (b1,'b2, b3) € X1 X Xp. 
[Xn Qintig)) 2 mi en, (ts) (Gi) Gy) Gas) Kaw eae) 
AT x) (A .'b1)™ = min {4% y x4) (((a3 bs) * (A1,b1)) * ((a3,'b3) * (Az,2)))™, AT x a) (Az »'b2)"} 
AT oy ym (Ag ,'b1) 2 min {AT yx ym (((ag,b3) * (Ax, 'b1)) * ((a3,b3) * (Az,'b2))), Ax ym (Az 'b2)}, 


{liv xay ((Qas bi )}™ S max {clay xy) ((a3,'b3) * ((@x,b1)), ((@zr'bs) * ((Az'b2)), Kev x a) (Az s'b2)} 
Alyx ay (Aa »B1)™ S max {4x 4 (((az,'b3) * (Ax »B1)) * ((ag,Bs) * (A2,°B2)))™, Alex ay (Azo) } 
Aly x aym (1,'b1) S max (4! x qym (((A3,'b3) * (@x,'B1)) * ((a3,'b3) * (A2,'b2))), K!evxaym (Az»'b2) 

And 

(A vol Guenl® Sain Aye (Ga Gea) Ga ea) 

A* (yx 4) (Aa,b1)™ 2 min {AF ev x a) (((a3 ,b3) * (@r,b1)) * ((ag,'b3) * (A2,B2)))™) <* vx ay (A2 b2)™} 
K ey x aym (Aa br) = min {4° x aym (((@g."b3) * (At »"b1)) * ((Ag,'bs) * (@z,"B2))), <™evxaym (Az +'ba)}. 
Hence, (VY X A)™ = (K® * “(vx aym ) is a neutrosophic INK-ideal of X; x Xp. 


Theorem 3.10: Let YX A= (K™ § Fay yy) and Y xX T= (K™ ' Fay py) is a neutrosophic INK- 
ideal of X, and X,. Then (VX A)N(Y XT) = (K™ § Fen (y xr) ) 1s aneutrosophic INK-ideal of 
ae 
Proof. For any (a,b) € X; X Xp. 
A*wvxa) (0, 0) 2A? xu (& Bland Alyx) (0, 0) 2A vx ry (& B) 
A* vx a) (0, 0), A" xa) (0, 0) X* xu (& Bb), KT xy (a B) 
mintA* iy x a) (0,0), At ey x A) (0,0)} = MIN{A* yy x A) (a, b), A xP) (a,b)} 


AY xayacrxry) (0,9) 24% vx a acrxr) (ab), 


Alyx) (0, 0) S Klay xa (@ bland Alyx, (0, 0) Sl x ry (@ Bb) 
Alyx a) (0, 0), Aleyx ay (0, 0) SK! x ay (@ Bb), Kl x ry (a 'B) 
maa{ ly x a) (0, 0), RESEN (0,0)} < maa{ ly x a) (a,b), Ala xp) (a,b)} 


Aly xaacrxry (0,0) SA xancrxry) @b), 


AY xa) (0,0) 2A* vx a) @b) and K* wy x 4) (0,0) 24% x ry (@'B) 
Are xa) (0, 0), K* yx a) (0, 0) 2K? xn (& B) Ar xr (& Bb) 
min{A* yx 4) (0,0), AX vx ay (0, 0)} = min{rr yx. (ab), Ax ry (&'b)} 


ANivx ay a(vxr) (0, 0) ZA yx AA(Y XT) (a,b). 
Now (a1, 42,43), (bi, "bz, 'b3) € X1 X Xp. 


A* iy xa) (Ar,'b1) = min (A edd ((a3,'b3) * ((ar,b1)), (Cag, bz) * ((az,'b2)), K*ev xa) (2 bz) }, 
A*iy xr) (ar»'b1) = min {AT xr) ((a3,"b3) * ((ax,b1)), ((a3, bg) * ((a2,'b2)), Kr x ry 2 ,b)}. 
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(A ese ((air,'bi), ~*~ xr) (aa, bi )} 


- Meslay ((a3, bs) * (a1, b1)), (CAs, bs) * (a2, 2)), XK" x a) pou 
~ minis*y xr) ((@s,'b3) * (1 B1)), (3, bs) * ((@2.'b2)), A" xr) (@2»'b2) 


Mint X* y x a) ((As,'bs) * (Ar, 'b1)), (Cs, 'b3) * (2,'b2)), Ah xr) (As, i 


> min 
* (@us'b1)), (Cassa) * (Aas'b2)), min{ KV x4) (Azsba)s "rx ry (Babe) 
AN x aya(y xr) (a1, bz) 


2 Earcers N(Y xr) ((a3, b3) s (ay, 'b1)), ((a3, b3) x (a2, 'b2)),K' (vx a) N(Y xT) (a2 es), 


Alyx a) (Aa Bi) = max {4!vx a ((@3,'b3) * ((Qb1)), ((as,B3) * ((Az,'b2)), A! x 0) (@2,'ba)}, 
Alay pr) (ay ,"b,) = max {Ales ry ((a3,b3) * ((a1,51)), ((a3,'b3) * ((a2,'b2)), Ax pr) (a2 ee 
Cone ((a1,'b1), <' xr) (ar»'b1)} 
Z ewer tae ((a3,'b3) * ((ax,b1)), ((a3,b3) * ((A2,'b2)), A! x a) (@2 Bz) 
~ (maxfAly xy ((a3,'b3) * ((ax 1), (a3, bs) * ((Az,'b2)), <' x ry (@2'B2) 


2 eae ((a3,"b3) * (Ax, 'b1)), ((a3,'b3) * (Az,'b2)), Ar xr) “age 
< max ; 
* (a1, b1)), (a3, 'b3) * (Az, B2)), MAX K'y x 4) (A2»'b2), Kv xr) (42,2) 
AL xa a(Y xP) (ay, bz) 
S {clea ncrxr)y ((a3,'b3) * @1,'b1)), ((a3,'b3) * (a2,°b2)), Av x aya (yxr) (a ,bz)} 


And 
A oy x4) (Aa sb) = min {Fy x4) ((A3,'b3) * ((ar-'b1)), ((Az,'b3) * ((Az»'b2)), "vx a) (Az, ba}, 
A‘ iy xr) (a1,1) = min LA’ wser ((a3,'b3) * (ay, 'b1)), ((as,bs) * ((a2,b2)), K' rx ry) (2 ba}. 
(A (ews ((ar,b1), <*(v xr) (1, b1)} 


- ea ((a3, bs) * (a1, b1)), (Cas, bs) * ((A2,b2)), <x) pratt 
~ minis" xr) ((3,'B3) * (av b1)), (Cas, 'b3) * (2,'B2)), <" xr) G2» ba) 


MiN{ A" y x 4) ((43,'bs) * (Ax, b1)), ((Az,'Bs) * (A2,'b2)), <r xr) Cas i 


> min : ' 
* (@is'b1)), ((@ap'ba) * (Ap, by), min{ <¥y x4) 2.2) "erry (ea) 
AY x ACY XP) (a1,'b;) 


2 {AF xa) n¢cvxr) ((a3,'b3) * (a1, 'b1)), ((a3, b3) * (82,2), Kw xancrxr) (a2 ,"bz)}. 
Hence, (YX A)N(Y XT) = (K® # Fagan (y xr) ) is aneutrosophic INK-ideal of X; x X2. 


4. Conclusion 


In this paper we applied the notion of direct product of neutrosophic set to INK-ideal of INK- 
algebra. We hhave Introduced the direct product the concept of neutrosophic INK-algebra and a 
direct product of closed neutrosophic INK-ideal, and have Investigated several properties. We have 
provided conditions for a direct product of neutrosophic set to be a direct product of neutrosophic 
INK-ideal in INK-algebra.. 
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Abstract: In this paper, we introduce the notion of Neutrosophic Simply Soft Open (N5°-O) set, 
Neutrosophic Simply Soft (N%*) compact set in Neutrosophic Soft Topological Spaces (NS-TS) and 
investigate several properties of it. Also, we furnish the proofs of some theorems associated with 
N*’-compact spaces. Then, the notion of neutrosophic simply soft continuous (N*S-continuous) 


mapping, N5S-O mapping on an N°-TS and its properties are developed here. 


Keywords: neutrosophic simply soft open, neutrosophic simply soft closed, neutrosophic simply 


soft compact, neutrosophic simply soft continuous. 


1. Introduction 


Maji (2012; 2013) grounded the idea of Neutrosophic Soft Set (N°-S) by combining Neutrosophic 
Set (NS) (Smarandache, 1998) and Soft Set (Molodtsov, 1999). The impact of NS and N°-S has been 
reflected in their applicability in decision making (Smarandache & Pramanik, 2016; 2018; Mondal, 
Pramanik, & Giri, 2018a; 2018b; 2018c; Biswas, Pramanik, & Giri, 2014a; 2014b; 2019; Pramanik, 
Mallick, & Dasgupta, 2018; Dalapati et al., 2017; Pramanik, Dalapati, Alam, Smarandache, Roy, 2018; 
Das et al., 2019; Dey, Pramanik, & Giri, 2015; 2016a; 2016b; Karaaslan, 2015; Pramanik & Dalapati, 
2016; Pramanik, Dey, & Giri, 2016; Jha et al., 2019). Broumi (2013) further studied N°-S and proposed 
generalized N%-S by combining generalized neutrosophic set (Salama and Alblowi, 2012a) and soft 
set (Molodtsov, 1999). Smarandache (2018) generalized the soft set to the hypersoft set and 
plithogenic hypersoft set. 

Bera and Mahapatra (2017) defined the Neutrosophic Soft Topological Space (N%-TS) and 
introduced separation axioms on N°-TS by extending the Neutrosophic Topological Space (NTS) 
introduced by Salama and Alblowi (2012b). Aras, Ozturk, and Bayramov (2019) also studied the 
separation axioms on N°-TS. Bera and Mahapatra (2018) presented connectedness and compactness 


on NS-TS. Mukherjee, Datta, and Smarandache (2014) presented Interval Valued NS-TS (IVN°5-TS). 
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Das and Pramanik (2020) recently presented neutrosophic b-open sets in NTS. Mehmood et al. (2020) 
presented neutrosophic soft a-open set in NS-TS. 

El Sayed, & Noaman (2013) presented the simply fuzzy generalized open and closed sets, 
simply fuzzy continuous mappings, simply fuzzy compactness, simply connectedness. In a 


neutrosophic soft set environment, these concepts have not been introduced. 


Research gap: Investigations on Neutrosophic Simply Soft Open (N°S-O) set in N°-TS, 
N58-continuous mapping, N5S-O mapping, N°S-compactness on an NS-TS have not been reported in 
the literature. 

Motivation: Since NS generalizes fuzzy set (Zadeh, 1965) and NS is more suitable to deal with 
uncertainty including inconsistency and indeterminacy, we get the motivation to extend the simply 
fuzzy set in a neutrosophic environment. To address the research gap, we introduce the N*°-O set, 
N*sS-compactness on an N°-TS. 

The rest of the paper is designed as follows: 

Section 2 recalls of some definitions, properties of NS-S, NS-T, and N5-TS. Section 3 introduces N%5-O 
set, N°S-compactness, and proofs of some theorems, propositions on N°-TS. Also, in this section, we 
develop the concept of N*%°-continuous mapping, N*‘*-O mapping. Finally, Section 4 presents 


concluding remarks. 


2. Preliminaries and some properties 


Definition 2.1. Assume that W is a non-empty fixed set and P is a collection of parameters. Assume 
that NS(W) denotes the set of all NSs over W. Then, for any SCP, a pair (N, 5) is said to be an N®-S 
(Maji, 2012) over W, where N: S>NS(W) is a mapping. 

An N*°-S (N, S) is represented as follows: 

(N, S) = {(fiiC u, Tra), Inp(u), Fnp(u)): wEeW)}:feP}, where Trp(u), Inp(u), Fre(u) are the truth, 


indeterminacy, and falsity membership values of each u w.r.t. the parameter feP. 


Example 2.1. Assume that W= {m1, mz, m3} is a set consisting of three mobiles and P = {f:(display), 
f2(RAM), f3(cost)} be a set of parameters with respect to which the nature of mobile is described. 

Let, 

N(ft) = {(m1, 0.6, 0.5, 0.5), (m2, 0.3, 0.8, 0.5), (m3, 0.5, 0.3, 0.4)}, 

N(fz2) = {(mu, 0.7, 0.4, 0.6), (112, 0.6, 0.5, 0.4), (m3, 0.7, 0.3, 0.3)}, 

N(f3) = {(771, 0.8, 0.5, 0.4), (m2, 0.7, 0.8, 0.5), (m3, 0.5, 0.3, 0.6)}. 

Then (N, P) = {(f1, N(fi)), (f2, N(f2)), (8, N(e3))} is an NS-S over W w.r.t the set P. 


Definition 2.2. The complement of an N°-S (N, P) (Maji, 2012) is denoted by (N*, P) and is defined by 
(Ne, P) = {(f, {(u, 1-Trip(u), 1-Ingp(u), 1-Frp(u)): we W)}: fe Ph. 


Definition 2.3. Assume that (S1, P) and (S2, P) are any two N°-Ss over W. Then (Si, P) is said tobe a 
neutrosophic soft subset (Maji, 2012) of (S2, P) if VfeP and VueW, Ts ¢¢)(U) STsicp) (U4), Isig—y() 
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2I5.¢p(u), and Fy, ¢f)(u) 2Fs,¢¢)(u). We write (S1, P) c (S2, P). Then (S2, P) is called the neutrosophic 
soft superset of (S:, P). 


Definition 2.4. Assume that (Si, P) and (S2, P) be any two N°-Ss over W. Then their union (Maji, 2012) 
is denoted by (H, P), where H = S1US2 and is defined as: 

(A, P) ={(fiCu, Tap(u), Inp(u), Fap(u)): ueW)}: feP}, where Ta(u) = max {Ts,¢f)(U),  Ts,gy (ub Tau) 
= mun {Is,¢f)(u) and Is, ¢¢)(u)}, and Fragp(u) = min (Fs, ¢¢)(u), Fs, cp)(u)}- 


Definition 2.5. Assume that (S:, P) and (S2, P) are any two N°-Ss over W. Then their intersection 
(Maji, 2012) is denoted by (H, P), where H = Si7S2 and is defined as: 
(A, P) ={(fACu, Tap(u), Inp(u), Fap(u)): we W)}: feP}, where Taw(u) = min {Ty p)(U), Trap), Inu) 
= max {Iy,fy)(u) and Ty, ¢)(u)f}, and Frap(u) = max {Fy cp)(U), Fuycpy()}- 


Definition 2.6. An N°-S (S, P) over a non-empty set W is said to be a null N°-S (Bera, & Mahapatra, 
2017) if Ts(u) = 0, Is@(u) = 1, Fsip(u) =1 VueW w.r.t. the parameter feP. It is denoted by Os, r). 
Definition 2.7. An N°-S (S, P) over a non-empty set Wis called an absolute N5-S (Bera, & Mahapatra, 
2017) if Ts(u) =1, Isp@(u) = 0, Fsp(u) = 0 VueW w.r.t. the parameter feP. It is denoted by1\s, »). 

Clearly, 1°(s, rp)= Os, py) and 0° s, P) =1(s, P). 

Definition 2.8 Assume that N°-S (W, P) be the collection of all N°-Ss over W via parameters in P and 
t< NS-S (W, P). Then t is said to be an NS-T (Bera, & Mahapatra, 2017) on (W, P) if the following 
axioms are Satisfied. 

(1) Ow, Py), Lin, PET; 

(ii) CR, P), (Q, P) EtS>(RAQ, P) €t 

(ili) {((Qi, P): teA}Ct=> (VieaQi, P) ET. 

The triplet (W, P, t) is said to be an N°-TS. Every element of t is called an NS-O set. An N°-S (S, P) is 
called a neutrosophic soft closed (N5-C) set iff its complement (S*, P) is an N®-O set. 

Definition 2.9. Assume that (W, P, t) be an N°-TS over (W, P) and (M, P) be an arbitrary element of 
NS-S (W, P). Then the neutrosophic soft interior (N%in:) (Bera, & Mahapatra, 2017) and neutrosophic 
soft closure (N*c) of (M, P) is defined as follows: 

NSint (M, P) = U{(Q, P): (Q, P) is an N°-O set in W and (Q, P) < (M, P)}. 

Na (M, P) = A{(Q, P): (Q, P) is an NS-C set in W and (M, P) < (Q, P)}. 

Proposition 2.1. Assume that (W, P, t) be an N°-TS over (W, P) and M, NeN®-S (W, P). Then the 
following results holds: 

(JMCN>N5ci(M) & NSci(N) &NSint(M) & NSint(M); 

(ii) NSint(M) c Mc N5ci(M); 

(111) NSine(Ow, Py) = Ov, P) & NSci(Owy, Py) = Ow, Py; 

(iv) NSine(1, Py) = Lov, P) & NSci(1w, Py) = 10, P); 

(v) NSintNSint((M) =M & NSaNSa(M) = M; 

(vi) NSin( MAN) = NSint((M)ANSint(M); 

(vil) NSin( MUN) D NSint((M)ONSint(M); 
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(vili) NSa( MUN) = NSc(M)UNSa(N); 

(ix) NSa( MAN) & NSa(M)ANSci(N). 

Proof. For proof see (Bera & Mahapatra, 2017). 

Proposition 2.2. Assume that (X, E, t) be an N°-TS over (X, E) and MeNSS (X, E). Then the following 
results hold: 

(i) (N®int(M))°= N®a(M°); 

(ii) (NSa(M))o= NSint(Me). 

Proof. For proof see (Bera & Mahapatra, 2017) 

Definition 2.10. Assume that (W, P, t) be an N°-TS over (W, P). Then a family {(Qa, P): ac A} of N5-O 
sets in (W, P, Tt), is called an NS-O cover (Bera & Mahapatra, 2018) of an N®-S (Q, P) if (Q, P)CUgea 
(Qa, P). 

Definition 2.11. An (W, P, t) over (W, P) is said to be an N5-compact set (Bera, & Mahapatra, 2018) if 
every NS-O cover of W has a finite subcover. 


3. Neutrosophic Simply Soft Open Set 


Definition 3.1. Assume that (W, P, t) be an N°-TS over (W, P). Then (Q, P), a neutrosophic soft subset 
of (W, P, t) is said to be a neutrosophic simply soft open (N*°-O) set if NSintNSa(Q, P) C NSaNSint (Q, P). 


Definition 3.2. Assume that (W, P, t) be an N°-TS over (W, P). Then (Q, P), aneutrosophic soft subset 
of (W, P, t) is said to be a neutrosophic simply soft closed (N*S-C) set if its complement is an N*°S-O set 
in (W, P, 7). 
Theorem 3.3. In an N°-TS (W, P, t), every N®-O set is an N®°-O set. 
Proof. Assume that (Q, P) be an NS-O set in an N°-TS (W, P, t). Therefore N5in(Q, P) = (Q, P). 
Now, (Q, P)CNSc(Q, P). This implies (Q, P) < NScaNSint (Q, P). 
Now (Q, P)CNSaNSint(Q, P) 
=> Nsa(Q, P)ENSaNSaNsint(Q, P) 
= NSaNSin(Q, P) [since NScaN%int(Q, P) is an NS-C set in (W, P, t)] 
=> N5.(Q, P)c NSaNSint(Q, P) (1) 


Again, NSintN5c(Q, P)CN%ca(Q, P) (2) 
From (1) and (2), we obtain, 

NSintNSc(Q, P)c& NSaN%int(Q, P). 

Hence (Q, P) is an N5S-O set in (W, P, 7). 


Definition 3.3. Assume that (W, P, t) be an N°-TS. Then the Neutrosophic Simply Soft interior (N*Sint) 
and Neutrosophic Simply Soft closure (N%‘1) of a neutrosophic soft subset (Q, P) of (W, P, Tt) is 
defined by 

NSint((M, P) = U{(Q, P): (Q, P) is an NSS-O set in W and (Q, P) c (M, P)}. 

N%5.(M, P) = A{(K, P): (K, P) is an NSS-C set in W and (M, P) c (K, P)}. 

Definition 3.4. Assume that (W, P, t) be an NS-TS over (W, P). Then a collection {(Qa, P): acA} of 
N5s-O sets in (W, P, Tt), is said to be an N®°-O cover of an N°-S (Q, P) if (Q, P) CUgea(Qa, P). 
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Definition 3.5. An N°-TS (W, P, t) over (W, P) is said to be an N°S-compact space if every N*°S-O cover 


of W has a finite subcover. 


Definition 3.6. A neutrosophic soft subset (K, P) of (W, P, t) is said to be an N*S-Compact set relative 


to W if every N®5S-O cover of (K, P) has a finite subcover. 


Definition 3.6. A function w:(W, P, 11) — (G, P, 7) is called an N*S-continuous function if for each 
NS-O set (Z, P) in G, w1(Z, P) is an N55-O set in W. 


Definition 3.7. A function y:(W, P, 1) — (G, P, 1) is said to be an N°S-O function if w(K, P) is an 
N®55-O set in G whenever (K, P) is an N°S-O set in W. 


Theorem 3.2. Every N*S-C subset of an N%S-compact space (W, P, t) is an N%S-compact set relative to 
W. 

Proof. Assume that (W, P, t) be an N*%S-compact space and (K, P) be an N®°-C set in (W, P, 1). 
Therefore (K‘, P) is an N®S-O set in (W, P, t). Let U= {(Ui, P): 1€A and (Ui, P)—eEN*S-O(W)} be an N*S-O 
cover of (K, P). Then H= {(K; P)}UU is an N%S-O cover of W. Since W is an N*S-compact space then it 
has a finite subcover say {(H1, P), (Hz, P), (A, P), ..., (Hn, P), (Ky P)}. Then {(H1, P), (A2, P), (A, P), ..., 
(Hn, P)} is a neutrosophic finite simply soft open cover of (K, P). Hence (K, P) is an N%%-compact set 


relative to W. 
Theorem 3.3. Every N°S-compact space is a neutrosophic soft compact space. 


Proof. Assume that (W, P, t) is an N°5-compact space. Suppose that (W, P, t) is not an N5-compact 
space. Therefore, there exists an N5-O cover ® (say) of W, which has no finite subcover. Since every 
NS-O set is an NS5S-O set, so we have an N°S-O cover S of W, which has no finite subcover. This 


contradicts our assumption. Hence (W, P, t) must be an NS-compact space. 


Theorem 3.4. If yw:(W, P, t1) — (G, P, t2) is an N*%S-O function and (G, P, tz) is an N*S-compact space 


then (W, P, t1) is also an NS-compact space. 


Proof. Assume that w:(W, P, t1) — (G, P, 1) be an N®S-O function and (G, P, 12) is an N%°-compact 
space. Let H= {(Ki, P): t€A and (Ki, P)eNS-O(W)} be an NS-O cover of W. This implies that 
w(AL) = {w(Ki, P): tc A and (Ki, P)e NS-O(G)} is an N°S-O cover of G. Since (G, P, t2) is an N°S-compact 
space, so there exists a finite subcover say {w(K1, P), w(K, P), ..., w(Kn, P)} such that M GU{w(Ki, P):1 
=1, 2, ...,n}. This implies that {(K1, p), (K2, p), ..., (Ku, P)} is a finite subcover for W. Therefore (W, P, 11) 


is an N°-compact space. 


Theorem 3.5. If y:(W, P, t1) — (G, P, t2) is an NS-continuous function then for each N5-compact set (Q, 
P) relative to W, w(Q, P) is an N%-compact set in (G, P, 72). 

Proof. Assume that w: (W, P, 11) — (G, P, w) is an N°%-continuous function and (Q, P) is an 
N5S-compact set relative to W. Let H= {(Hi, P): 1¢A and (Hi, P) be an NS5-O set in G} be an N°-O cover 
of w(Q, P). Therefore, by hypothesis y(H)={ w(Hi, P): 1€A and w1(Hi, P) is an NS-O set in W} is an 
NS-O cover of w"(w(Q, P)) = (Q, P). Since every N°-O set is an N®°-O set, so yw'(H)={ w1(Hi, P): ie A and 
w1(Hi, P) is an NS-O set in W} is an N5°-O cover of (Q, P). Since (Q, P) is an N°S-compact set relative to 
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W, so there exists a finite subcover of (Q, P) say {w1(H1, P), w4(H2, P), ..., w4(An, P)} such that (Q, P)S 
Uw (hs, P)it= 1 2a NY. 

Now (Q, P)SU;{w2(H1, P): 1 = 1, 2, ..., n}. 

=w(Q, P)SU;{w(yw!(A1, P)): 1 =1, 2, ..., n} = U;{(H1, P):1=1, 2, ..., n}. 


Therefore there exist a finite subcover {(H:, P), (H2, P), ..., (Hu, P)} of w(Q, P) such that w(Q, 
P)CU;{(A1, P): 1 =1, 2,..., n}. Hence w(Q, P) is an NS-compact set relative to G. 


Theorem 3.6. Every neutrosophic soft continuous function from an N°-TS (W, P, t1) to another N5-TS 


(G, P, t2) is an N®S-continuous function. 


Proof. Assume that wy: (W, P, t1) — (G, P, t2) be a neutrosophic soft continuous function. Let (Q, P) be 
an NS-O set in (G, P, 12). Since y is a neutrosophic soft continuous function, so y!(Q, P) is an N5-O set 
in (W, P, t1). Since every NS-O set is an N°S-O set, so y1(Q, P) is an N*%S-O set in (G, P, 12). Therefore 
w(Q, P) is an N®°-O set in (G, P, 12), whenever (Q, P) is an N°-O set in (W, P, 11). Hence w:(W, P, t1) > 


(G, P, t2) is an N®S-continuous function. 


Theorem 3.8. If w:(W, P, t1)—>(G, P, 12) is an N5°-continuous mapping and y:(G, P, t2)—>( H, P, 13) is a 
neutrosophic soft continuous mapping, then the composition mapping yow:(W, P, t1)—>(H, P, 73) is an 
N»°S-continuous mapping. 

Proof. Assume that (Q, P) is an NS-O set in (H, P,t3). Since y:(G, P, t2) — (H, P, 13) is a neutrosophic 
soft continuous mapping, so y1(Q, P) is an N®-O set in (G, P,t2). Again since wy: (W, P, t1)—>(G, P, 12) is 
an N®s-continuous mapping, so y'(y1(Q, P))= (yeg)(Q, P) is an N*S-O set in (W, P, 71). Hence (yeé)(Q, 
P) is an N°°-O set in (W, P, 11), whenever (Q, P) is an N°-O set in (H, P,13). Therefore yoé: (W, P, t1) > 


(H, P,13) is an N*°-continuous mapping. 


4, Conclusions 

In this article, we have introduced the N*°-O cover, N%%-compact set, in an N5-TS. By defining 
N5S-O cover, N°S-compact set, we have proved some propositions, theorems on N°-TS. In the future, 
we hope that based on these notions of neutrosophic simply soft compactness, many new 
investigations can be carried out. The proposed concepts can be explored in various neutrosophic 
hybrid sets such as rough neutrosophic set (Broumi, Smarandache, & Dhar, 2014), bipolar 
neutrosophic set (Deli, Ali, & Smarandache, 2015), etc. 
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Abstract. Here bipolar quadripartitioned single valued neutrosophic rough (BQSVNR) set is introduced. Some 
basic set theoretic terminologies like constant BQSVNR set, subsethood of two BQSVNR sets are shown. 





Algebraic operations like union, intersection and complement have also been defined. Different types of measure 





like similarity measure, quasi similarity measure and distance measures between two BQSVNR sets have been 
discussed with their properties. Again various measures of similarity namely distance based similarity measure, 
cosine similarity measure, membership function based similarity measure are introduced in this paper. A 


medical diagonasis problem has been solved using similarity measure at the end. 


Keywords: SVN set, SVNR set, QOSVNR set, BQSVNR set 


1. Introduction 


Neutrosophic set (NS) was introduced by Smarandache in 2005 |7| as a generalization of 
intuitionstic fuzzy set (IFS) |4]. Here in NS the indeterminacy factor is independent where as 
indeterminacy in IF'S is dependent completely on the truth and falsity values. This is why NS’s 
are more general in nature and can handle various types of data including incomplete, incon- 
sistent and even para consistent data. Wang et. al in 2010 has introduced a new version of 
NS called single valued neutrosophic set (SVN) which is much easier for the application than 
NS in solving physical problems. Currently the theory of NS has becomes a very successful 
and flourishing area of research and many researchers are doing research in different areas of 
both theory and application (22]]31}[32)/34}/38}. In 2016 R. Chatterjee et. al defined an- 
other new version of NS set called Quadripartioned SVN (QSVN) set where the indeterminacy 
factor consists two divisons namely contradiction and ignorance. This QSVN set is expected 


to give better results and more realistic value as it characterizes the indeterminacy factor into 





two parts which is based on the notions of four valued logic of Belnap [2]. On the other hand 
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bipolar SVN set is an identification of polarity. Thus bipolar concept which is very useful 
in many decision making concept as a large number of human decision making is based on 
double sided or bipolar judgement thinking on a positive side and negative side. Again Rough 
Set (RS) by Pawlak is a well established technique to express imperfect information by 
employing vagueness to the boundary region of a set. RS theory has various applications in 
artificial intelligence and especially in machine learning [5}/6}8}(9}[1 41]22)]24]. 

Here the idea of BQSVNR set which is an further extension of the articles is 
introduced. In literature many types of NS exist together with various types of applica- 
tions [10}]12/1.6}/19]/21}/25}130})/33). However we refer our readers to study NS theory [7], SVN 
theory [10], QSVN theory [23], RS theory [3], BRS Theory for their convenience. In this 
manuscript we have defined BQSVNR set with it’s various types of operations. Also various 
similarity measures of BQSVNR set are discussed. Later a uncertainty based real scientific 
problem has been worked out by using BQSVNR set model. Finally the future work related 


to our paper is given. 


2. BQSVNR set 


Throughout this paper we will consider all the definitions over X ~ ¢ together with an 
equivalence relation R and we will denote it by (X,R). For the many other properties i.e. 


entropy, various types of similarity measures of a NS, SVN sets, BNS etc we refer our readers 


to follow any of the monograph say (7)[12]]18}. 


Definition 2.1. Suppose A be a BQSVN set in (X,R) with positive membership 
degrees TI'*(m),C*(m), I*(m), F*(m) respectively and negative membership degrees 
T~ (m), C7 (m), I~ (m), F~ (m)-respectively of an element m € X. The lower and upper ap- 
proximations of A in (X,R) denoted by L(A) and L(A) respectively are defined as follows: 


L(A) = {(m,T4(m),C4(m), 14 (m), Fg (m), Ta (m), C4 (m), 
I, (m), Fa (m))|m € [mlx CX} 


L(A) = {(m, T3(m), CZ(m), 7 (m), FF (m), Tz (m), Cz(m), 
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where, 


where 0 < Ty (m)+Cy (m) +14 (m)+ Fy (m) <4,-4< Ty (m)+C4(m) +L, (m)+- Fy (m) < 0, 
+ + + + - - - - 

0< T5(m) + Cl(m) + IG (m) + Fo (m) < 4, -4 < Te (m) + CZ(m) + E(m) + FE (m) < 0 

and V, A mean “max” and “min” operators respectively, T’4(m),C4(m), [4(m), F'4(m) are the 

respective membership function of m w.r.t A. L(A) and L(A) are two bipolar QSVN sets in 

X. The pair (L(A), L(A)) is called BQSVNR set in (X, R). 


Example 2.2. Consider the case where four economists ™m1,™2,™m3,™a4 were asked to give 
their opinion on the statement “Rate of economical growth of India in 2020 will cross the 
rate of economic growth in the year 2019”. Each economists will give concern in terms of 
degree of agreement, agreement or disagreement both, neither agreement nor disagreement, 
disagreement together with positive and negative aspects respectively. Let R, be a set on U 


of all economists which may be considered as follows: 


m,n €U,mRyn iff m and n 


both belongs to same organization i.e. IMF, London school of economics etc. 


The aggregate of their opinion can be very well expressed into the following equivalent class 


R, as following: 


U/Ry = {{m1,mM2},{M3}f, {Ma $f 


We can develop a BQSVN set A on the basis of the economists opinion as follows: 


A = {(my, (0.8, 0.6, 0.2, 0.2, —0.4, —0.5, —0.3, —0.7)), 
(mz, (0.4, 0.6, 0.6, 0.8, —0.6, —0.5, —0.4, —0.8)), 
(ms, (0.5, 0.5, 0.7, 0.1, —0.8, —0.6, —0.4, —0.6)), 
(ma, (0.6, 0.7, 0.4, 0.1, —0.5, —0.3, —0.6, —0.4))}. 
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Now by Definition [2.1] we have, 
L(A) = {(mz1, (0.4, 0.6, 0.6, 0.8, —0.4, —0.5, —0.4, —0.8)), 
(ma, (0.4, 0.6, 0.6, 0.8, —0.4, 0.5, —0.4, —0.8)), 
(m3, (0.5, 0.5, 0.7, 0.1, —0.8, —0.6, —0.4, —0.6)), 
(ma, (0.6, 0.7, 0.4, 0.1, —0.5, —0.3, —0.6, —0.4))} 
L(A) = {(mz1, (0.8, 0.6, 0.2, 0.2, 0.6, —0.5, —0.3, —0.7)), 
(mo, (0.8, 0.6, 0.2, 0.2, —0.6, —0.5, —0.3, —0.7)), 
(m3, (0.5, 0.5, 0.7, 0.1, —0.8, —0.6, —0.4, —0.6)), 
(ma, (0.6, 0.7, 0.4, 0.1, —0.5, —0.3, —0.6, —0.4))} 
Hence (L(A), L(A)) provides the rate of growth of India in 2020 in comparison with the rate 
of growth in 2019. 


Definition 2.3. Suppose A be a BQSVN set in (X, R). If 

(i) L(A) = L(A), then (L(A), L(A)) is called constant BQSVNR set in (X, R). 

(i) Vm € [mJzN L(A)(and L(A), Tf (m) =1 = Ch(m), Lf(m) = Fi(m) = 0, Ty(m) = 
0 = Cy(m), I, (m) = Fy (m) = 1, then (L(A), L(A)) is called an unit BQSVNR set 
in (X, R). 

(ii) Vm € [mlz L(A)(and E(A)), TH(m) = 0 = Ct(m), I{(m) = F}(m) = 1, Tz(m) = 
1 =Cy(m), Iy(m) = Fy (m) = 0,, then (L(A), L(A)) is called zero BQSVNR set in 
(X,R) and it is denoted by ®. 


Now some set-theoretic operations on BQSVNR set over (X, R) will be studied. 


Definition 2.4. Consider L(A) = (L(A), L(A)) is a BQSVNR set in (X,R). We define 


complement BQSVNR set L°(A) of L(A) as L°(A) = ((£(A))°, (Z(A))°), where 
(L(A))° = {(n, FE (m),1 — 15 (m),1 — Chm), TE (mn), 

Py(m), 1 — Iq (m),1 — Cg (m), Ty (m))Im € (mln © X} 
(E(A))° = { (x, FE(m),1 — EE (m), 1 - CZ (m), TH(m), 


F—(m),1—I>(m),1-— Cl(m),T>(m))|\m € [m]r C X} 


A A A A 


Definition 2.5. Suppose A = (L(A), L(A)) and B = (L(B), L(B)) are two BQSVNR set over 
X. We say A C B if L(A) C L(B) 
Ty(m) < Tg(m),Ca(m) < CR(m), I, (m) 


wt 
S 
ed 
Ss 
lV 


aos 


= 


> | 
= 


=a 2 
Tg (m), Cq(m) > Cy (m), Ig(m) < Tp (m), Fy (m) < Fp (m), 
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Tg(m),Cqlm) A Clon), Egon) V Tg), Flom) VFO 
C£(m), I alm) v Bgl m),FE(m) v FE(m),T3(m) Vv T5( 
JA 


A 
I=(m), Fz(m) A F5(m) Vm € [mr © X. 


Definition 2.7. Suppose A = (L(A),L(A)) and B = (L(B),L(B)) are two BQSVNR 
set over X. Then the intersection of A,B ie. ANB = (L(A) N L(B), L(A) L(B)) is 
defined as: T, (m) /\ Tz (m), C4 (m) /\ Ch(m), 14 (m m)V If B(m), 4 (m) V Fz (m ), Ta (m) V 
Tz (m),Ca(m) V Ca(m),La(m) A Ip(m),Fa(m) A Fe (m) V TL (m ), Cx(m ) Vv 
C2(m), Ix(m /\ I= (m), FZ (m) /N\ F2(m),TZ(m) A TS (m (m) A CZ(m), iG (m) V 
I7(m), FZ (m) V Fe(m) Vm € [mJr € X. 


a a 


Proposition 2.8. Consider three BQSVNR sets 01,902,903 in (X,R). Then for all for 
BQSVNR sets over X we have the following: 
(i) 0, U Og = Og U1; 0, N Og = O2N Oj. 

(ii) O, U (Og U Og) = (O01 U Og) U 03; 01 N (O2N Og) = (01 N O2) N O3 

(iii) O3 MN (O3 U O2) = 03; O3 U (03M O2) = Os. 

(iv) (Of)° = O1. 

(v) (01 U O2)° = OF NOS; (01 N O2)° = OF U OS 

(vi) 0, UO, = By; 0, NO, = Oj. 


We omit the proof of the Proposition [2.8] as it is very straight forward. 


3. Different similarity measures of BQSVNR sets 


Consider an universal set X # @ and denote the set of BQSVNR set over (X, R) by B(X). 


Definition 3.1. A mapping s : B(X) x B(X) — [0,1] is called a similarity measure iff for 
W1,W2 € BUX), 
(i) s(W1, W2) = s(We, W1) 
(ii) 0 < s(W,, Wo) < 1 and s(Wj, W2) = 1 iff W, = Wo. 
(iii) for any W,, W2, W3 € B(X), Wi C Wo C Ws, 8(W1, W3) < s(W1, W2) A s(Wa, W3). 


Although in Definition the condition (ii) exists but some familiar similarity measure 
techniques i.e. weighted similarity measure, cosine similarity measures etc fail to satisfy it. 
On the other hand these similarity techniques has a wide application in real world discission 
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making problems. Thus it is essential to introduce a new definition of similarity measure say 


“Quasi Similarity Measure” which omits the condition (722) of Definition [3.1] 


Definition 3.2. Consider B(X ), the set of BQSVNR sets over an universe X. Then a function 
s': B(X) x B(X) = [0,1] is called a quasi similarity measure iff for W1, W2 € B(X), 


(i) s(W, Wa) = s(Wa, W) 
(ii) O< s(W, Wa) < 1 and s(W, Wa) — 1iff W, = Wa. 


3.1. Distance measures between two BOSVNR sets 


Definition 3.3. A function d, : B(X) x B(X) > R™ is called a distance measure for BQSVNR 
sets iff for W1, W2, W3 € BCX), 


(i) dy(Wi, W2) = do(W2, Wi) 
(ii) d,(W, Wa) = 0 and d,(W, Wa) — 0 iff Wi _ Wo. 
(iii) d,(W, W2) <— dp, (Wi, W3) + d,(W3, W2). 


Clearly dy is a metric on B(X). Suppose 0,T € B(X) over an universal set X = 


at DD ssa Cima e 


Definition 3.4. The Hamming distance h(O,I) between two BQSVNR sets © and [ is defined 


as 


h(@,T) = min { {n(,L)}, {h(O,I)}} where, 


Fg (a3) — FE (x3)| + ITe (3) — Th (a3)| + Ce (as) — Ch (a) + 
Le (xj) — Tp (23) + [Fo (ty) — FE (2 5)It 


h(O,T) = {)_ TE (as) — TE (es) + ICE (a3) — CHa) + UR (23) — FE @s)| + 


JF (23) — FY (a5)| + (Ty (es) — Te (29) + |CH (ey) — Coal + 
IS (25) — Fe (@,)| + | FG (es) — FE (ay) |} Vary © X. 


Definition 3.5. The Normalized Hamming distance between 0 and I is defined as hy (0,T) = 
sn (2(8,1)). 
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Definition 3.6. The Euclidean distance E(0,I) is defined as follows: 
E(0,T) = min{{E(O,L)}, {£(0,1)}} where, 
E(9,T) = a> Te (#3) — Te (ea) + CQ (aes) — CE (ed? + lg (2s) — Ip (P+ 
j=l 
Fg (23) — Fp (as) + |To (@) — Tp (es)? + Cg (2s) — Cpe) P+ 
Tq (2s) — Tp (@;)? + [Fg (ay) — Fe @) PP? 


TL 


E(O,T) = {)_ Tg (es) — TE en + lf (es) — CH (as) P + EB (ey) — Es)? + 


T I 
j=l 
FS (23) — FF (es)? + ITS (ep) — Te ep FP + ICS (ay) — Cole) Ph + 


Ys (09) — I (wa)? + FS (03) — Fe (as) PP}? Vay € X. 


Definition 3.7. The normalized Euclidean distance Q(0,I) is defined as follows: 
1 
2/2n 

Gradually distance measurement process which gives an idea about the similarities between 
two BQSVNR sets becomes the main attraction among the researchers. Also different MCDM 
problems can be solved using similarity measures technique (20][21]. On the other hand many 


Q(O, r) — 





E(@,T). 





mathematicians have used a variety of distance-based operators say induced weighted aggre- 
gation distance (IOWAD) operators, an extended version of common OWA operators to solve 
various problems (1.1)[13}]15]. However we will only concentrate only on the following distance 


oriented similarity measures. 


3.2. Distance oriented similarity measure between two BOSVNR sets 


Consider two BQSVNR set ©1, 02 over B(X). Based on all previously defined distances 
two new similarity measures 5;(0 1, O2), $9(©1, G2) for a pair of BQSVNR set 01, 02 can be 
defined: 


1 


S| (01,02) = 1+h(©;, 03)’ 


$)(01, 2) =e @ Or?) 


where a € R™ is the steepness measure of S2(Q 1,02). In a similar way using Euclidian 





distance, we define another pair of similarity measure S}(©1, 02), $5(©1, O2) as follows: 


1 


Si (O1, 02) = 1+ 56,6.) 


, 55(O1, O02) = oe B-E(O1,82) | 


where 8 € R* is the steepness measure of 55(Q1,02). one can easily seen that 
S,(O1, 82), $2(O1, 02), 54 (O1, 92), 55(O1, O2) satisfies the axioms of Definitions for two 
BQSVNR sets 01, Qo. 
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3.3. Cosine similarity measure of BOSVNR sets 


Here we will discuss the cosine similarity measure, a basic similarity measure technique 





between two BQSVNR sets. To obtain this similarity measure we represent two BQSVNR sets 
as vectors. We illustrate our proposed new cosine similarity measure Cggsvwr of BQSVNR 


sets as following: 


Definition 3.8. Consider A,B € B(X). For each x; € X, 7 =1,2,...,n, we define 


Les 2 
CpasvnrR(A, B) = S ae where, 
a 


51 = OT 4(x;)OTB(x;) as OC'4(x;)OC'B(x;) “ir OL 4(x;)OLB(x;)+ 
OF a(xj)OFB(x3), 


So = 1/OTa(2;)? + OCa(2;)? + OLA(a;)* + OF 4(a;)”, 
a= 4/ OTB (x;)° ++ OC'B(x;)° = OIp(a;)° a OF (a;)”, 


Tx (xj) + TE(a;j) Ty (aj) + TE(25) 


where OT (xj) = =; , OTs (23) = ; 
aCt(a;) = TED porte _ Ox (a5) : CL(xj) 

Ty (aj) + Ee(aj) Tx (a5) + a5) 
OI¢ (a3) = = *— alg (a;) = == 
OFS (x3) = ED orzlei) = oe 
a (x) = SERA) + OTROS). 5094 (95) = SCHED) + CHE) 
OIx (xj) = OE) OTE) op (25) = si SA) 


where X € {A, B}. 


Theorem 3.9. Cegsvnr(A, B) is a similarity measure between two BOSVNR sets A,B € 
B(X). 


We omit the proof as it is very simple. 
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3.4. Similarity measures of BOSVNR sets based on membership values 


Consider A, B € 


functions Co he, 





B(X). For each x; € X,j = 1,2,...,n and for k = 1,2,...,4 define the 
hy, he: X — [0,1] respectively as 


hi* (x3) = |T4 (as) — Tg (2s)I, 


ho* (0) = [FE (as) — FE (as), 

hs* (0) = 5 (hi (ag) + WE (ay) + CF(aj) — CH(a)). 
ha* (a) = UE (3) — 15 (#))|, 

hy (5) = |TE(a;) — TE(as)l, 

ha” (x3) = |FS (aj) — FE(,)I, 

hs *(0j) = 3 (hi (aj) + W§ (aj) + |C%(05) — CZ(05))), 
ha (xj) = |FE (ay) — FCa;)| 


Now based on the above functions a new similarity measure 9 (A, B) can be defined as follows: 


TL 


A n A n A 
5(A,B) =1-— 1S Ta (ep) +e (as) FL a (e+ 
j=l k=1 j=l k=1 j=l k=1 
n A 
> he (a5)]. 
j=l k=1 


The following theorem is obvious: 
Theorem 3.10. S(A,B) is a similarity measure between A, B € B(X). 


Proof. For a BQSVNR set all the positive membership values of 7’, C, 1, F, 
T,C,I,F lie between [0,1] and the negative membership values of T, C, I, F, 








T,C,I,F lie between [—1,0]. Among all these quantities, all has maximum value 1 and the 


minimum value —1. As a result 0 < $(A, B) < 1. Again $(A, B) = 1 implies that 


T4 (aj) = Ty (a3), Ca (aj) = CB (a3), 14 (a5) = IG (@;), Fy (es) = Fe (e;), 
Ty (xj) = Tp (xj), Cy (@j) = Ca (a5), Ty (25) = Lg (25), Fa (25) = Fp (23), 
TS (@j) = Ty (a5), CE (a3) = CH (es), IG (es) = FG (a5), FS (@s) = FR (2s), 
TS (#5) = Te (25), Co (43) = Cees), Ges) = Fey), FG (ay) = FR (@)) 
VX; EX 


Lastly for A,B,C € B(X) we suppose that A C B C C. Now by the Definition [2.5] we have 


Va;EX,V j=1,2,...,4 


S(A,C) < S(A, B) A S(B,C). 





K. Sinha, P. Majumdar, BQSVNR set 


Neutrosophic Sets and Systems, Vol. 38,2020 Por 


Hence the result follows. 5 





3.0. Weighted samilarity measure 





The weighted similarity measure between A, B € B(X) is defined as follows: 


w n es n : han 
S*(A,B) =1- gl fer Deen Wye (@3) + Dhan een Wye (ey) + 
n n = = 
DA pai whet (ag) + A aer Wihe (x,)]t. 








where / is any integer defined to be the order of similarity, w; are the weights corresponding 
with xj, j =1,2,...,ns8.t. )0%_) w; = 1. Using the same proof procedure of the Theorem 3.10} 
S (A, B) is also a measure of similarity between the two BQSVNR sets A, B € B(X). 


4. An application of BQSVNR sets 





By using a BQSVNR set model a real world medical diagnosis problem can be represented 





very well. To solve these type of medical problem similarity measure technique between two 
BQSVNR set is quite powerful procedure. Using these similarity measure technique anyone 
can detect whether a patient is being suffered with a disease or not. In between June to 
September it is seen that H1N1 virus spreads out rapidly in Kolkata and its sub-urban area 
of West Bengal India. The patient of these particular virus effected decease has primarily 4 
symptoms, namely headache, high fever, cough, red rashes in the body. But in every patient 
the primary symptoms are not clearly visible. Also in many different viral infections these 
symptoms are common. The process of classification of patients by considering a variety of 
symptoms is a dificult task. Our similarity measurement technique which considers patients 
versus symptoms record provides an approximate way to treat a patient. The basic feature of 
our study considers only the positive as well as negative value of truth, ignorance, contradiction 
and false value respectively of each element of the BQSVNR sets. 

Suppose P, and P3 be two persons who are suspected to be infected by H1N1 virus. Let 
D = {headache, high fever, cough, red rashes in the body} be a set of symptoms. Consider P; 


is a model patient who are infected by HINI1 virus. Our solution is to examine the condition of 





Po, P3 w.r.t. the symptoms of P; in BQSVNR environment. We have represented our problem 
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as a BQSVNR set model as follows: 


P, = (N(P1), N(P1)) 


—~ 


Py = (N(P)), N(P2)) 


—~ 


P3 = (N(P3), N(P3)) 





0.6, 0.4, 0.2, 0.4, —0.4, —0.5, —0.1, —0.8), (0.8, 0.6, 0.7, 0.1, —0.4, —0.3, —0.4, —0.5)) /x4 
(0.5, 0.5, 0.6, 0.4, —.4, —0.3, —0.2, —0.9), (0.7, 0.4, 0.4, 0.1, —0.3, —0.2, —0.7, —0.6)) /x2 

(0.7, 0.5, 0.6, 0.8, —0.5, —0.4, —0.8, —0.7), (0.6, 0.5, 0.5, 0.4, —0.2, —0.4, —0.6, —0.8)) /x3 
(0.8, 0.6, 0.7, 0.1, —0.4, —0.2, —0.6, —0.3), (0.5, 0.6, 0.2, 0.3, —0.1, —0.4, —0.6, —0.9)) /za. 


0.4, 0.3, 0.3, 0.4, —0.5, —0.6, —0.1, —0.6), (0.4, 0.6, 0.6, 0.2, —0.4, —0.4, —0.4, —0.5)) /a1 
(0.6, 0.5, 0.4, 0.3, —.4, —0.3, —0.1, —0.8), (0.6, 0.6, 0.3, 0.2, —0.4, —0.2, —0.5, —0.4)) /a9 

(0.8, 0.5, 0.5, 0.6, —0.6, —0.6, —0.6, —0.5), (0.6, 0.4, 0.5, 0.5, —0.3, —0.5, —0.4, —0.6)) /x3 
(0.7, 0.7, 0.6, 0.2, —0.4, —0.3, —0.8, —0.3), (0.5, 0.6, 0.4, 0.5, —0.5, —0.7, —0.4, —0.2)) /axq. 


= ((0.7, 0.8, 0.9, 0.1, —0.4, —0.4, —0.5, —0.2), (0.6, 0.4, 0.7, 0.6, —0.5, —0.1, —0.9, —0.7)) /xy 


( 
( 
( 
( 


0.9, 0.2, 0.3, 0.7, —.1, —0.4, —0.7, —0.8), (0.5, 0.6, 0.7, 0.2, —0.4, —0.4, —0.7, —0.6))/axe 


( 
(0.1, 0.4, 0.8, 0.7, —0.4, —0.5, —0.5, —0.6), (0.4, 0.7, 0.4, 0.2, —0.5, —0.6, —0.4, —0.1)) /x3 
(0.5, 0.6, 0.4, 0.8, —0.1, —0.4, —0.6, —0.9), (0.6, 0.4, 0.7, 0.4, —0.2, —0.6, —0.5, —0.2)) /ara. 


Now from Definition [3.4] to Definition [3.7] respectively, we have 


h(P,, P) 
hn (Pi, Po) 
E(P,, P) 


3.2, h(P,, P3) = 7.1 
0.1, hn (P,, P3) = 0.845 
0.693, E(P,, P3) = 1.609 


Now we calculate the following measures (as given by Section|3.2) between the pair of persons 


Pi; P» and Py, P3 as follows: 


Si(P,,P2) = 0.591, Si(P,, P3) = 0.621 


Since any effected area the probability of infecting a healthy people by H1N1 virus is 80% [?] 


hence we have taken the steepness measure i.e. a, 6 as 0.8. From this we have, 





S5(P,,P2) = 0.574, $5(P,, P3) = 0.76 


Since in between any two BQSVNR sets there must be similarity thus we restrict ourselves 


if the similarity measure is > 0.6. Thus from the similarity measures $,55 we can conclude 


that the patient P3; has a higher chance to be infected by HIN1 virus than the patient P. 
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5. Conclusion 


The fuzzy set theory (FST) |1] was introduced almost 55 years ago. After its invention, in 
next half a decade time, many generalizations of FST has been proposed such as intuitionistic 
fuzzy sets, interval valued fuzzy sets, hesitant fuzzy sets, bipolar fuzzy sets etc and also many 


other new theories like rough sets, soft sets, neutrosophic sets etc. has came into existence. ‘The 





chief purpose of all these theories is to model real life situations under different uncertainties 
using available tools. But it is now a well established fact that no single theory is capable of 
modeling all different types of uncertainty. For example, fuzzy set can’t model uncertainty 
due to incompleteness; intuitionistic fuzzy sets can’t handle para consistent information, rough 
set is not suitable for handling situations with graded belongingness, soft set is not useful in 
modeling situations with vague boundaries. ‘Therefore it is a common practice to combine 
two or more such sets to form a hybrid set. Hybrid set possesses the characteristics of more 
than one set and therefore has greater capabilities in handling uncertain situations. On the 
other hand four valued logic has multiple uses in many areas such as digital circuits and data 
transmission. ‘The QSVN sets utilize the power of four valued logic in modeling uncertainty. 
We here introduced and investigated a new type of hybrid set called BQSVNR. The BQSVNR 
set is an extended version of QSVN set, bipolar set as well as rough set. It can handle 
uncertain situation arisen due to factors like fuzziness, incompleteness, vagueness, haziness, 
para compactness and bipolarity. Therefore our set is more capable of modeling uncertainty 
in a better way than any other existing set. In future, one can apply our newly developed 
hybrid set to model different real life problems. Also one may try to extend our set to bipolar 


multi-partitioned single valued neutrosophic rough sets and study its properties. 
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Abstract: The ordinary differential equation of second order is being used in many engineering 
disciplines and sciences to model many real-life problems. These problems are mostly uncertain, 
vague and incomplete and thus they require some more advanced tool for modelling. 
Neutrosophic logic becomes the solution of all these kind of uncertain problems as it describe the 
conditions of uncertainty which occurs during the process of modelling on the basis of grade of 
membership of truth values, indeterminacy values and falsity values, that means it consider all the 
uncertain parameters on the basis of these degrees. In this research paper, we have considered the 
ordinary differential equation of second order with neutrosophic numbers as initial conditions of 
spring mass system is solved using Sumudu transform method which has advantage of unit 
preserving property over the well established Laplace Transform method. The solution obtained at 
various computational points by this method is shown in the form of table. Furthermore, the results 
obtained at different (a, B, y)-cut and time values are also depicted graphically and are verified 
analytically by de-fuzzifying the data. 


Keywords: Fuzzy numbers; Neutrosophic numbers; Neutrosophic triangular numbers; 
Strongly-generalized differentiability; Sumudu transform. 


1. Introduction 


In our daily lives we encounter many situations that are mostly vague, uncertain, ambiguous, 
incomplete, and inconsistent. With this limited and incomplete information, it becomes problematic 
to model and find the solution of the problem in a precise manner. To deal with these kinds of 
situations, L.A. Zadeh [1], in 1965 discovered the fuzzy set theory as the extension of classical set 
theory. This theory is more powerful than classical set theory in the sense that it considers uncertain 
environmental conditions as membership values, whereas classical set theory only studies true or 
false values and do not analyze any values between them. In real life situations, we often get 
information in the form of ambiguous words like good, very good, bad, and very bad, etc., but all 
these facts may differ from one person to another, because it is related to human thinking and hence 
depends on the human point of view. In fuzzy set theory these terms are known as linguistic terms 
and to these linguistic terms some membership grades are assigned according to their significance. 
All of these linguistic terms together with their membership degrees are written in the form of 
ordered pairs and finally fuzzy sets are formed using these ordered pairs. Sometimes, we have to 
deal with fuzzified numerical data also. For example, when we ask students how many hours do 
you self-study in a day? Then they use statements such as about 50 minutes a day, about 40 minutes 
or 50 minutes a day, or more than 50 minutes a day, etc. and these types of numbers are known as 


Author(s), Paper’s title 
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fuzzy numbers. The set of real numbers act as a superset of these fuzzy numbers. These real values 
actually represent the grade of membership of a fuzzy set A, well defined over the universal set X 
and grade of membership pa(x)€[0, 1]. 

In some practical problems, considering only the membership value is not enough, it is also 
necessary to consider the non-membership value. The fuzzy sets are defined by considering the 
elements which considers only grade of membership of any information and grade of 
non-membership is not considered. Atanassov [2] studied in this direction and introduced another 
type of fuzzy set known as intuitionistic fuzzy set (IFS), which is the natural extension of fuzzy set 
and is more applicable in real life situation. Intuitionistic fuzzy sets considers as an extension of 
fuzzy sets, because it not only provide the information which belongs to the set but also which does 
not belong to the set. For example, suppose we want to collect the information of liking of any 
particular subject among students of class A and a questionnaire has been prepared for this purpose, 
which is distributed to the students so that they can fill it and then submit. The student can either fill 
the plus sign response to show the liking, minus sign to show dislikes or there is also one option to 
show nothing. In this way, for every student X, two responses are recorded, viz; A(x) = number of 
acceptances/likes, N(x) = number of non-acceptances/ dislikes. Another concept is also available in 
the world of uncertainty, which is known as Neutrosophic set theory, which studies the cause, 
description, and possibility of neutral thoughts. Neutrosophic sets deal with belongingness of truth 
values, indeterminate values and false values and it was first introduced by Florentin Smarandache 
[3]. In Neutrosophic logic, grade of membership of Truth values (T), Indeterminate values (I) and 
False values (F) has been defined within the non-standard interval | ~0,1* [. Neutrosophic set theory 
with non-standard interval works well in philosophical point of view. But practically when we deal 
with science and engineering problems, it is not possible to define data within this non-standard 
interval. To overcome this problem single valued Neutrosophic sets was defined by the researcher 
Wang et al. [4] by considering unit interval [0,1] in its standard form. The values within this interval 
are called Neutrosophic numbers. Aal SIA et al. [5], Deli and Subas [6], Ye [7] and Chakraborty et al. 
[8], etc., defined different kind of Neutrosophic numbers. Abdel-Basset et al. [9-13] defined 
advanced Neutrosophic numbers and presented results on recent pandemic COVID-19, decision 
making problems, supply chain model, industrial and management problems. In this way, lots of 
work has been done for the development of the Neutrosophic set theory with applications in real life 
problems (see for instance [14-18]). 


Neutrosophic logic becomes one of the important and valuable tools in almost all area of science 
and engineering to model various real life phenomenon using differential equations with uncertain 
and imprecise parameters. Fuzzy differential equations (FDE) were introduced by Dubois et al. 
[19-21], by considering only membership values. For defining FDE, fuzzy numbers and 
corresponding fuzzy functions were discovered by Chang et al. [22]. Further the concept of 
intuitionistic fuzzy differential equations [23-25] came into the existence containing both 
membership and non-membership values as its parameters. To study the solutions of these fuzzy 
differential equations, the necessity arises to understand the concept of derivatives in fuzzy 
environment. In this direction lots of work has been reported in the literature, such as differentials 
for fuzzy functions were discussed by Puri and Ralescu [26] and Fuzzy Calculus is studied by 
Goetschel and Voxman [27], etc. Fuzzy derivative concept is used in the solution of ordinary 
differential equations of first order with initial conditions by Seikkala and Kaleva [28-29]. Buckley 
and Feuring [30-31] have solved ordinary differential equation of nth order containing fuzzy initial 
conditions. In 2005, Bede and Gal [32] worked on fuzzy-valued function and defined generalized 
differentiability for that. Further he provided the solution of fuzzy differential equations with this 
generalized differentiability using the lower-upper representation of a fuzzy numbers. Using 
generalized Hukuhara derivative in 2009, Stefanini et al. [33] represent generalization of fuzzy 
interval valued function. In this way the advancement of the theory of differential equations in a 
fuzzy environment has taken place. 
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It is clear that fuzzy differential equations deal with uncertainty by considering only 
membership values and intuitionistic fuzzy differential equations which considers only membership 
and non-membership values but none of them considers indeterminacy. Thus, it was needed to 
develop neutrosophic differential equations theory to model all three values, i.e., membership, 
indeterminacy and non-membership. Smarandache introduced Neutrosophic Calculus [34] 
containing all the basic concepts such as limit, continuity, differentiability, important functions such 
as exponential and logarithmic, concept of differentials and integrals in the neutrosophic 
environment. This theory is the growing field and researchers started working in this area. One can 
find that the theory of neutrosophic differential equations is studied by Sumathi and Priya [35] in the 
year 2018 and also one recent paper of Sumathi and Sweety [36], which uses trapezoidal 
neutrosophic numbers for solving differential equations of first order having one independent 
variable. 

One can find a rich literature based on the theory of fuzzy differential equations, which contains 
various tools for the solution of fuzzy differential equations. To find the appropriate solutions of 
fuzzy differential equations various analytical, semi-analytical and numerical schemes are suggested 
and used in the recent literature. Salahshour et al. [37] defined Laplace transform for a fuzzy 
differential equation and Mondial et al. [38-39] solved fuzzy differential equations using Laplace 
transform. In 2016, Tapaswini et al. [40] solved fuzzy differential equation using analytical method. 
Ahmadian et al. in 2018, [41] uses Runge-Kutta method of 4th order for the solution of fuzzified 
differential equation. Similarly, Sahni et al. [42] solved fuzzy differential equation of second order 
using trapezoidal Intuitionistic fuzzy numbers. 

In 1993, Watugala [43] introduced a new transform, known as Sumudu transform, which is now 
being used as a tool for solving fuzzy differential equations. This transform have two important 
properties, viz; scale property and unit-preserving property, so that it cannot restore the new 
frequency domain and solves the differential equations. After that many fuzzfied differential 
equations have been solved using this transform (see for instance [44]-[48]). It is needed to contribute 
more and more work for the development of the theory of Neutrosophic differential equations as it 
covers more real life situations. In this paper, we have attempted to solve ordinary differential 
equation of second order based on the spring mass system in a neutrosophic environment using 
Sumudu transform method. The solution is calculated at various levels of cut — points and time 
values. The results are shown graphically and further compared with the solution obtained by 
considering the crisp set values. 


2. Preliminaries 


Definition 2.1(Fuzzy set)[19]. Let X be any set which is non-empty. A fuzzy set M over the elements 
of the set X is defined as = es Ly (x)) |x E M,uy(x) € [0,1]} , where the symbol py(x) denotes the 


erade of membership of the element x € M. 


Definition 2.2(Support)[19]. Let X is any Universal set. The crisp set formed from the set of all points 


in X having grade of membership which is not zero is called as the support of the fuzzy. 


Definition 2.3(Core)[19]. The core related to fuzzy set M is defined as the set of all points of the 


Universal set, whose grade of membership is 1. 
Definition: 2.4 (Convex set)[19]. If X € R, a fuzzy set M is convex, if for 


My (Ax, + (1 — A)x2) = min( Uy (%1), Um (%2)) , where A € [0,1]. 
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Definition 2.5(Fuzzy number)[19]. A fuzzy number is a generalization of the crisp number in which 
there is collection of possible values and not any single value and are connected to each other, where 


each of the possible value has its own weight between 0 and 1. 


Definition 2.6(Alpha-cut)[19]. The a-level cut of the fuzzy set M of X is acrisp set M,that contains 
all the elements of X that have membership values in M greater than or equal to a, 


1e.,Mg={x: Ug (x) = a,x € X,a € [0,1]}. 


Definition 2.7(Triangular fuzzy number)[42]. A triangular fuzzy number A is a subset of fuzzy 


number in R with the following function defined as: 








0 forx<p 
x—Pp 
ee forpsx<q 
Max) = T—x 
a forqsxs<r 
0 forrsx 


where p <q <r anda triangular fuzzy number is denoted by A7,((p,q,7T)). 


Definition 2.8(Intuitionistic fuzzy number-IFS)[2]. Let U be a non empty Universal set. An 
intuitionistic fuzzy set is represented by M = {(x, Uy (x), Oy (x) )|x EU \ where value [y(x) denotes 


the membership value of x in M, and value wy (x)denotes the non-membership value of x in M. 


Definition 2.9(a,B)-cut[2]. The a, B-level set of the fuzzy set M of X is acrisp set and Myg contains 
all the elements of X that have membership values in M greater than or equal to a and 
non-membership values in M greater than or equal to 6, ie. Mag=(x:ug(x) 2 a,x EX,AE 
[0,1], x: w(x) = P,x € X,f € [0,1]} 


Definition 2.10 (Neutrosophic Set)[36]. Let U be a universal set. A neutrosophic set M on U is 
defined as M = {Tm(x), Im(x), Fu(x): x € U}, where T(x), I(x), Fu(x): U — J|-0, 1*[ represents the grade 
of membership values, grade of indeterminacy value, and grade of non-membership value 


respectively of the element x€U, such that “Os Tm(x) + Im(x) + F(x): $3°. 


Definition 2.11 (Single-Valued Neutrosophic Set (SVNS)) [36]. Let U be a universal set. Let M be 
any SVNS defined on the elements of U, then M = {Tm(x), Im(x), Fm(x): x € U}, where Tm(x), Im(x), 
Fu(x) : U — [0,1] represents the grade of membership, indeterminacy, and non-membership, 


respectively of the element xEU. 


Definition 2.12 (a,B,y)-cut[36]. The (a,8,y)-cut of neutrosophic set is denoted by F(a,B,y), where 
a,B,y €[ 0,1] and are fixed numbers, such that a + B + y <3 and is defined as F(a,6,y) ={ Tm(x), Im(x), 
Fm(x): x € U, Tu(x)2 a, Im(x) < B, F(x) < y}. 
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Definition2.13 (Neutrosophic Number)[36]. A neut 


real numbers R is said to be neutrosophic number if 


262 


rosophic set M defined over the universal set of 


it has the following properties: 


1) M is normal: if there exist xo€ R, such that Tm(xo)=1 (Im(xo) = Fu(xo)=0) 


2) Mis convex set for the truth function Tm(x), i.e., 


ue 0,1]. 


Tu(uxit(1-p)x2) 2 min(Tm(x1),Tm(x2)), Vx1,x2 ER, 


3) Mis concave set for the indeterminacy function and false function Im(x) and F(x), i.e., 


Iv(uxi+(1-u)x2) 2 max(Im(x1), Im(x2)),  VWx1, x2E R, wel 0,1], 


Fa(uxit(1-p)x2) 2max(Fm(x1), Fm(x2)), Wx1, x2€ R, wE[0,1] . 


Definition 2.14 (Triangular Neutrosophic Number)[36]. A neutrosophic number in R is a superset 


of the triangular neutrosophic number M, having tru 


membership function defined as 








sae) 
(; — -) um 
— Um, 
Ty (x) = c-x 
c— p) at 
0 
b-x 
(5 — “) vt 
Iy (x) = as a 
C p) is 
1 
DX 
: — _ mae 
Fy (x) = a ae 
C— 5) ae 
1 
Where asSb<c . A_ neutrosophic number 


th Ty (x), indeterminacy I(x) and false Fy (x) 


_forasx<b 
for x-—b 
_forbsx<c 


otherwise 


_forasx<b 


for x-—b 


_forbsxs<c 


otherwise 


_forasx<b 
for x-—b 
_forbsxs<c 


otherwise 


in a triangular form is denoted by 


Mry((a, b, C); Um, Vm,Wm)- Here the truth membership function, i.e. Tm(x) increases in a linear way for 
x € [a,b] and decreases in a linear form for x € [b, c]. The inverse behaviour is seen for Im(x) and Fom(x) 
for x € [a, b] and for x € [b, c], where a €[0,u,,], O0<u,, <1, BE [0, Um, |, O0<v,,<1,/veE 
[0,Win|,0< Wy <1. 


Iha(x) and Fra{x) 





(a) Tm(x) as triangular form 


(b) Im(x) and F(x) as triangular form 


Meghna Parikh and Manoj Sahni, Sumudu Transform for Solving Second Order Ordinary Differential Equation under 
Neutrosophic Initial Conditions 


Neutrosophic Sets and Systems, Vol. 38, 2020 263 


Definition 2.15(a,B,y)-cut of a Triangular Neutrosophic Number [36]. 
The (a, 5, Y) — cut of a triangular neutrosophic number Mry((a, b,C); Um, Vm,Wm) is defined as 
follows: 
Meagy) =[Ma(a), M2(a)];[M3(B),M4(B)]; [Ms(v),MeQ)] , Os atB +y 33, where, 
Mag,y) = [(a +a(b—- a))uy, (é —a(c— b))uy|, 
[(b — B(b — a)) vy, (b + B(c — b))vy|, 
[(b —y(b- a))wu, (b +y(c— b))wy|- 


Definition 2.16(Differentiability) [36]. For a fuzzy valued function f : (a,b) > R at the point Xp , 


g (Xo th)- g (Xo) 
h 


the differentiability is defined as follows: g'(%9) = lim and g'(x,) is Di-differentiable 


at xo. If [g(x9)Ja =[g1(%9,), 22(X,x)] and g’(x,) is D2-differentiable at xo and if [g(%9) Ja =[g2(x 9a), 
21(X9,Q)] for all a €[ 0,1]. 


Definition 2.17 (Generalized differentiability)[36]. The second-order derivative of a fuzzy value 


g' (xo+h)—g' (xo) 
h 


function g:(a,b)—> Rat x, is defined as follows: g(x) = lim and g(x) is 


Di-differentiable at xo if 
(9', Co, a), g'4(Xo, a)) if g is D, — differentiable on (a, b) 


g' (Xo, a) = 
(9',(Xo, a), g',(Xo, a)) if g is D, — differentiable on (a, b) 


for all w€ [0,1] and g’(x,) is D2-differentiable at xoif 
(9',(Xo, a), g',(Xo, a)) if g is D, — differentiable on (a, b) 


g (Xo, a) = 
(9', Co, a), g'4(Xo, a)) if g is D, — differentiable on (a, b) 


for all we [0,1]. 


3. Neutrosophic Sumudu Transform[NST] 


Let f(ut) is a neutrosophic valued function which is continuous. Suppose that g(ut)etbe improper 


neutrosophic Riemann integrable on [0,0) then f 7 g(ut)e“‘dt is called neutrosophic Sumudu 
transform and it is defined as, G(u) = S[g(t)] = f, g(ut)edt, (u € [-1,T]) 

where variable u is used to factor the variable t in the argument of the neutrosophic valued function. 
We have, 

g(t.r) = {gr(t.r),g)(t,7r), gr(t,r) }, which are denoted in neutrosophic triangular form as 


grt.) ={orlt.r), HEMI atn ={oern, Te} geltr) ={geltr), Trtr)} 
i gr(ut)e'dt = (/ gr(utertdt, | Tr(ut)etar, 


[ situtde-*at = ([ auturre-tat, [ “gitueyer*ae,) 
0 oO 0 


Meghna Parikh and Manoj Sahni, Sumudu Transform for Solving Second Order Ordinary Differential Equation under 
Neutrosophic Initial Conditions 


Neutrosophic Sets and Systems, Vol. 38, 2020 264 


| gr(ut)e ‘dt = (/ gr(ut)e dt, | Tatut)e~*dt 
0 0 - 0 
also using definition of classical Sumudu transform. 


s|gr(t,r)| -| Gr(ut)e'dt 


s[gr(t,r)] a gr(ut)e ‘dt, 
0 


co 


s|gi(t.r)| =| gi(ut)e~‘dt 


0 


slg; (t,r)] a} g;(ut)e ‘dt, 
0 


co 


s | gr(t.r)| | Gr(utje dt 


0 
slgr(t,r)] af gr(ut)e ‘dt, 
0 


then it follows S[g(t)]= (s[g(6r), sla@r)]).- 


3.1 Some basic results on fuzzy differential equation using Sumudu transform 
The following theorems are useful in our results:- 
Theorem 3.1.1[44]. Let g'(t) be a continuous neutrosophic valued function and g(t) is the 


primitive of g’(t) on [0,0) then, 


S\g'(t)| = ger “ , Where g is (a) differentiable or, 





S[g'(t)] = ao) g) -, , Where g is (b) differentiable. 


where “—;" is notation of gh-differentiability. 


Theorem 3.1.2[44]. Let g(t),g'(t) be an continuous neutrosophic valued function on [0,00) and that 


g(t) be piece wise continuous neutrosophic valued function on [0,00) then, 


Slg"(t)] = a - “ —p - where g is (a) differentiable and g’ is (a) differentiable or 


Sig" (t)] = _ —p |- Slg(ol] ©) where g is (a) differentiable and g’ is (b) differentiable or 


Uz 


Slg"(t)|] = - oe h |- ree —p au where g is (b) differentiable and g’ is (a) differentiable or 


uz uz 


Slg"(t)] = oe —p AO zo where g is (b) differentiable and g’ is (b) differentiable. 


Uz 


where “—," is notation of gh-differentiability. 


Theorem 3.1.3. Let g : R > G(R) be a continuous neutrosophic valued function and denote 


9r(®)=|9ralX), Trg) | for each a € [0,1], 
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91(%) = |G1p(%), F402) for each B € [0,1] 


Or(x) = COW e) for each y € [0,1].Then: 


(1) If gy is (1)-differentiable, then grq and g,, are differentiable function and f'(x) = 


Frae(X), F rg) | 


(2) If gy is (2)-differentiable, then grq and g,, are differentiable function and f'(x) = 


Fao a0) 


3) If g, is (1)-differentiable, then g;g and g,, are differentiable function and f’(x) = 
JIB IB 


fis), F pp | 


(4) If g, is (2)-differentiable, then g;g and Gig are differentiable function and f'(x) = 


fie), Fp | 


(5) If gy is (1)-differentiable, then gr, and g,, are differentiable function and f (x) = 


fev), F py (x)| 


(6) If gy is (2)-differentiable, then gr, and g,, are differentiable function and f ‘(x) = 


fs f@)| 


3.2 Solution of General Second Order Ordinary Differential Equation in a Neutrosophic Environment using 


Sumudu Transform 
Let us consider a general ordinary differential equation of second order given as follows: 
y"(t) = f(ty©,y'@) (1) 
with the initial conditions y(t 9) = y¥o,y'(to) = Z , where f : [ty,P] XR R. 
Suppose that initial valuesy, and Zpare uncertain and are defined in terms of lower and upper 


bound of truth, indeterminacy and falsity, i.e. neutrosophic number. 


Thus from equation no. 1, we have the following fuzzy initial value differential equation: 


y"(t)=g(ty@),y'(),0<t<P 


yr(to) = Vo = lyra(0), Png (0)| ,0<a < 1,y',(to) = 2 = [Zra (0), Zrq(0)|, 0<a < 1, (2) 


¥1(to) = Yo = lvip (0), 9, (0), ,0<B < 1,y', (to) = 2 = [Zip (0), Z1p (0) |, 0<B <1, (3) 
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Vr (to) = Vo = lyey (0), ¥,,,(0) | ,0<y < 1,y',(o) = 2 = [Zry (0), Zr (0), O<y <1, (4) 


where g:|ty, P| x F(R) > F(R) is a function of continuous manner. 


By applying Neutrosophic Sumudu Transform on given second order differential equation, we have 


Sly"(O)1 = slg(ty@, yo) 


Case 1: Let y’’(t) is (1)-differentiable, and using the above theorem we have y’''(t) = ly’ , (t), Via (t)]. 


The differential equation is then reduced to the following: 
Fa) = Iralt, y(t), y'(t)), Yra(to) = Yra(0) 


aes (t) = cee (t, y(t), y'(t)), Vow (to) i= Vine (0) 


Yi) = gip(t, y(t), ¥'(t)), Vip (to) = Yip (0) 


Vie (t) = ip G y(t), y'(t)), Y1p(to) a Vip (0) 


y" © = Iry(t. vO), ¥'O); Yey Co) = Yry(O) 


caer (t) = Oat y(t), y'(t)), Vey (to) = Vey (0) 


Using the Sumudu transform for solving, we get 


s[y’'(t)] = sly()l-ny(to)-nuy (to) 


Uz 
The following six first order ordinary differential equations are developed, two for both Truth, 


Indeterminacy and falsity and is defined as 


s|yra(t)| ~a¥ra(0)-nuy’,. (0) 


S|gra(t. v(t), y'()| = 7 
Vrglt) nV rq (O)—nUy’ 7p, (0 
S[o7g(t vO, y')] Bcd =~ a 
s[yi6()| -nyie)—nuy!, (0) 
S lgie(t, v(t), y'(6))| ————— 
Ss Ve (t) = y, (0)— uy’, (0) 
5{5,,(t.v),¥'®)] = dd Soc 
s|yry()| -nyry()-nuy’, 
S|gry(t.y©),y'(t))| = SS 
Ss Ve (t) 7 ee (0)— uy’ (0) 
s[g,,(tv@,y¥'()| = oo ee ee 


To solve this, we assume that 
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S|yra(t)| = Loa (u), S[Fng(t)] = UFa(w), 
S|yip(6)| = Hew, 5|7,(0)] = UieGw, 


S|yry(O)| = Lh, w),S|¥,, (| = Ubu) 


where, Lrg (u), Uta (u), Lig (u), Ujp (u), Ley (u), Ur, (u)are solution of differential equations. 
By using inverse neutrosophic Sumudu transform, we have 
YTa (t), Ving (t),Yig (t), Vip (t),Yry (t), Vey (t) 


and it follows that, 
Yra(t) = S*[Leqg(u)] ,yTa(t) = S$“ [Uta (u)] 


Yip(t) = S™ Lig), ¥,.(6) = S~*[Urp(u)] 


Yry(t) = S“* [Ley (u)), ¥p,/(t) = S*[Ury (u)] 


Case 2: Let y’’(t) be (2)-differentiable, then from above theorem we have y(t) = ly’ : (t), Via (t)]. 


Reducing the second order ordinary differential equations into first order ordinary differential 


equation, we have the following differential equations to be solved, 


te) = Iralt, y(t), y' (t)), Yra (to) = Yra(0) 


V' ng lt) = Grg(t Y(t), Y(t), Vrg (to) = Vr_ (0) 


y= gip(t, y(t), ¥'(t)), Vip (to) = Yip (0) 


yp) = Gp, ¥'(O), Vig(to) = ¥ig(0) 


y" © = Iry(t. vO, y¥'O); Vey Co) = YryO) 


W' p(t) = Gpy(t. YO) Y' (0), Vey (to) = Vp,(0) 


Using [y"(t)] = Coo nO 


we get the following six first order ordinary differential equations as, 
(=vre(0)) =n (-s [yre(t)]) ney’, (0) 
S|gre(t,y(t),y'()] = A$$ $$ — 


—y,. (0))—n(—sl¥.,(€)|) —;, uy’, (0 
S[Gipa(t.y(€),y"O)] = Pte oS gD nro Pret sa 


(vip ())—a(-s |yeO)-nuy', 0) 
S lgie(t,v(t),9'(6))| oe 
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sli festenyr0y) = Po) 79 


iz 
(“ry (0) nC sry OD —-nuy (0) 
$ | gey(t.x@),¥')] = —— 
(-y,,,(0))-a(-slyp,(OD- uy’ (0) 
S 9,,(t, v(t), (0)| _ A 


To solve this, we assume that 


Slyra(t)| =Lra(u), —- S[Vng(t)] = UFaw), 
Slyp®] =e, 5/7, 9(¢)| = Ue), 


Sly] =Lhy@), —-S[¥,,(t)| = UA, @) 


where, Ltq(u), Utg(u), Lig (u), U ip (u), L,(u),Uz,(u) are the Sumudu transform for Truth, 
Indeterminacy and falsity solution of equations. 
By using inverse neutrosophic Sumudu transform, we have 
Vrat), Vrq Vip), Vg OYry(),¥p,() and it follows: 
Yra(t) = S*[Lra(WVrq(t) = S~* [Ura (u)] 
Yig(t) =S~* [Lig (ULV, (t) = S“*[Ujg(u)] 
Yry(t) = S™ [Ley (4), Vp, (0) = Sry @)] 


3.3 Crisp and Fuzzy Solution for Ordinary differential equations of spring mass system 


Consider an elastic string vertically tied to a rigid support. The object attached on the other side of an 
elastic string pulls the string downwards to a distance s from its usual length b. The place at which 
the string extended from its usual position is called as equilibrium position. Now, as the mass of the 
body pulls the spring downwards, the restoring force of the spring acts as a restraint and opposes 
the stretching of the spring. Mathematically, it can be written as F = ks where k > 0 is the 
proportionality constant or spring constant, F is the restoring force and the s is the extension in the 


spring from its equilibrium position. Let ‘m’ be the mass of the object and y(t) represents the 


d*y 


displacement, then according to Newton second law of motion, we have =m —> 


. Suppose no 


forces are acting on the system, except the force of gravity, then the differential modeling such type 
of system can be written as 
d*y 


m= »~¢ orce acting on the system) 


= —ks—ky+mg 
At equilibrium ks = mg, so after calculation we get differential equation as, 
d*y 


—~+ky=0 
ear re: y 
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To solve such second order ordinary differential equations, we require two initial conditions y(0) = 
p and y’(0) = q. Thus, the problem of finding the displacement y(t) is reduced to solving the 


differential equations of the form, 


d*y ; 
Megs Oe GO) =D KO 


If we consider the damping force (n =) which is a function of velocity of the motion that helps to 


reduce the vibrations, then the above differential equation reduces to 


as BY acp3s ig 0) = (0) = 
Wg ae yO) =p, y(0) = q@. 


Solving the above initial value problem provides the displacement y(t) in terms of constants m, k 
and n. The above differential equation can be solved by the method of substitution, which provides 
us the characteristic equation as 


mr*+nr+k = 0, 


with solutions of the auxiliary equation as r,2 = — (—n + vn* — 4mk). 


The quantity inside the square root, i.e. n* — 4mk classifies the solution into three cases: 

Case 1. Ifn* —4mk > 0, it is an over damped situation, as the proportionality constant k is very 
small as compared to damping coefficient n. 

Case 2. If n* — 4mk = 0, the situation iscritically damped and the resulting motion is oscillatory and 
the damping coefficient n slightly decreases. 

Case 3. If n* — 4mk<0 ,the behaviour of the motion is under damped and the value of spring 


constant is very large as compared to damping coefficient n. 


4. Application 


In this section a problem of spring mass system is considered. The differential equation formed 
for this system is solved in Neutrosophic environment and then compared it with crisp solution. It is 
shown here that, Neutrosophic environment includes differential equations with initial conditions 
containing parameters of belongingness, non-belongingness and indeterminacy, so that it provide 


more precise solution than crisp environment. 


Problem Statement: A body of mass 8lb is tied to a spring of length 4ft. At equilibrium position, 
the length of the spring has 6ft. Let the damping force is defined as Fr = 2dy/dt and the body is 
released from the equilibrium position with a down ward initial velocity of 1 ft/s, find the 


displacement y(t) for any time ¢ analytically and using fuzzy Sumudu transform. 


Solution. 
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The differential equation of this spring-mass system is my” + ny’ + ky = 0, where the mass of the 
body is m = 8/32 = 1/4 slug, the spring constant with 8 = k x 2, sok = 4lb/ft. The resistive 
force Fp = ndy/dt = 2dy/dt with the initial conditions y(0) =0, y’(0) = 1. 

After putting these values, we get y’(t) + 8y'(t) + 16y(t) = 0 


Crisp solution 
The analytical solutions is given by y(t) = C,e~*‘ + tC,e~*". Using initial value y(0) = 0, y'(0) = 1, 
in the solution, we get y(t) = te~*". At t = 0.1, we get y(0.1) = 0.067. 


Neutrosophic solution 
Consider the Neutrosophic initial value problem, y’(t) + 8y'(t) + 16y(t) = 0 
yr(0) =[a—-1,1-a], y',(0) =[a,1—- a] 
y,(0) = [-0.56,0.56],  y',(0) = [1 —0.5f,1 + 0.56] 
yr (0) = [—-0.2y,0.2y], y',(0) = [1 — 0.2y,1 + 0.2y] 


Using Neutrosophic Sumudu Transform, we get the expression in Truth, Indeterminacy and Falsity as, 


_ ((@-1) + Bu) au 
yew ad = (Saat tT) 
_(A-a@dt+8u) (-a)u 
ed wacesrmeCeZ 
if 058 ABu (1—0.58)u 
Yu, BY = fret gee Ere 
7 7 0.58 ABu (14+ 0.58)u 
Yk, BY = Cram agree ae 
_f 0.2 1.6yu tee — 0.2y)u 
es aca Gt au * A au? cere 


0.2y 1.6yu (1 + ws 


elu) = (Gaeta ane ts aa 


Now the solution as per lower and upper bound for truth value, indeterminacy value and false value 


respectively, are: 
yr(t,a) = ((a —1)e"*° + (Sa - 4)te~*) 
yr(t,a) = ((1—-—a)e"* + (6 — 5a)te*) 
y(t, 8) = ((-0.5B)e** + (1 — 2.58)te~**) 


W(t, B) = ((0.5B)e~* + (1 + 2.58)te**) 
yr(t, y= ((—0.2y)e"** +(1- y)te~**) 


vet y)=(O2yje" +A +yie™) 


4.1. Numerical Observation and Graphical Representation 


The fuzzy differential equation is solved for different (a, 6, y)-cut values. For the solution the step 
size of 0.1 is considered. It is shown in the table 1 for t = 0.1. From table 1, it is observed that the for 


truth membership y-(t,@), lower and upper bound both show an inverse behaviour, i.e one is 
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increasing and the other is decreasing. The crisp solution matches with the fuzzy solution at a — cut, 
with value 1.0. It is observed that for indeterminacy membership y,(t,6) and for False membership 
yr(t,y), lower bound is decreasing and the upper bound is increasing at 6,y — cut, with value 0, the 


crisp solution matches with the fuzzy solution. 


Table 1. The solutions for lower and upper bound at t = 0. 1and its comparison with thecrisp solution. 


po -0.938448 1.072510 0.067032 0.067032 0.0670300 0.0670320 0.067032 
-0.83790 0.971964 0.016758 0.117306 0.0469224 0.0871416 

-0.737352 0.871416 0.033516 0.167580 0.0268128 0.1072510 

-0.636804 0.770868 -0.083790 0.217850 0.0067032 0.1273610 

-0.536256 0.670303 -0.134064 0.268128 -0.0134060 0.1474700 


In figure 1, the graph is plotted for different (a, 6,y) — cut values at t = 0.1. It is observed that as the 





a-cut values are increasing, the solution approaches to the exact solution and as the (6, y)-cut values 


are decreasing the solution approaches to the exact solution. 


(a,B,y) -cut 
my — y(t,B) at t=0.1 


— y(t,a) at t=0.1 


— y(t,y) at t=0.1 





\ y 


! L ! ! ! ! ! ! | ! ! L \ 
-0.5 0.5 1) 








Figure 1. Graph for different values of (a, B, y) -cuts and at time t = 0.1 
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Figure 2. The lower and upper bounds for different values of (a, 8, y) - cut for time 0 to 0.5. 


From figure 2, we can observed that, the motion of the spring decreases with the increase in time for 
truth membership and motion of spring increases with the decreases in time for false and 
indermancy. We can further study the behaviour of motion of the spring under external force for 
different (a, f,y) -cut values with varying time under neutrosophic initial values. 


5. Conclusion and Future works 

In this paper, the ordinary differential equation of mechanical spring mass system with 
neutrosophic initial conditions is solved using Sumudu transform method. The solution of 
neutrosophic environment obtained is compared with the crisp solution and is more generalized. 
The results are represented for different (a, B,y) -cut values in table 1. The behavior is also depicted 
in the form of graphs, for different (a, B, y) -cut values with varying time. This study helps in solving 
various other ordianry differential equations such as simultaneous differential equation, differential 
equation with variable coefficients under neutosophic environment. The solution of a differential 
equation helps in understanding the behaviour of physical systems under an uncertain 


environment. For non-linear differential equations, our intuition is that it cannot be applied. 
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Nomenclature and Symbols 


Un (X) Fuzzy membership function of set M 
My The a - level set of the fuzzy set M 
U Universal set 
Un (x) Fuzzy membership function of set M 
om (x) Fuzzy Non-membership function of set M 
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Mag The a,® - level set of the fuzzy set M 
X Crisp set 
Tm(x) Truth membership function of neutrosophic fuzzy set M 
I(x) Indeterminacy membership function of neutrosophic fuzzy set M 
Fo(x) False membership function of neutrosophic fuzzy set M 
F(a,B,Y), (a,8,y) - cut of neutrosophic set 
M(a,B,Y) (a, B, Y) cut of a triangular neutrosophic number Myy 
e(ut)et improper neutrosophic Riemann integrable 
g(r) Lower bound of fuzzy membership 
g(t,r) Upper bound of fuzzy membership 
—h Generalized-differentibility 
Fp Resistive force 
m Mass of a body 
k Spring constant 
E Belongs to 
Ar, (p,q, T)) Triangular fuzzy number 


Mrn((a, b,c); Um» Vm,Wm). Triangular neutrosophic number 


Mh dd 


Slg(t) | Sumudu transform of function “g 


Lower and upper bound solution of Sumudu transform with respect to a cut 


Lrq(u), Ura (u) 
me se for Truth membership function of neutrosophic fuzzy set 


Lower and upper bound solution of Sumudu transform with respect to B-cut 
Lrg (u), Urg(u) 

for Truth membership function of neutrosophic fuzzy set 

Lower and upper bound solution of Sumudu transform with respect to y-cut 


Lry(u), Ury(u) 
for Truth membership function of neutrosophic fuzzy set 
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Abstract: Multi-criteria decision making (MCDM) is the technique of selecting the best alternative 
from multiple alternatives and multiple conditions. The technique for order preference by similarity 
to an ideal solution (TOPSIS) is a crucial practical technique for ranking and selecting different 
options by using a distance measure. In this article, we protract the fuzzy TOPSIS technique to 
neutrosophic fuzzy TOPSIS, and prove the accuracy of the method by explaining the MCDM 
problem with single-value neutrosophic information, and use the method for supplier selection in 
the production industry. We hope that this article will promote future scientific research on 
numerous existence issues based on multi-criteria decision making. 


Keywords: Neutrosophic set, Single valued Neutrosophic set, TOPSIS, MCDM 


1. Introduction 


We faced a lot of complications in different areas of life which contains vagueness such as 
engineering, economics, modeling, and medical diagnoses, etc. However, a general question is raised 
that in mathematical modeling how we can express and use the uncertainty. A lot of researchers in 
the world proposed and recommended different approaches to solve those problems that contain 
uncertainty. In decision-making problems, multiple attribute decision making (MADM) is the most 
essential part which provides us to find the most appropriate and extraordinary alternative. 
However, to choose the appropriate alternative is very difficult because of vague information in some 
cases. To overcome such situations, Zadeh developed the notion of fuzzy sets (FSs) [1] to solve those 
problems which contain uncertainty and vagueness. It is observed that in some cases circumstances 
cannot be handled by fuzzy sets, to overcome such types of situations Turksen [2] gave the idea of 
interval-valued fuzzy sets (IVFSs). In some cases, we must deliberate membership unbiassed as the 
non- membership values for the suitable representation of an object in uncertain and indeterminate 
conditions that could not be handled by FSs nor IVFSs. To overcome these difficulties Atanassov 
offered the concept of Intuitionistic fuzzy sets (IFSs) [3]. The theory which was presented by 
Atanassov only deals the insufficient data considering both the membership and non-membership 
values, but the intuitionistic fuzzy set theory cannot handle the incompatible and imprecise 
information. To deal with such incompatible and imprecise data Smarandache [4] extended the work 
of Atanassov IFSs and proposed a powerful tool comparative to FSs and IFSs to deal with 
indeterminate, incomplete, and inconsistent information’s which faced in real-life problems. Since 
the direct use of Neutrosophic sets (NSs) for TOPSIS is somewhat difficult. To apply the NSs, Wang 
et al. introduced a subclass of NSs known as single-valued Neutrosophic sets (SVNSs) in [5]. In [6] 
the author proposed a geometric interpretation by using NSs. Gulfam et al. [7] introduced a new 
distance formula for SVNSs and developed some new techniques under the Neutrosophic 
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environment. The concept of a single-valued Neutrosophic soft expert set proposed in [8] by 
combining the SVNSs and soft expert sets. 

To solve MCDM problems with single-valued Neutrosophic numbers (SVNNs) presented by 
Deli and Subas in [9], they constructed the concept of cut sets of SVNNs. On the base of the correlation 
of IFSs, the term correlation coefficient of SVNSs [10] introduced and proposed a decision-making 
method by using a weighted correlation coefficient or the weighted cosine similarity measure of 
SVNSs. In [11] the idea of simplified Neutrosophic sets introduced with some operational laws and 
ageregation operators such as real-life Neutrosophic weighted arithmetic average operator and 
weighted geometric average operator. They constructed an MCDM method on the base of proposed 
aggregation operators and cosine similarity measure for simplified neutrosophic sets. Sahin and 
Yigider [12] extended the TOPSIS method to MCDM with a single-valued neutrosophic technique. 

The TOPSIS method is presented in [13] to solve multi-criteria decision problems with different 
choices. In [14], Chen & Hwang extended the idea of the TOPSIS method and proposed anew TOPSIS 
model. The author uses the newly proposed decision-making method to solve uncertain data [15]. In 
[16], the authors applied this method to the prediction of diabetic patients in medical diagnosis. In 
[17-19] the authors studied the soft set TOPSIS, fuzzy TOPSIS, and Intuitionistic Fuzzy TOPSIS 
respectively and used for decision making. In [20], for the solution of single-valued neutrosophic soft 
set expert based multi-attribute decision-making problems, the authors proposed the TOPSIS 
technique. Generalized fuzzy TOPSIS was given in [21,22] with accuracy function. Maji [23] proposed 
the concept of neutrosophic soft sets (NSSs) with some properties and operations. Authors studied 
NSSs and gave some new definitions on NSSs [24], they also gave the idea of neutrosophic soft 
matrices with some operations and proposed a decision-making method. Many researchers 
developed the decision-making models by using the NSSs reported in the literature [25-27]. 
Elhassouny and Smarandache [28] extended the work on a simplified TOPSIS method and by using 
single-valued Neutrosophic information they proposed Neutrosophic simplified TOPSIS method. 
Saqlain et.al [21] presented generalized neutrosophic TOPSIS using accuracy function for the 
neutrosophic hypersoft set environment. The concept of single-valued neutrosophic cross-entropy 
measure introduced by Jun [29], he also constructed an MCDM method and claimed that this 
proposed method is more appropriate than previous methods for decision making. 

Saha and Broumi [31], studied the interval-valued neutrosophic sets (IVNSs) and developed 
some new set-theoretic operations on IVNSs with their properties. The idea of an Interval-valued 
generalized single valued neutrosophic trapezoidal number (IVGSVTTrN) was presented by Deli [32] 
with some operations and discussed their properties based on neutrosophic numbers. Hashim et al 
[33], studied the vague set and interval neutrosophic set and established a new theory known as 
interval neutrosophic vague set (INVS), they also presented some operations for INVS with their 
properties and derived the properties by using numerical examples. In [34], Abdel basset et al. 
applied TODIM and TOPSIS methods based on the best-worst method to increase the accuracy of 
evaluation under uncertainty according to the NSs. They also used the plithogenic set theory to 
resolve the indeterminate information and evaluate the economic performance of manufacturing 
industries, they used the AHP method to find the weight vector of the financial ratios to achieve this 
coal after that they used the VIKOR and TOPSIS methods to utilize the companies ranking [35, 36]. 

In the following paragraph, we explain some positive impacts of this research. The concentration 
of this study is to evaluate the best supplier for the production industry. This research is a very 
suitable illustration of Neutrosophic TOPSIS. A group of decision-makers chooses the best supplier 
for the production industry. The Neutrosophic TOPSIS method increases alternative performances 
based on the best and worst solutions. 


1.1 Motivation and Contribution 


Classical TOPSIS uses clear techniques for language assessment, but due to the imprecision and 


ambiguity of language assessment, we propose neutrosophic TOPSIS. In this paper, we discuss the 
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NSs and SVNSs with some operations. We presented the generalization of TOPSIS for the SVNSs and 
use the proposed method for supplier selection. 
1.2 Structure of Article 


In Section 2, some basic definitions have been added, which will help the rest of this article. Section 
3 consists of the main work of the article, which defines the neutrosophic TOPSIS algorithm. The 
application of the proposed method and calculations are presented in section 4 and finally, the 
conclusion draws in Section 5. 


2. Preliminaries 


In this section, we remind some basic definitions such as NSs and SVNSs with some operations that 
will be used in the following sequel. 


Neutrosophic Set (NS) [30]: Let X be a space of points and x be an arbitrary element of X. A 
neutrosophic set A in X is defined by a Truth-membership function T,(x), an Indeterminacy- 
membership function I,(x) and a falsity-membership function F(x). Ta(x), I4(k) and Fa(x) are 
real standard or non-standard subsets of ]0~, 1*[ i.e.; Ta (x), In(x), Fa(x): X — JO7, 1*[, and 07 < 
sup Ta(x) +sup I,(x) +sup Fa(x) < 37. 

Single Valued Neutrosophic Sets [5]: Let E be a universe. An SVNS over E is an NS over E, but 
truthiness, indeterminacy, and falsity membership functions are defined 

T, (x): X — [0, 1], In(x): X — [0, 1], Fax): X — [0, 1], and 0< Ty(x) + In(k) + Fa(X) $3. 
Multiplication of SVNS [11]: Let A = {a,, az, a3} and B = {f,, Bz, B3} are two SVN numbers, then 
their multiplication is defined as follows A ® B=(a,fy, a2 + Bz — A2B2, a3 + fz — A3f3). 

3. Neutrosophic TOPSIS [11] 

3.1. Algorithm for Neutrosophic TOPSIS using SVNNs 

To explain the procedure of Neutrosophic TOPSIS using SVNNs the following steps 

are followed. Let A = {Au, Az, As, ...., Am} be a set of alternatives and C = {C1, C2, C3, ...., Cn} be a set of 
evaluation criteria and DM be a set of “I” decision-makers as follows DM = {DM1, DM2, DM3,..., DM}. 
In the form of linguistic variables, the importance of the evaluation criteria, DMs, and alternative 
ratings are given in Table 1. 

Step 1: Computation of weights of the DMs 

Let the SVN number for rating the ktt DM is denoted by 

Dy, = (Te, Te, Fe™) 


Weight of the kt" DM can be found by the following formula 
0.5 
fife-rtmcoy (er) etme] 
La ae RE Sa eT 
he(1-[3 {(a-ne™~) + (2G) +(Fe™ eo) I 
Step 2: Computation of the Aggregated Neutrosophic Decision Matrix (ANDM) 
The ANDM is given as follows 


; where A, => 0 and yy A, =1 
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A, [—%1 M2 ** Nn 
D = Ay |%1 %22 ** Nin] _ 
St “, an aa [riz ]mxn 
Ay, Tm1 m2 °* mn 


where 1;; can be defined as 
‘Nj = (Ti;, liz, F;;) = (Th, (x;), Ly, (x;), Fy, (x;)), where l= i Zz; 3, waaay Til, J = ds Z_ 3, jag dl 


Therefore, ANDM written as follows 


(Th, (x1), Ia, (x1), Fa, (x1)) (Th, (X2), Ia, (x2), Fa, (x2)) oo (Th, (Xn), la, (Xn), Pas (Xn)) 
D= (Th, (x1), Ia, (1), Fy, (x1)) (Ts, (X2), I, (2), Fy, (x2)) o° (Ts, (Xn), Ia, On), ie (Xy)) 
(Tra, (%1)+ Hayy 1)» Fay (81) Ta, 2)s Hay 2)+ Fagy 82)) Cog Ondo Hay En)» Fy nd) 


rating for the 7'* alternative w.r.t. the j'* criterion by the k** DM 


(kK) _ p(k) (kK) p(k) 
ale Cae ee 


For DM weights and alternative ratings 7; can be calculated by using a single-valued neutrosophic 
weighted averaging operator (SVNWAO) 
k k k 
ry = [1 — Mean — 153°)* Man g7°)* Mar Fp) 
Step 3: Computation of the weights for the criteria 
Let an SVNN allocated to the criterion by X; the k’" DM is denoted as 
(kK) _ (7 7%) pe) 
Wp Tale oh) 
SVNWAO to compute the weights of the criteria is given as follows 
k k k 
we = [1 — Theat — 78?) hear), Tear (FO?) **] 
The aggregated weight for the criterion xX; is represented as 
WeSC TG) j =1,2,3,....n 
W = [W1, Wo, Way ov, Wy TansPese 


Step 4: Computation of Aggregated Weighted Neutrosophic Decision Matrix (AWNDM) 
The AWNDM is calculated as follows 


| | | 
M1 ™2 “ Nin 
| | | 
ee (ce a2 a | [rj] 
7 e 7 e LJ 
: : *. : MmxXn 
| | | 
Tm1 m2 °° mn 


where Vij = (Ta,.w (Xj), Law (%j)) Faw (x;)) where i =1, 2,3,....,m; j =1, 2,3,...., mn. 


Therefore, R’ can be written as 


(Th,.w (%1), law (x1), Faw (x,)) (Th,.w (X2),1a,.w (X2), Faw (3). (Th,.w (Xn) Jaw (Xp), Faaw (Xn )) 
pe (T,,.w 1) Ja,.w (x1), Faw (x;)) (Ts,.w (%2), lan. w (2), Faw (Sa) > “2% (T,.w On) tag (Xn), Faw (Xn )) 
(Pag. w (1) Lag. 21) Fagg wr C2) Tog. wr 2) Lage C2) Fagg C29) *** Cag r Cndo Hag Cn)» Far Gnd) 


To find Ty, w (xj), la.w (%j) and Fy, w (x;) we used 
R ® We { <x, Taw (X)> & [yw (X)>) &% Faw (x) |x E x} 
The components of the product given as 
Taw (x)= Ta, (x). Tj 
Taw (%) = Ta, ) + GO) - Ia, CO*G OD 
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Faw (0) = Fa, @) + FO) - Fa, Ox FO) 

Step 5: Computation of Single Valued Neutrosophic Positive Ideal Solution (SVN-PIS) and Single 
Valued Neutrosophic Positive Ideal Solution (SVN-NIS) 

Let J, be the benefit criteria and J, be the cost criteria. A* be an SVN-PIS and A’ be an SVN-NIS as 
follows 

A* = (Ty*w (xj), law (xj), Fatw (x;)) and 

AY = (Tar 0%), Taw OG), Farw 0G) 

The components of SVN-PIS and SVN-NIS are following 


Tarw (Xj) = ( le w(X%) j E je) ( mw) lj E i.) 


oi 
law (0%) = (maar i € A). Ce tw) li € i) 
Faw 0G) = -((", wy) i € A) (Ce Fay) Li © is ) 
Taw Ox) = -((""n, wy) li € A) CP Taw) Li € is ) 
Law (%) = ("I wy) |i © A) Ce aw) [5 © ie ) 


) 
0" 


Fatw (jj) = atone) j E jy Fa ,.w (Xj) lj E jo 
i 


Step 6: Computation of Separation Measures 


For the separation measures d*and d’, Normalized Euclidean Distance is used as given as 


(i int (ts wy) — Taw (x))) + (Js.w(2) — Law (x;)) - (Fa.w (;) — Faw (x))']) 


0.5 


2 2 
a= (2 Ea [(aw(%)) — Taw (6) + Cae) — Haw 06) + (Foca) — Faw 0) |) 
Step 7: Computation of Relative Closeness Coefficient (RCC) 
The RCC of an alternative Ai w.r.t. the SVN-PIS A* is computed as 


I 


RCCi = where 0 < RCCi <1 





d;+d; 
Step 8: Ranking alternatives 


After computation of RCCi for each alternative A;, the rank of the alternatives presented in 
descending orders of RCCi. 
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Figure 1 Algorithm of Proposed Neutrosophic TOPSIS 


4. Application of Neutrosophic TOPSIS in decision making 


A production industry wants to hire a supplier, for the selection of supplier managing director of the 
industry decides the criteria for supplier selection. The industry hires a team of decision-makers for 
the selection of the best supplier. Consider A = {Ai: 1= 1, 2, 3, 4, 5} be a set of supplier and DM = {DM1, 
DNM2, DM3, DM4} be a team of decision-makers (I = 4). The evaluation criteria (n = 5) for the selection 


of supplier given as follows, 
X,: Delivery 


Benifit Criteria ., X>: Quality. 

— = _ x : p 

Cost Criteria ’1  )Xz: Flexibility /? (ee TEE 
X4! Service 


Calculations of the problem using the proposed SVN-TOPSIS for the importance of criteria and 
DMs SVN rating scale is given in the following Table 


Table 1. Linguistic variables LV’s for rating the importance of criteria and decision-makers 


LVs SVNNs 

VI (.90, .10, .10) 
I (.75, .25, .20) 
M (.50, .50, .50) 
UI (.35, .75, .80) 
VUI (.10, .90, .90) 


Where VI, I, M, UI, VUI stand for very important, important, medium, unimportant, very 
unimportant respectively. The alternative ratings are given in the following table 


Table 2. Alternative Ratings for Linguistic Variables 


LVs SVNNs 
EG (1.0, 0.0,0.0) 


Rana Muhammad Zulgarnain, Xiao Long Xin, Muhammad Saeed, Florentin Smarandache and Nadeem Ahmad. Generalized 
Neutrosophic TOPSIS to Solve Multi-Criteria Decision-Making Problems 


Neutrosophic Sets and Systems, Vol. 38, 2020 282 


VVG (.90, .10, .10) 
VG (.80, .15, .20) 
G (.70, .25, .30) 
MG (.60, .35, .40) 
M (.50, .50, .50) 
MB (.40, .65, .60) 
B (.30, .75, .70) 
VB (.20, .85, .80) 
VVB (.10, .90, .90) 
EB (0.0,1.0,1.0) 


Where EG, VVG, VG, G, MG, M, MB, B, VB, VVB, EB are representing extremely good, very very 
gsood, very good, good, medium good, medium, medium bad, bad, very bad, very very bad, 


extremely bad respectively. 
Step 1: Determine the weights of the DMs 


Weights for the DMs are calculated as follows 


__efif(rtrco)'s (emery setme0} 
7 


| Bhea(1-[3 (neon) + ite) (e200) ) 


0.5 


, Ax > 0 and aa Ax =] 


i 1-[E{(1-78™00)° + (120) +(e#™00) I] 
: Thea(1-[E{(1-n"co) + (180) +(nf"c0)'J]) 
1-[E{(1-12"(09) 4 (122) +(r#™ G0) I] 
1-|3 (11g) + (12 (x) +(e) Y] 4 1-[} {(1—ngimx))"+ (12a) +(r#"00) } ‘ 
: ‘ ‘ 540.5 ; . Bac0i5 
1-[2}(1-r™@)) + (19 @)) +(e#™ 0) { 44-[2 {(a-72™@9) + (12 GD) +(FZ™ CO) | 


2 


1-|- {(1-0.9)2 + (0.10)2+(0.10)2}] 





A= ee 
1-|= {(1-0.9)2+ (0.10)?+(0.10)?}| + 1-|={(1-0.75)?+ (0.25)?+(0.20)7}| + 
1-|2 {(1—0.50)2+4 (0.50)2+(0.50)2}]  +1-[2 {(1-0.35)2+ (0.75)2+(0.80)}] 

0.9 

eee 
0.9+0.76548+0.5+0.26402 

a, = —~ =0.37045 
2.42950 

1, = 0.37045 


Similarly, we get the weights for the other decision-makers as follows 


0.76548 











A, = = = 0.31508 
A, = 0.31508 
As = —=— = 0.20580 
a; = 0.20580 
A, = = = 0.10867 
1, = 0.10867 
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The weights for DMs are given in the following Table 
Table 3. Weights of Decision Makers 


Alternatives 


Al 


A2 


A3 


Aa 


AS 


A2 


A3 


Aa 


A2 


A3 


Aa 


AS 


Al 


A2 


DMi 
VG (0.80,0.15,0.20) 


(1) _ vp) 7Q) (1) 
Wy = Ga edie fa) 


G (0.70,0.25,0.30) 
1 1 1 1 
fy rm Ce bee Be) 


M (0.50,0.50,0.50) 

1 1 1 1 
a = ese Le Fe”) 
G (0.70,0.25,0.30) 

1 1 1 1 
ioe _ Cage Lis FO”) 
MG (0.60,0.35,0.40) 


(1) _ yp) 7) (1) 
toy = (15, 54°, Fe) 


G (0.70,0.25,0.30) 

1 1 1 1 
a = cares ie FS) 
VG (0.80,0.15,0.20) 

1 1 1 1 
oes = Coe ee FS) 
M (0.50,0.50,0.50) 

1 1 1 1 
oy - eee cae i) 
MG (0.60,0.35,0.40) 


1 1 1 1 
io = ee Loe FS?) 
G (0.70,0.25,0.30) 


7 = (7D, 1 


(1) 
527 Isa Fs2°) 


MG (0.60,0.35,0.40) 


(1) _ yp) 7) (1) 
Ga = Use 7 diss Kis) 


VG (0.80,0.15,0.20) 


(1) _ yp) 7Q) (2) 
3 = (133, 193°, Fo3°) 


M (0.50,0.50,0.50) 


(1) _ pQ) 7Q) (1) 
133° = (733, 133°, Fy3°) 


G (0.70,0.25,0.30) 


(1) _ vp) 7) (1) 
Ge Us tar fas) 


MG (0.60,0.35,0.40) 
(1) _ yp) 7) (1) 
153 = (T53', Ig3, F53°) 
G (0.70,0.25,0.30) 
1 1 1 1 
i = (i ive FP) 
VG (0.80,0.15,0.20) 


(1) _ vp) 7Q) (1) 
ty = 54 7 Logs Pog ) 


Decision Makers 


DM2 
MG (0.60,0.35,0.40) 


(2) _ pp(2) 7(2) (2) 
Ma = lin) 


VG (0.80,0.15,0.20) 


(2) _ pp(2) 7(2) (2) 
Gy HU obi) 


G (0.70,0.25,0.30) 
2 2 2 2 
ie > ee nee ES) 


MG (0.60,0.35,0.40) 


(2) _ ¢p(2) 7(2) (2) 
ty = Cas ta ae) 


G (0.70,0.25,0.30) 

(2) _sp(2) 7) (2) 
ey = (T51'> Igy Foy’) 
G (0.70,0.25,0.30) 

2 2 2 2 
i = (ene ee Fe) 
MG (0.60,0.35,0.40) 

2 2 2 2 
ae a Cie Le FS) 
VG (0.80,0.15,0.20) 


(2) _ pp(2) 7(2) (2) 
to =(1s5 Teo Fae 


M (0.50,0.50,0.50) 

2 2 2 2 
on = (Ge; ie ES) 
G (0.70,0.25,0.30) 


(2) _ gp(2) 72) (2) 
Yeo = (152°, Iso’, Fe’) 


MG (0.60,0.35,0.40) 


(2) _ gp(2) 72) (2) 
1s = Uso dias tis D) 


G (0.70,0.25,0.30) 


(2) _ gp(2) 7(2) (2) 
3 = (133°, 193°, Foz) 


G (0.70,0.25,0.30) 


(2) _ gm(2) 7(2) (2) 
133° = (733, 133°, Faz) 


MG (0.60,0.35,0.40) 


(2) _ pp(2) 72) (2) 
Mya = Wag ¢ lags Fag ) 


G (0.70,0.25,0.30) 


(2) _ ¢p(2) 7(2) (2) 
tea = (153°, Isa, Fea’) 


M (0.50,0.50,0.50) 


(2) _ gm(2) 72) (2) 
We oa ea) 


VG (0.80,0.15,0.20) 


(2) _ pm(2) 7(2) (2) 
ta = (oa s ag Fog ) 


DMs3 
VG (0.80,0.15,0.20) 


(3) _ gp(3) 7) (3) 
Gey Oy hg i ) 
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ty Ho a i oy) 
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3 3 3 3 
Pe ra Co ie ES) 


G (0.70,0.25,0.30) 


(3) _ gp(3) 78) (3) 
ta Cala eae) 
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(3) _ypG) 7@) (3) 
1 = (T51' Igv F51°) 
MG (0.60,0.35,0.40) 

3 3 3 3 
ie - ce. ae Fe) 
M (0.50,0.50,0.50) 

3 3 3 3 
a a cc; ee FY) 
G (0.70,0.25,0.30) 

3 3 3 3 
i = eee i FY) 
VG (0.80,0.15,0.20) 


3 3 3 3 
on re ca co FQ”) 
MG (0.60,0.35,0.40) 


(3) _ gp(3) 7) (3) 
Yeo = (152°, Iso’, Fe’) 


M (0.50,0.50,0.50) 


(3) _ gm(3) 7) (3) 
Ge SH Uas 6 sh a) 


VG (0.80,0.15,0.20) 


(3) _ gp(3) 7G) (3) 
13 = (133°, 153°, Fo3°) 


MG (0.60,0.35,0.40) 


(3) _ gp(3) 7) (3) 
the =e plea, tea) 


G (0.70,0.25,0.30) 

3 3 3 3 
Le re Ge. i Fe) 
VG (0.80,0.15,0.20) 


(3) _ gp(3)_ 7G) (3) 
tea = (153°, Isa, Fe’) 


MG (0.60,0.35,0.40) 


(3) _ gpm(3) 7@) (3) 
Ha =a s lias Fy) 


M (0.50,0.50,0.50) 


(3) _ gp(3) 7) (3) 
a = (52 6 boar Pay ) 


283 
DMs 
G (0.70,0.25,0.30) 
4 4) (4 4 
fe 7 Ge ee fe 
MG (0.60,0.35,0.40) 


(4) _ ~m(4) 74) (4) 
ty = sy toy Fa) 


M (0.50,0.50,0.50) 
4 4 4 4 
ie = Vege ie Ey’) 


MG (0.60,0.35,0.40) 


(4) _ ~m(4) 74) (4) 
He gy ota Aa) 


VG (0.80,0.15,0.20) 

(4) _~m(4) 7(4) (4) 
1 = (T51, Iga, For) 
G (0.70,0.25,0.30) 

4 4 4 4 
i = cone ee ES) 
MG (0.60,0.35,0.40) 
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i = Cee bee ES) 
G (0.70,0.25,0.30) 


(4) _ ~m(4) 74) (4) 
ty HT plea FD) 
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4 4 4 4 
is = Chee ice Fo?) 
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(4) _ ~m(4) 74) (4) 
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M (0.50,0.50,0.50) 


(4) _ (4) 7(4) (4) 
43 = (Ty, 13°, 3°) 
VG (0.80,0.15,0.20) 

(4) _ (4) 7(4) (4) 
13 = (Tp3', 153°, 3°) 


MG (0.60,0.35,0.40) 


(4) _ ~m(4) 74) (4) 
133° = (133, 133, Faz’) 


MG (0.60,0.35,0.40) 


(4) _ ~m(4) 74) (4) 
Ge = Tyg lig pts ) 


G (0.70,0.25,0.30) 


(4) _ ~m(4) 74) (4) 
te3 = (153, Is3°, P53) 


M (0.50,0.50,0.50) 


(4) _ ~m(4) 74) (4) 
Ge Uae ta ia) 


G (0.70,0.25,0.30) 


(4) _ ~m(4) 74) (4) 
Tq = (Tog Logs Fog’) 
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A3 MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) MG (0.60,0.35,0.40) 
re ee ee Poe) | 6 ee, 
Aa M (0.50,0.50,0.50) MB (0.40,0.65,0.60) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20) 
a wee) ee ssc 
As MG (0.60,0.35,0.40) G (0.70,0.25,0.30) VG (0.80,0.15,0.20) G (0.70,0.25,0.30) 
rei). awe), wees) ale) 
Ai M (0.50,0.50,0.50) MG (0.60,0.35,0.40) VG (0.80,0.15,0.20) M (0.50,0.50,0.50) 
Pe). 2: ea, 
Ao VG (0.80,0.15,0.20) M (0.50,0.50,0.50) G (0.70,0.25,0.30) G (0.70,0.25,0.30) 
O22.) @-02.2 DP) PCP LP -0P. D 
As G (0.70,0.25,0.30) G (0.70,0.25,0.30) M (0.50,0.50,0.50) MG (0.60,0.35,0.40) 
@-02,12,@) 1-02.12) P-L PP. 
Aa M (0.50,0.50,0.50) M (0.50,0.50,0.50) MG (0.60,0.35,0.40) G (0.70,0.25,0.30) 
Be rie) | ee Se) 7 taad (epee es) Maas (CCUM ler er or 
As G (0.70,0.25,0.30) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) VG (0.80,0.15,0.20) 
tes = (Tg5'+ Igy» Fee’) weg = (Tg5'+ Teg» Fes) tg, = (Tgy + Iss» Fes) tg = (Tgs's Uggs Fes) 
Table 4. Importance and Weights of Decision-Makers 
DM: DM DMs DMs. 
Linguistic VI(0.90,0.10,0.10) I (0.75,0.25,0.20) M (0.50,0.50,0.50) UI (0.35,0.75,0.80) 
Variables (T2™, 16", F2™) (TA 1 a) a a (Leia Fem) 
Weights Apm,= 0.37045 Apm>= 0.31508 Apm,= 0.20580 Apm,= 0.10867 


Step 2: Computation of Aggregated Single Valued Neutrosophic Decision Matrix (ASVNDM) 

To find the ASVNDM not only the weights of the DMs, but the alternative ratings are also required. 
The alternative ratings, according to the DMs given in the following table. 

Now by using the alternative ratings ae and the DM weights A, we get 

rig= Aan? ® Aan? @ ary? ®-- ® Ayr} 
ny = 1-Tha - 78?) a), Ta FE) *) 

where 7 = 1, 2,3, 4,5;7=1, 2, 3, 4,5 and (1 =4). 

For1=j=1land/=4 

11> A D A D Aa DO-: © Are? 

fa = (1M — HP) Mt )*, Men A )**) 

r= Ce BOR) d= ty Ga eG) 

Ca i ad i aria tn 

rit = (1-((1 — 0.8)°37945 (1 — 0.6)°31598(4 — 0.8)9-29580(4 — 9,7) 910867), 

((0.15)°37945 (9,35) 0-31508 (9,15) 0.20580 (¢. 75) 0.10867) . 
((0.20)937045 (9.40) °31508 (9,29) 9:20580 (939)9-10867)) 

111 = (0.740, 0.207, 0.260) 

Similarly, we can find other values 

1 = (0.711, 0.237, 0.289) 
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Al 


A2 


A3 


A4 


A5 
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131 = (0.593, 0.373, 0.407) 
41 = (0.661, 0.288, 0.339) 
151 = (0.706, 0.241, 0.294) 
T12 = (0.682, 0.268, 0.318) 
122 = (0.676, 0.275, 0.324) 
132 = (0.681, 0.275, 0.324) 
42 = (0.619, 0.342, 0.381) 
152 = (0.695, 0.253, 0.305) 
113 = (0.505, 0.392, 0.429) 
13 = (0.773, 0.176, 0.227) 
133 = (0.603, 0.359, 0.397) 
143 = (0.661, 0.288, 0.339) 
153 = (0.693, 0.255, 0.307) 
T14 = (0.605, 0.359, 0.395) 
Tr4 = (0.748, 0.203, 0.252) 
34 = (0.600, 0.350, 0.400) 
Tq = (0.542, 0.443, 0.458) 
154 = (0.693, 0.339, 0.307) 
15 = (0.614, 0.349, 0.386) 
T5 = (0.697, 0.257, 0.303) 
135 = (0.656, 0.299, 0.344) 
T45 = (0.548, 0.431, 0.452) 
55 = (0.768, 0.181, 0.232) 
Table 5. Aggregated Single Valued Neutrosophic Decision Matrix D = [r;]5x4 


X1 X2 X3 X4 X5 
111 = (0.740, 0.207, 0.260) Ty = (0.682, 0.268, 0.318) 43 = (0.505, 0.392, 0.429) 44 = (0.605, 0.359, 0.395) —s rg = (0.614, 0.349, 0.386) 
11 = (0.711, 0.237, 0.289) 17 = (0.676, 0.275, 0.324) 3. = (0.773, 0.176, 0.227) 4. = (0.748, 0.203, 0.252) rag. = (0.697, 0.257, 0.303) 
731 = (0.593, 0.373, 0.407) 132 = (0.681, 0.275, 0.324) 733 = (0.603, 0.359, 0.397) 134 = (0.600, 0.350, 0.400) T35 = (0.656, 0.299, 0.344) 
%1 = (0.661, 0.288, 0.339) T%2 = (0.619, 0.342, 0.381) %3 = (0.661, 0.288, 0.339) Y43 = (0.661, 0.288, 0.339) Y4s = (0.548, 0.431, 0.452) 
151 = (0.706, 0.241, 0.294) Ts52 = (0.695, 0.253, 0.305) 153 = (0.693, 0.255, 0.307) Ts4= (0.693, 0.339, 0.307) Ys5 = (0.768, 0.181, 0.232) 
Step 3: Computation of the weights of the criteria 
The individual weights given by each DM is given in Table 6. 
Table 6. Weights of al ives d ined by the D CO (7) pO pO 
: ehts of alternatives determined by the DMs W; (T; rT; » F ) 
Criteria DM DM2 DM3 DMs, 
xX VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) I (0.75,0.25,0.20) 
Gy. gay, gay: a) (4) _ (4) 74) pl) 
(DELIVERY) WwW, =(T, ; L ‘ EF ) w”? =(T, i F,”) wr? =a ie F,) WwW, =(7, , L, y FB ) 
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X2 I (0.75,0.25,0.20) M (0.50,0.50,0.50) M (0.50,0.50,0.50) I (0.75,0.25,0.20) 

(4) __~r4) 74) pH 
(QUALITY) wi =(T, i, FO) ws” =(7, L BE) ws? =(T2, 1, po) W>, (T, y L, y F, ) 
X3 VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) I (0.75,0.25,0.20) VI (0.90,0.10,0.10) 
(FLEXIBILITY) wid a (T®, 1, FO) w) = (72, 12), F2)) w) _ (T®, 1, FO) wi) 2 (rT, 12, Fo) 
X4 I (0.75,0.25,0.20) I (0.75,0.25,0.20) M (0.50,0.50,0.50) UI (0.35,0.75,0.80) 
(SERVICE) wid = (7, 1, FO) w?) = (7, 12), F2)) w®) = (T®, 12), FO) wi) = (7, 1, FO) 
X5 M (0.50,0.50,0.50) M (0.50,0.50,0.50) VI (0.90,0.10,0.10) VI (0.90,0.10,0.10) 
(PRICE) wi a (Tr, 1, ROY) w = (7, 12, F2)) w) _ (T®, 12), F)) wi = (TL, ic f) 


By using the values from Table 6, the aggregated criteria weights are calculated as follows 
Ww; = (Tj, Ij, Fi)= Aywy? @ Ag,” ® Aw? @-- @ Aw,” 

wy = (1-TThar 1 — 787), Tea Gp), Tena (?)*) where j = 1, 2, 3, 4, 5 and (1= 4). 
Forj=1and1=4 

Wy = Aw? D A,w? D Te D Ag 

wy = (tan - TE)", Then ®t A)**) 

w, =(1- (1- i yd = TO) \A2 (1- Tye = TY), Cys (I))%2 (42 I )A4, 

( ROM ( RY) 22 ( Fs ( F\?)44) 

w, = (1— ((1 — 0.9)°37945(4 — 0,9)931598(4 — 0,9)920580(4 — 9,75) 0-10867) 

((0.10)°37945 (0,10) 931508 (9,10) °-20580 (9,25) 0-10867) 
((0.10)°37945 (0,10) 9-31508 (9,10) 920580 (9,29) 0:10867) 

111 = (0.740, 0.207, 0.260) 

W, =(T,, 1, F,) = (0.890, 0.110, 0.108) 

Similarly, we can get other values 

Therefore 


(0.890, 0.110, 0.108)7" 
(0.641, 0.359, 0.322) 
Wrex,.x9.%3,X4} = | (0-879, 0.121, 0.115) 
(0.680, 0.325, 0.281) 
(0.699, 0.301, 0.301) 


Step 4: Construction of Aggregated Weighted Single Valued Neutrosophic Decision Matrix 
(AWSVNDM) 

After finding the weights of the criteria and the alternative ratings, the aggregated weighted single- 
valued neutrosophic ratings are calculated as follows 

Tie = ee digs TE ig) = a pla, Cp lg Oe Fa Ey © Fy.) ;) 

By using the above equation, we can get an aggregated weighted single-valued neutrosophic decision 
matrix. 


I 


Table 7. Aggregated Weighted Single Valued Neutrosophic Decision Matrix R' = [7;;]5xs 


Xi X2 X3 X4 X5 


| ae | Pr Po 
Ai 4 = Oo = ne. = oy a= 


(0.659,0.294,0.340)  (0.437,0.531,0.538)  (0.444,0.466,0.495)  (0.411,0.567,0.565) = (0.429,0.545,0.571) 
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Az = 122 = 
(0.633,0.321,0.366) (0.433,0.535,0.542) 
As 13, = i= 
(0.528,0.442,0.471)  (0.437,0.535,0.542) 
At %= 42 = 
(0.588,0.366,0.410) = (0.397,0.578,0.580) 
As 131 = 52 = 
(0.628,0.324,0.3700  (0.445,0.521,0.529) 


287 


13 = 14 = 5 = 
(0.679,0.276,0.316)  (0.509,0.462,0.462)  (0.487,0.481,0.513) 
133 = 134 = 35 = 
(0.530,0.437,0.466)  (0.408,0.561,0.569)  (0.459,0.510,0.541) 
143 = 144 = Ts = 
(0.581,0.374,0.415)  (0.037,0.624,0.610)  (0.383,0.602,0.617) 
53 = 4 = Ts = 
(0.609,0.345,0.387)  (0.471,0.554,0.502) = (0.537,0.428,0.463) 


Step 5: Computation of SVN-PIS and SVN-NIS 
Since Delivery, Quality, Flexibility, and Services are benefit criteria that is why they are in the set 

= {X1, X2, X3, X4} 
whereas Price being the cost criteria, so it is in the set J2= {X,} SVN-PIS and SVN-NIS are calculated 


as, 


Table 8. SVN-PIS and SVN-NIS 


SVN-PIS 


Ty = max {0.659,0.633,0.528,0.588,0.628} = 0.659 
Iz = min {0.294,0.321,0.442,0.366,0.324} = 0.294 
Fy = min {0.340,0.366,0.471,0.410,0.370} = 0.340 


Tz = max {0.437,0.433,0.437,0.397,0.445} = 0.445 
IZ = min {0.531,0.535,0.535,0.578,0.521} = 0.521 
FZ = min {0.538,0.542,0.542,0.580,0.529} = 0.529 


T3= max {0.444,0.679,0.530,0.581,0.609} = 0.679 
IZ = min {0.466,0.276,0.437,0.374,0.345} = 0.276 
FZ = min {0.495,0.316,0.466,0.415,0.387} = 0.316 


T; = max {0.411,0.509,0.408,0.037,0.471} = 0.509 Ty 
Ty =min {0.567,0.462,0.561,0.624,0.554} = 0.462 
Fy =min {0.565,0.462,0.569,0.610,0.502} = 0.462 Fy 
T= =min {0.429,0.487,0.459,0.383,0.537} = 0.383 Ts 
Iz =max {0.545,0.481,0.510,0.602,0.428} = 0.602 


Fe =max {0.571,0.513,0.541,0.617,0.463} = 0.617 Fs 


(0.659, 0.294, 0.340), 
(0.445, 0.521, 0.529), 
At = 4 (0.679, 0.276, 0.316), 
(0.509, 0.462, 0.462), 
(0.383, 0.602, 0.617) 


SVN-NIS 


T; =min {0.659,0.633,0.528,0.588,0.628} = 0.528 
I, =max {0.294,0.321,0.442,0.366,0.324} = 0.442 
Fy, =max {0.340,0.366,0.471,0.410,0.370} = 0.471 


Tz = min {0.437,0.433,0.437,0.397,0.445} = 0.397 
Iz =max {0.531,0.535,0.535,0.578,0.521} = 0.578 
Fy =max {0.538,0.542,0.542,0.580,0.529} = 0.580 


Tz; = min {0.444,0.679,0.530,0.581,0.609} = 0.444 
Iz; =max {0.466,0.276,0.437,0.374,0.345} = 0.466 
Fz; = max {0.495,0.316,0.466,0.415,0.387} = 0.495 


= min {0.411,0.509,0.408,0.037,0.471} = 0.037 


Ixy =max {0.567,0.462,0.561,0.624,0.554} = 0.624 


= max {0.565,0.462,0.569,0.610,0.502} = 0.610 


= max {0.429,0.487,0.459,0.383,0.537} = 0.537 


Iz; =min {0.545,0.481,0.510,0.602,0.428} = 0.428 


(0.528, 0.442, 0.471), 
(0.397, 0.578, 0.580), 
A-=3 (0.444, 0.466, 0.495), 
(0.037, 0.624, 0.610), 
(0.537, 0.428, 0.463) 


Step 6: Computation of Separation Measures 


= min {0.571,0.513,0.541,0.617,0.463} = 0.463 
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Normalized Euclidean Distance Measure is used to find the negative and positive separation 


measures d* and d respectively. Now for the SVN-PIS, we use 


dj'= & dj=1 (Ta,.w (2) — Taw (x;)) a (14,0 (2) — law (x;)) T (Fs.w(2)) ~ Fatw (x) |) 


Fori=landn=5 


fi fs j=1 (Taw (es) — Taw (x) 1 (aw) — Taw (x;)) he (Fa,.w (2) — Faw ()) |) 


0.5 


0.5 


In, w(X1) — Law (x,)) + (Faw %) = ye (x,)) 4 

( In, w(X2) — Laew (x,)) + (Fa,.w (X2) Pa, (x2) 4 
dj=|— (Taw (Xs) — Tyw (x3)) + (Ia, w(X3) — Lew eS); a (Fa,.w(X3) ey (x3)) n 
(Ta, w Xs) — Taw con + (la, w(%) — Lew (x,)) 4 (Faw (Xa) ie, (x,)) if 


(Ta,.w (Xs) — Tyw co + (I1,.w(Xs) — Law (x5) + (Fa,.w (Xs) — Farw GO) 


i oN 


(Tew%) — Taw (x,)) + 


T4,.w(X2) — Taw (x2) + 


Po Ye 


(0659 — 0.659)? + (0.294 — 0.294)? + (0.340 — 0.340)? +}\"” 


(0.437 — 0.445)? + (0.531 — 0.521)? + (0.538 — 0.529)? + 
dt= | — | (0.444 — 0.679)? + (0.466 — 0.276)? + (0.495 — 0.316)? + 
(0.411 — 0.509)? + (0.567 — 0.462)? + (0.565 — 0.462)? + 

(0.429 — 0.383)? + (0.545 — 0.602)? + (0.571 — 0.617)? 


0.5 
dt= | (0.000245 + 0.123366 + 0.031238 + 0.007481) | 


dy = 0.1040 

Similarly, we can find other separation measures. 

Step 7: Computation of Relative Closeness Coefficient (RCC) 
The RCC is calculated by using 


RCC Se" 33 4S 


d,+ d; 

RCG: = —S— = — 2 551 
di+d%  0.127532+0.104029 

RCC = 0.896 

RCC3 = 0.505 

RCCs = 0.363 

RCC5 = 0.757 


The separation measure and the value of relative closeness coefficient (RCC) expressed in the 


following figure. 
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Separation measures and the RCC for 


1 . 
each Alternative 
mw d+ 
0.8 
0.6 
@Y 
> 
6 
8.4 
0.2 
Al A2 A3 A4 A5 
Alternative 


Figure 1. Separation measure and the RCC for each Alternative 
Step 8: Ranking alternatives 
From the above figure, we can see the RCC are ranked as follows 
RCC: > RCCs > RCCi > RCC3 > RCCs > A2>As>Ai>As3> Ag 
By using the presented technique, we choose the best supplier for the production industry and 


observe that A2 is the best alternative. 


5. Conclusion 

In this paper, we studied neutrosophic set and SVNSs with some basic operations and developed 
the generalized neutrosophic TOPSIS by using single-valued neutrosophic numbers. By using crisp 
data, it is more difficult to solve decision-making problems under uncertain environments, to 
overcome such uncertainties single-valued neutrosophic sets are more appropriate. We also 
developed the graphical model for generalized neutrosophic TOPSIS. Finally, to show the validity of 
the proposed technique an illustrated example of the best supplier in the production industry is 
presented and observed that Az is the best supplier for the production industry. We consider this 
technique will be helpful in problem-solving and will expand the area of investigations for more 


accuracy in real-life issues. 
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Abstract. The aim of the paper is to find most optimistic results from among uncertain information or 
vague data. We theoretically use the notion of neutrosophic cubic sets to create enhanced decision-making 


models for multi-criteria. The advantage of neutrosophic cubic sets is that it comprehends the knowledge of 





neutrosophic sets and interval valued neutrosophic sets. Aggregation operators are used to retrieve the core 
information from a collection of data. So, this research executes aggregation operators for neutrosophic cubic 
sets dynamically. In this paper we avail the aid of hamy mean and dombi operations to establish fuzzy dombi 


hamy mean aggregation operators for neutrosophic cubic sets. This paper also explains the algebraic sum and 








scalar multiplication operations. A decision making methodology has been generated to prove the necessity of 


the proposed operators. Finally an illustration is provided from a real life decision making situation. 


Keywords: Fuzzy Sets; Neutrosophic Cubic Sets; Hamy Mean; Dombi Operations; Aggregations Operators; 
MCDM 


1. Introduction 


Every aspect of human life involves making decisions and most of the times human brain 
takes decision after processing information that comes to it in an incomplete and imprecise 


form. Hence we thrive to understand the fuzziness of the information in order to take decisions. 





To fulfil this need, in the year 1965 Zadeh’s scientific studies revealed the concept of fuzzy 
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sets and it is used to reduce fuzziness on difficult decision situations. The evolution of 
this notion of fuzzy sets with their operations has been presented in the literature {2/5}. 


Neutrosophic sets are a novel extended form of fuzzy sets and were initiated by F Smarandache 





(6). Neutrosophic sets handle ambiguity using three membership types. Functions namely the 
functions of truthness, indeterminacy and falsehood membership provide a more general way 
of measuring vagueness. Further, Y.B. Jun et al. |7/ and M. Ali et al. |8| effectively utilized the 
concept of cubic fuzzy sets to neutrosophic sets in order to introduce neutrosophic cubic fuzzy 
sets (NCFSs) with some basic operations and NCFSs deal with uncertain information in the 
form of intervals followed by single valued neutrosophic data. So this notion is a more general 
way to handle NSs. It is evident from the literature that the concept of decision making is 
one of the significant research areas in the field of neutrosophic sets. More recently, Ajay, 
D., et al. (9) used this notion with the help of weighted neutrosophic cubic fuzzy Bonferroni 
geometric mean aggregation operators. 

In fuzzy mathematics aggregation operators play a significant role and it is more useful 
in aggregating knowledge that is involved in decision making systems. Various types of neu- 
trosophic cubic aggregation operators available in the literature are, namely, Weighted Neu- 
trosophic Cubic Cuzzy Bonferroni Geometric Mean (WNCF BGM, ) operator (9), Neutro- 
sophic Cubic Dombi Weighted Arithmetic and Geometric Average (NCDWAA, NCDWGA) 
operators [10}, Linguistic Neutrosophic Cubic Number Generalized Weighted Heronian Mean 
(LNCNGWHM) operator (11), Neutrosophic Cubic Einstein Weighted Geometric (NCEWG) 
operator [12], Neutrosophic Cubic Heronian Mean (NCHM) operator [13], Neutrosophic Cubic 
Einstein Ordered Weighted Geometric (NCEOWG) operator [14], New Operators on Interval 
Valued Neutrosophic Sets and still there is a need for more efficient aggregation operators 
for huge underivable neutrosophic data. 

Some of the measures on neutrosophic sets are utilized in decision making models. For 
example, Ajay D., et al. introduced a new decision making approach based on bipolar 
neutrosophic similarity and entropy measures. Similarly, Lu, Z., et.al. introduced neu- 
trosophic cubic cosine similarity measure and applied in the field of multi criteria decision 
making. Abdel-Basset et al. ultilized bipolar neutrosophic sets to MCDM with Analytic 
hierarchy process (AHP) and Technique in order of preference by similarity to ideal solution 
(TOPSIS). Multi-objective optimisation on the basis of simple ratio (MOOSRA) method has 
been developed based on single valued triangular numbers which has been used to personnel 
selection [19]. 

One of the most recent generalization of neutrosophic sets is plithogenic set (PSs) which 
was introduced by Smarandache (20). The elements of these PSs is characterized by one 


or more attributes, and each attribute may have many values. Using the notion of PSs, 
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best-worst method has been implemented in supply chain problem and also plithogenic 
multi criteria decision making (MCDM) approach has been introduced based on neutrosophic 
AHP, TOPSIS and Vlse Kriterijumska Optimizacija Kompromisno Resenje (VIKOR) methods 
[22/23]. Moreover, Plithogenic n-super hypergraph is used in multi alternative decision making 
and it is a new perpective to deal with certain types of graphs for practical applications [24]. 

The available literature suggests that the decision making models are mainly focused on 
aggregation operators, rather than the studies on similarity measures. ‘The introduction of 
neutrosophic set theory led to wide range of research areas like neutrosophic graph theory [25], 
Neutrosophic topology [26], etc. and more recently neutrosophic set theory has been used in 
finite automata [27]. Many real time applications exist under neutrosophic sets [28}135]. More 
recently on this pandemic, Health-Fog framework universal system has been introduced with 
the help of deep learning and neutrosophic classifiers to confront Covid-19 [36]. 

The Dombi and Hamy mean operators are efficient and flexible aggregation tools to han- 
dle information fusion in MCDM. Shi et al. applied the dombi aggregation operators to 
neutrosophic cubic sets in order to make decision over uncertainty. They have investigated 
some of the properties of aggregation operators and illustrated a numerical problem in detail 
by changing the paramerter values between 1 to 5. Recently, Liu et al. combined the 
conventional Hamy mean to traditional power operator in interval valued neutrosophic sets 
and introduced interval valued power neutrosophic mean operators. However, it is clear that 
some research have been done on dombi and hamy mean operators separately and both of 
them have not yet been combined to formulate MCDM mechanism. 

The main focus of this research is to find a new aggregation operator based on neutrosophic 
cubic sets with the help of combined dombi hamy mean operators. Two decision making 


methods are developed using score function, similarity measure and aggregation operators. 


TABLE 1. Some notations with their descriptions 


Notations Descriptions 

* * 
V,%; Universal set , Element of V 
S, N Fuzzy set, Neutrosophic set 


Tn, In, Fy Truth, Indeterminacy and False membership functions 


Ty = Tx, Ty | Interval valued functions with respect to lower and upper bound 


The framework of the rest of the paper is organized with five sections that follow. Section 
2 addresses the basic definitions, operations and measures of similarity on neutrosophic cubic 
sets. ‘The next section deals with hamy and dombi operations on neutrosophic cubic sets. 


Further, section 4 introduces neutrosophic cubic fuzzy dombi hamy mean aggregation operators 
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with weighted values. ‘The section 5 of the paper describes algorithms of the proposed MCDM 
methods with suitable real life illustrations. Finally the conclusion of the research is made 


available in section 6. 


2. Preliminaries of Neutrosophic Cubic Sets (NCSs) and their operations 


In this section, we briefly review some basic concepts about NCSs, Dombi and Hamy Mean 


operators. Some of the notations description are given in table[i] 


* 
Definition 2.1. If & is a particular element of universe of discourse V, then a fuzzy set S 
is defined by a fuzzy membership function (ws) which associates to each 1 a membership value 


in the closed unit interval of zero and one. i.e. pug(v) : X — [0,1] 


Definition 2.2. Let N; = | (Zh, (04), In, (), Fy, (@:)) |B € a be a neutrosophic set (Ns), 


where { Tn, (0;), Iy, (Wi), Fry, (0s) € [0, 1]} are called truth, indeterminacy and falsity functions, 





respectively. This can be represented by Nj = (Zj,, Jn,, Fy; ). 


Definition 2.3. ; Let N; = | (fis (;), Ty, (vi), Fy, (®,) lay € a be an interval neutro- 


* 


sophic set in V, where in, (0), Ty, (or), Fy, (0;) € (0, i) is called truth, indeterminacy and fal- 





* be as ae 
sity function in V, respectively. This can be represented by N; = (Ty, Jn,, Fy; )- For convience, 
we denote Nj = (Ty,, Jy,, Fiy,) by Nj = (Ty, = [Ty,, Ty.) ly, = UN, IN, ], Fy, = Lng, F]). 


Definition 2.4. ; Let N; = (Ty, (;), Ty, (0), Fy, (%,) IN, (0;), ly, (;), fy, (0; ) lo, EC vi 
be a neutrosophic cubic sets in V, in which Ty, = Ty, TK, |, In, = IN, Ix, |, Fy, = Fy Fy, ] is 
an interval valued neutrosophic set in V simply denoted by N; = (Ty, Iy,, Fy, ,Iy,, Ln,, PN, ), 
[0,0] < Ty, + Ly, + Fy, < [3,3] and 0 < Ty, + Jy, + Fy, <3. 

Definition 2.5. Let C; = (oi [(%5), (03)) |O; € a be a cubic fuzzy set in V in which 


ji is interval fuzzy set in V, ie., @ = [w”, w"] and p is a fuzzy set in V. 


2.1. Operations on NCSs 


The algebraic addition and scalar multiplication on NCSs are discussed. Essential outcome 
of exponential multiplication that provides the basis for the concept of Dombi Hamy mean 


aggregation operators in neutrosophic cubic sets is based on these definitions. 


Definition 2.6. The sum and product of the two neutrosophic cubic sets (NCSs), N, = 
(Ty, » fy, , Fy, +Th,, 10, + Fh, ) where Th, = Ty.» Ty, ], Ty, = UN, In, 1]; Fy, = Fy. Fy, and 
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N, = (Ty, Ing, Fivy, Ths In, Fy ) where Ty, = (Gh, 78], iy, = UR, IN), Fy, = (FE FY 
are defined as follows. 
Ni @No = { [TE +7, — TH, TH, TH, + TN, - TET). 
Tg, Re ihe Gere a IK, , (1) 
LF, FN, FN, Fi, | s (Ty, Th, In, Jn,» Fe, + Fe, — Fy, Fy,)} 
N, @Ny = { [TH TH, 7H, TH,| » (06,78, IRIN, |. AR, + A, — PRP, PY + — A] 5 
(Ty, + Ty, — Ty, Ty, Jy, + Jy, — Ay, Jy,, Fy, Fy,)} 
(2) 
Definition 2.7. The scalar and exponential multiplication on neutrosophic cubic sets (NCs), 
N, = (Ty, » ty, Fy,,Th,, Ju, > Fh, ) where Ty, = (Tf TY], fy, = UR IN Fy, = AE, BY, 
and a scalar value o are defined as respectively: 
oN, = {|1- (1-7 )2,1- 1 -78)2| [1-0 - 8 )21- - R], 
(FE, )®, (FR) 5 ((Ty,)®, (ly, )®1 - 1 — Fr,)2)$ 
NE = {| (TH)®, ON)? ] , [CH )®, R,)2|, [L -  — )2,1 - FY] 
Laat) ag (Nt 


(3) 


(4) 


2.2. Similarity Measure of NCSs 


Let N,4 and Np be two neutrosophic cubic sets in V. Then, the measure of similarity of N4 
and Ng is defined by Ngy : Na(V) x Na(V) — [0,1] which satisfies the following condition; 


(i). O< Nov (Na(0;), NB(o)) <1 

(ii). Nga (N4(0;), Na (o;)) = 1 iff Na(v;) = Ne(o;) 

(iii). Now (Na(oi), Na (i)) = Now (Na (oi), Na(%)) 

(iv). If N4(%i) C Na(oi) CN 7 ), then Nsw (Na(%i), No(#i)) = (Na), Nai) and 


Nsw (Na(@:), No(é:)) < (Na (i), Ne(H:)) VNa(és), Na(@s), Ne(¥i) € NCSs(V) 


The similarity measure between two NC'Ss is expressed as follows: 








(eee D,(i) 
Nsw (Na, Ng) = — (ees 5 
Nsom (Na, Np) =a 9 (5) 
where 
De(i) = (|T¥, Gs) — TH, (6i)| + [TH Ga) — TH, (6a)| + |G, Ga) — Thy (| + 











(0;) — IN, (0;) | 





+ FF ( (0;) — Fy, ( Ui) 





Ii, (Os) (;) — Ix, ( vi) + FA ( (04) — Fy, (@ 





+ [Lv i) — Live a)| + [Fry i) Fret). 


The similarity measure follows the four conditions mentioned above. 
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* 
Definition 2.8. Let N be neutrosophic cubic fuzzy set in V, then the support of neutrosophic 
cubic fuzzy set N* is defined by 


N* = {[T¥@), 78 @| > 10,0], [18@), KO] > 0,0), AV, AV@)| ¢ [4 


~ 


(Ty(@) > 0, Iy(v) > 0, Fy(t) <1) lo € vi 


Definition 2.9. Let N be a non empty neutrosophic cubic fuzzy number given by N = 
(Ty, Fy, Fy, Th, Iv, Fy), where Ty = Te, TY], Ty = Te, FY), Fy = Paw |, then its func- 
tions for ranking, accuracy and certainty can be stated as follows: 
44-7 (6) 1k (0) FE (+79 (6) -1f (6) - FY (®)| Z [2+Th (5) —Iy (6) —Fry(o)| 
s(N) = 


(TE(8) — FE@) + TY (0) — FY (0) ) /2 + Ty(@) — Fu()| 
9) =§ eer 


Ty (0) + Ty (@) ) /2 + Ty(0) 
ideas 1) Eases (N).a(N).cN) EN 8) 


Definition 2.10. Let N; and Ny be two non empty neutrosophic cubic values, where Sy, and 


Syn. are score values and Hy. and Ay. are accuracy functions of N, and No respectively. 
LD Ny IN5 ro | ee) 


(1) If SN, > SN, =>N, >No 
(2) SN, = SN, and An, > AN, => N, > No ; An, = An, => N, = No 


3. Neutrosophic Cubic Dombi Hamy Mean Operation 
Definition 3.1. The operator Hamy Mean (HM) is stated as follows: 


i 1/p 
I] Ni; 


1<...<k _ {it 
HM“) = (N,,Ny,...,N,) = = ; 





mM 
Ch 
where yu is a parameter, pp = 1,2,...,k and ky,ko,...,k,, are yz integer values taken from the 
; ; _ k! 
set (1,2,...,k) of k, Ce is the binomial co-efficient, Cf = Aka 


Definition 3.2. Dombi has formulated a generator for the development of Dombi T-norm 
and ‘T-conorm that is shown as follows: 


Lee eg VO S a: 7 \2\"Ve 
1+ ((52) 2 ar 1+ (735) +(<4)) 


where @ > 0, (p,q) € [0,1]. 


D(p, q) = 
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Definition 3.3. For two neutrosophic cubic sets (NCs), N,; = (Th, A,T. 4K), where 
T = (TE,TY), f, = 1), = (FE, FU], and N, = (Ts, Tn, Fs, Ta, Io, Fe), where T) = 
rs |; In = | Fy = [Fy’, Fy’]. The basic Dombi Hamy operations are defined as 




































































follows: 
1 1 
N, Ng = ‘i ae: a rare: een 
i cb 0 T T. re 
1+ (ee) +(e) |? 1+ [ae) + Se) | 
1 1 
a ie \e is qe Le NS iv oo |. 
1+ |(xhe) +(x) ° 1+ |(ehr) + (r) | 
1 1 
1? ) 
1-FE\ 2 1—-FL\?]e 1-FU \@ 1—FYU \ 8) © 
1+ |(*p) + (Age) |? 1+ |) + Ga) | 
{ 1 1 
0 07+" 0 07 =" 
[ey B)T 14 (G58) (YT 
3 
Les 1 
By \8 Fr \®le 
1+ |(re) + (5) ]’ 
1 il 
ee 1—TL Q 1—-TL oy +? 1—-TU Q 17 072 
+ |(*pt) + (Ge) |* 1+ [ety + (Ga) | 
1 1 
1? 1 y 
1-IE \ 2 12 \ 26 1-1U \@ 1-IU \ 8) 6 
1+ |(4et) + (A) |S 14 (CG) + (GAY | 
1 1 
1— ee ee als 
FL Q FL Q i FU Q FU Q o 
1+ | (ser) + (che) |? 1+ [(eer) + (Sr) | 
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1 1 
U’N, = SS ia | 
1 9 Pe Nelo 1 9 TU \8&) 0 
+ [8 (cre) | 1+ [9 Gar) 
1 1 
b= 7 1 ’ 
[Ll Q 0 lu Q 0 
1+|9(re) |’ 1+ [9 Gp) | 
1 1 









































4. Dombi Hamy Mean Aggregation Operators to Neutrosophic Cubic Numbers 


The NCFDHM Operator: ‘The NCFDHM Operator is defined as follows, based on the 


Dombi and Hamy mean operations 


Theorem 4.1. Let N; = (2),1;,F;,Tj,j,F), where T; = [Ty,Ty |, G = Wy17),F) = 
[Fy Ey) (7 = 1,2,...,k) be a non empty collection of NCFNs. The compressed value by the 
NCFDHM operators is also an NCF'Ns where 


1/p 
(@t..%) 


NCFDHM™)(N,,Ng,..., Ny) = <) CH 
k 


1S whi iy seek 
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Proof. 
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o [Le [E (8) ) fC 
4=1 ag G1 ag 
1 1 
Bf ae o Mo fy ojo | 
1+ & (Az!) 1+ » (Ae) 
oI tg F=1 tj 
1 1 
1 ee oe i 
LL FL QO} e@ pL FU Q|e 
+ |F (Sb)y]1+ 18 (ER) 
j= 7 71 7 
1 1 1 
0-4, 1- _+__,, __+__, 
Ht a Na E om Vi EB = 
Sale (3) | Lai de (<4) 1+]}> (524) | 
j=l j=l j=l 
1/p 
1 1 
Thus, ®N; = Tt: 1 | > 
j=1 eo a Ease | 
b+ {ES GE) YS aa RE (gk) 
j=l v j=l q 
1 1 
1) 1 y) 
1-15 Q| e@ 1-1 QO} @ 
ie 2 y (Set) tee 1% (St) 
q=1 “J q=1 J 
1 1 
1— Te a ran he 
FE QO} @ wv FU Q|e 
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1/p 
Thereafter, So) ae ae (Qi Nis) 


~ 














1 1 
= Le 1 ,1 _ 1|> 
Q Q 
I | 
1+ SS = 1+ > = SG 
A is sg aa ef page Ve 
1<...<k( 4) <-Sk ( 4) 1<...<k (4) <1 Sh ( a9 
Pe Ty > Ty 
1 1 
de 1 ,1 _ 1 ’ 
Q Q 
I I 
a ine ape <k > eal al 1< ape <k > (ae) 
core (pp) SeeS aj more (pp) SeeS ij 
ai fs ja\ tu 
1 1 
oe 1? es 1 ) 
e e 
I I 
1+ a 1+ > Sau 
Pb f1-FL\8 a gee ee 
1<...<h(y) <---Sk > ( i) IS. <hegy<-Sh > ( uy 
fa\ Fu fa \ *5 
1 1 
er 
Q Q 
I I 
I a De bs (ey eee : a bb Leia \2 
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Se Gunes 


ede a 


bt OQ 
1<...<k()<...Sk 1-Fi; 
> ( Bij 





D. Ajay, J. Aldring, S. Nivetha, Neutrosophic Cubic Fuzzy Dombi Hamy Mean Operators with Application to Multi-Criteria Decision Making 


Neutrosophic Sets and Systems, Vol. 38,2020 304 


/- 
~ Somes ane eee (@h.1 Nii) 
Therefore, NCFDHM)(N,,No,...,N,) = ——~_—__ >} —__——_ 


























Ch 
1 1 
— (je ae ma le 
1 
lL! i 1 a —— 
ire peal 3 ee ol ae 
CY LR hGyenek > (Bey Cy. lat kG Sk 3 (=) 
j=l Vij j=l *e 
1 1 
1 — 13 Ph EE ’ 
[ 1 [ 1 
I+ LL Ds hie Fa EO. Ra Lt LL Q 
Oe 1S ig yee 3 (24) Oe Pniekeg eek 3 (Sr) 
j=l ‘9 j=1 aj 
1 1 
a rT]? 
Lu 1 Ll 1 
ms Cp 2.2% <k a se Crag o ay, Bye 
k 1S...<koyy<-.S \> (=) | k 1S...<koy)<...S Ss (47) 
j=l i) j=l tg 
1 
———S ae 
bl 1 
1+ ys Se 
| Cr TS yy eek ie) | 
1 
Ty 
lad 1 
I+ | 7a a a Ae 
C, IS Ake ae eR =u) 
1 
or 
1+ | De aie 
k PSK (geek 2) 





hence the proof. 5 





D. Ajay, J. Aldring, S. Nivetha, Neutrosophic Cubic Fuzzy Dombi Hamy Mean Operators with Application to Multi-Criteria Decision Making 


Neutrosophic Sets and Systems, Vol. 38,2020 305 


Then we discuss some properties of NCFDHM Operator 


1. Idempotency: If for all N; = ee) where T; = eke | 
Ly Be SS: [| gS. 1 2anegk) are equal, that. is, N= NN V7, then 
NCFDHM"(N,,Ng,...,N,) =N 


2. Commuatativity: Let C; = (T,,1;, F),T;,1,,F,), where T, — ieee eae I; = dls 


F, =F fe PF al (7 = 1,2,...,k) is the collection of neutrosophic cubic numbers 


NCFDHM* (Si, N,,... Ne) be any permuation of NCFDHM®) (Ni,No,...,Nx) 
NCFDHM™) (Nj), (No), -.-, (Ne) = NCFDHM(N,), (Ng), .-.5 (Ng) 

3. Monotonicity: Let C; = (Tj, 4j,F),Tj,1j, Fj), where Tj = (TE,T¥), Ty = UF, 1%), 
F, = ie Fy] (7 = 1,2,...,k) be the set of neutrosophic cubic numbers 

If Sc, (6) > Sw, (6) and C;(6) > N,(®) then 

NCFDHM)(N,,No,...,N,) < NCFDHM?(C,,Co,...,C;) 
4, Boundary: Nv < NCFDHM)(N,), (No),...,(N,,) < Nj, where 
N> = {inf Ce) , SUD (ee) , SUD (FO, F;*]) min (1,).mex (1;). max (F;)} 


Nt = { sup Aree aes) ,inf (ed) ,inf Ce) man (T,) smi; an (F;)} 


4.1. The Weighted NCFWDHM Aggregation Operator 


Definition 4.2. Let N; = CON EN ORIEN re) where T; = (TP, TY], Ty = 2,1], F; = 
bag Fy] (j = 1,2,...,k), be a set of NCFNs. The NCFWDHM Operator is 


1/p 
yy 


Ch, 


Q., 
1@> 


NCFW DHM\)(N,,No,..., Nz) = QD | 


[Se hGy ask 


Theorem 4.3. Let N; = (7,5), F},T),1j,F;), where T; = (TET), 1; = (F,1¥, Fy = 
[Fy Fe (7 = 1,2,...,h) be a collection of non empty NCFNs. The compressed value by the 
NCFWDHM operators is also an NCF'N where 


Lt ee Vi 
(% (N;;) ‘ 
NCFW DHM)”)(N,,No,...,Nz) = ay, — 


LRG) SE 
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5. Algorithms and [Illustration of the Proposed MCDM Method 
5.1. Algorithm 1 


Step 1. For an MCDM problem, a neutrosophic cubic decision matrix A = (@i;)nxk is 


constructed 


Step 2. Fix corresponding relative ideal point over attributes of neutrosophic cubic sets 


No, = { {max {ni} , max {re} min lye} ,min LIK \ , [min { Fy: } min { FX. \ 


(max { Ty: } , min { In» } ,min { Fy. }) AW) =, 7 Oneetak 





Step 3. Calculate similarity measure between corresponding alternatives A;, Ao,..., A, and 


relative ideal point of neutrosophic cubic sets NG6 = NG.(j = 1,2,3,...,%) using equation|5] 
S(A;,NG) Vi=1,2,3,...,n 


Step 4. Choose the best alternatives A; according to similarity values of S (Aj, NG), for all 


2 eer &) 


5.2. Algorithm 2 


Step 1. For an MCDM problem, a neutrosophic cubic decision matrix A = (ai;)nxk is 


constructed 


Step 2. Compute neutrosophic cubic aggregated vaules for each alternative over attributes 
by NCFW DH My,” (Ni, No,.-- Nx) 


Step 3. Utilize the score formula (Eq|6) to obtain the score values of the alternatives. 


Step 4. Rank the alternatives A; according to score values. 


5.3. Illustration of the Models 


In this section, an illustration has been chosen on the basis of finding the poor from among 
the target group based on education level, employment and income. We employ the proposed 
multi criteria decision making algorithms to the chosen problem. Here we have taken the 
households of target group of people as alternatives A;(z2 = 1,2,3,...,n) and we consider the 


attributes employment (C1) , education level (C2) and income (C3). The values are represented 





by neutrosophic cubic numbers which covers both interval and individual poverty information. 
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The decision matrix is given as follows: 


- (0.6, 0.2, 0.2 
8], [0.1,0.2], 
- (0.8, 0.1, 0.2 


0.3,0.4]; (0.6, 0.3, 0.4 
0.6,0.7],  [0.1, 0.2], 
0.1,0.3];  (0.7,0.1, 0.2 


0.6,0.7]; (0.4, 0.8, 0.7 
0.3,0.4],  [0.6, 0.7], 
0.7,0.8]; (0.3, 0.7, 0.8 


in soa (0.1, 0.3}, i” soa (0.1, 0.3}, a oa (0.7, 0.8}, A 
(0.2, 0.4]; (0.6, 0.2, 0.3 (0.2, 0.4]; (0.6, 0.2, 0.3 (0.8, 0.9]; (0.3, 0.8, 0.9 
i: eat * (0.1, 0.2], a eeee (0.1, 0.2], a aaa & (0.6, 0.7], a 
DM = (0.2,0.3]; (0.7, 0.1, 0.2 (0.2, 0.3]; (0.6, 0.1, 0.2 (0.8, 0.9]; (0.3, 0.6, 0.9 
F ae (0.2, 0.3}, A Cece & (0.2, 0.3}, "| aan (0.7, 0.8], a 
*  |[0.1,0.3] 0.3, 0.4 (0.6, 0.7 
‘ | a | | | a 
[0.1, 0.2] | | | | 


5.4. Algorithm 1 


Step 2. Corresponding relative ideal point over attributes of neutrosophic cubic sets 


NG : (NG, NG, NG) 
Ns, = {[0.7, 0.8], [0.1, 0.2], (0.1, 0.2]; (0.8, 0.1, 0.2)} 
Ne, = {[0.6, 0.7], [0.1, 0.2], (0.1, 0.3] ; (0.7, 0.1, 0.2)} 
Ne, = {[0.3, 0.5] , [0.6, 0.7] , (0.6, 0.7]; (0.4, 0.6, 0.7)} 





Step 3. Similarity measure between alternatives A,, A2,..., Am and relative ideal point of 


neutrosophic cubic sets NG. 
S (Ai,NG) = 0.8778, S (Ao,NG) = 0.9370, S$ (A3,NG) = 0.9000, 5 (As,NG) = 0.9778 


Step 4. The arrangement of alternatives according to similarity values of S (Aj, NG), (= 
1,2,...,n. Ag > Ag > Ag > A] 


5.5. Algorithm 2 


Step 2. Let the weighted values of the attributes be W = (0.32, 0.38, 0.3), respectively. 
Take = 2, 9 = 2 then using NCFWDHM operators on alternatives A; (i = 1,2,3,4) we get 
the aggregated values as shown in table[2] 


TABLE 2. Aggregated Values by NCFWDHM operator 


Atlernatives Aggregated Values (NCFWDHM) 


Ay 0.5239, 0.6594), [0.1955, 0.4830], |0.2025, 0.4028): 


| ], | 1, | ]; (0.4133, 0.2025, 0.4838 
Ap (0.6296, 0.7528], [0.1953, 0.3527], [0.2025, 0.3040]; 

| I, | 1, | | 

| I, | I, | | 


) 

0.4616, 0.1011, 0.3536) 
A 0.5249, 0.6925], [0.3527, 0.4830], [0.2323, 0.3423]; 
) 


- (0.4218, 0.2649, 0.4966 
Ag 0.6577, 0.7528], (0.1953, 0.3527], (0.1017, 0.2649]: 


0.5775, 0.1017, 0.3533 


y y 
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" 


Score values of alternatiye-A1 
Score values of alternatiye-A2 





a3) 10 20 30 40 50 60 70 80 90 100 “pl 10 20 30 40 50 60 70 80 90 100 
Rho values Rho values 


(A) Scores of alternative A, (B) Scores of alternative A» 





Score values of alternative-A3 
Score values of alternative-A4 





“oO 10 20 30 40 50 60 70 BO 90 100 “O 10 20 30 40 50 60 7O 80 90 100 
Rho values Rho values 


(C) Scores of alternative Ag (D) Scores of alternative Ay 


FIGURE 1. Scores of alternative A; obtained by NCFWDHM operator 


Step 3. Score function of the alternatives are 
S(A,) = 0.6128, S(A2) = 0.6951, S(A3) = 0.5940, S( Ay) = 0.7284 


Step 4. The alternatives are ranked based on their score values Ay > Ap > A, > Ag 


5.6. Comparative Analysis 


For comparison analysis, the proposed weighted dombi hamy neutrosophic cubic mean aggre- 
gation operator (NCFW DHM.) is compared with an existing multi-criteria decision making 
method based on neutrosophic cubic aggregation operator (WNCFGBM,," ) (9) and with the 


proposed decision making technique over similarity measure. The findings are shown in table 3] 


TABLE 3. Rank of the proposed methods 


Proposed Methods Ranking order 

Algorithm 1 (Similarity Measure) Ay > Ag > A3 > A, 
Algorithm 2 (NCFWDHM) Ay > Ag > A, > Az 
WNCFGBM,," Operator 5 Ay > Ap > Ag > Ay 
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Also for a detailed comparision, we represent the score values of each alternative in Fig[i] by 
only changing the values of o between 0 and 100 and we can find that the score values of each 
alternative are the same after certain values of 0. ‘The values of the parameter p have been 
chosen based on the total number of combinations of k data sets, that is, the total number 


of neutrosophic cubic numbers. When we have large data sets the values of will have more 





combinations to deal with. ‘Therefore the WDHNCM operators are more applicable to large 
data sets for making decision. From table 3] we can see that the most optimistic results are 
Ag and Ag. The ranking order of the alternatives are almost the same and slight changes 
exist between alternatives A; and As. The reason is that the proposed methods with the 
WDHNCM and (WNCFGBM,,’ ) (9) aggregation operators have been applied for minimum 


data sets or, in other words, the given illustration exist for initial parameter, that is, for uw = 2. 


6. Conclusions 


The advantage of neutrosophic cubic sets is presented in the article with a newly developed 
weighted dombi hamy neutrosophic cubic mean aggregation operators. Some of the basic 
neutrosophic cubic operations and properties are proved with respect to domi and hamy mean 
operations. Further the similarity measure and relative neutrosophic cubic ideal points are 
introduced and with the help of these ideas a new decision making method is developed. 
The comparative analysis has been made to prove the efficiency and validity of the proposed 
operators through numerical illustration. The important finding is that the proposed operators 
give more efficient results while having to deal with huge set of uncertain data or information 


due to their nature. Also the results are stable and more consistent with existing measures. 





The proposed aggregation operators can be extended to be used in existing decision making 
models like CODAS, AHP, MULTIMOORA, TOPSIS, VIKOR, etc. which would result in 


more new models. This study can further be extended to the field of artificial intelligence, 








medical and fault diagnosis with real time applications. 
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Abstract. In real life, most of the problems occurred by wrong decision making, while in sports it is mandatory 
for every player, coach, and technique director to make a good and an ideal decision. In this paper, the concept 
of similarity measure is used in the neutrosophic environment for decision making in a football game for the 
selection of players. The data is collected in interval-valued, while the new concept m-polar is illustrated as 


previous records of m matches played by players. m-polar structures provide multiple data on the concerned 





problem, so as a result the best solution can be developed for the selection problem. An m-polar Interval- 
valued Neutrosophic Set (mIVNS) is derived for the targeted task of player selection problem. Then some 
operations, properties, and distance measures are introduced on m-polar Interval-valued Neutrosophic Set 
(mIVNS). Distance-base Similarity Measure is illustrated to each player with an ideal set in mIVNS structure. 


In the end, the Algorithm is given for ideal decision-making in sports for the selection of players. 


Keywords: mIVNS Set; Operators on mIVNS; Properties; Distance and Similarity Measure; Decision-Making, 


Selection of Players 


1. Introduction 


Zadeh [1] has introduced a fuzzy set which describes membership degrees in [0,1]. They 
can be modeled to proceed towards including soft set theory [2,3] fuzzy soft set theory [4], 
probability theory, and also other mathematical tools. This theory has been used in many 


real-life applications to handle unpredictability. However, this theory doesn’t deal with the 





hesitancy degree. To overcome this situation Atanassov [5] gave the idea of the intuitionistic 
fuzzy set as a generalized form of fuzzy theory, that handles incomplete data by considering 
both membership function values and non-membership function values. Intuitionistic Fuzzy 
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theory has been extended by many researchers in dealing with real-life problems. Intuitionistic 





fuzzy sets fail in grip patchy data because membership, hesitancy, and non-membership func- 





tions are dependent in this theory, while neutrosophic sets overcome with the solution where 
these functions are independent which exists in psychology theory and belief system. For sev- 
eral decades there are more concepts applied in soft set theory, different mathematicians relate 
their ideas and results on soft set theory in fuzzy set theory and other hybrid structures. ‘To 


analyze the ability of ideal decision on positive effects and as well as on negative effects Zhang 





[6] gave bipolar concept on truth or false. It was further extended by Chen |7] to multipolar 
structure, where multiple data can be studied and evaluated. Akram [8-11] has applied to 
m-polar structure in decision-making problems and pattern recognition techniques. 

Firstly, the concept of Neutrosophic Set (NS) introduced by Smarandache [12] is a tool that 


handles the problem with inconsistency and imprecise data with indeterminacy. Nowadays the 





NS has been extended in many hybrid structures. Single-valued NS is proposed in [12] and 
also Interval-valued Neutrosophic Set (IVNS) truth indeterminacy and falsity are determined 
by intervals that have huge information in real-life problems. Similarity measure technique 
is a well-known process to compare two sets. The Similarity measure is also used for the 
evaluation of pattern recognition of an object, set, and material. It is usually used between 
two independent objects on the basis of distance measure, while distance measure gives the 


numeric value of separation between two objects. A Similarity measures on fuzzy sets, soft sets, 





neutrosophic sets, etc. are done by several authors in their papers [13-26]. Aggregate operators, 
similarity measure, and a TOPSIS technique and their application in real life are introduced 
by [27-31] by Saeed et al. Application of fuzzy numbers in mobile selection in metros like 
Lahore is proposed by Saqlain [32,33]. TOPSIS technique of Multi-Criteria Decision Making 
(MCDM) can also be used for the prediction of games, and it’s applied in FIFA 2018 by [34], 
prediction of games is a very complex topic and this game is also predicted by [85]. Liu et al. 
[36] introduced multi-valued neutrosophic numbers and utilized it with Bonferroni operator in 
multi-valued decision-making problems. Kamal et al. introduced a multi-polar neutrosophic 
soft structure with some operators and properties in [37]. Abdel-Basset et al. [38-42] proposed 
the solution to supply change problems, professional selection problem, time-cost tradeoff, 
and leveling problems in construction using a neutrosophic environment. Several authors 
[43-47] have done researches in m-polar structure with the fuzzy set, neutrosophic set, soft set 


topology in the past couple of years. From a scholastic point of view, operators on multi-valued 





neutrosophic soft sets need to be specified so that concepts can easily be applied in real-life 
applications. The concept of interval-valued neutrosophic sets was proposed where uncertain, 
vague, inconsistent, and incomplete data given in interval-valued. In this paper, we introduce 


m-polar Interval-valued neutrosophic sets that deal with multiple set of data that are used 
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in uncertain, vague, inconsistent, and incomplete data environment. An important issue is 
how we can represent, m-polar interval-valued neutrosophic set? It’s operators and similarity 
measure? What should be the generalized form of interval-valued neutrosophic sets? What 
should be the application of this environment? To find the answers to all these questions, this 
study is done. 

In this paper, the concept of Interval-valued neutrosophic set is extended to m-polar Interval- 


valued Neutrosophic Set (m-polar IVNS); 


1) m-polar IVNS, its definition, and representation. 


( 
(2) Aggregate operators of mIVNS and properties on operators of mIVNS. 
( 

(4) m-polar IVNS Algorithm. 


3) Distance measure and Similarity measures of mIVNS. 
(5) Application of the proposed environment 


The paper is organized and structured in the following ways, also shown in Figure 1. In 
section 1, the introduction and literature review are presented. Section 2, consists of some 
basic definitions which will help read the rest of the article. In section 3, the definition, 
representation, and some operations like union, intersection, and complement, etc. of m- 
polar IVNS have been proposed. In section 4, properties concerned with operators have been 
studied. In section 5, distances on m-polar IVNS have been introduced and the similarity 
measure concept is revisited. In section 5, the application of the proposed environment with 


algorithm is presented. In section 6, the conclusion is presented. 


elntroduction, Literature Review 
e Motivation and Contribution 





ePreliminaries 


em-polar IVNS: it's definition and representation 
*some operators 





*Properites concerned with operators 





*Distances on m-polar IVNS 








¢ m-polar IVNS Algorithm 
* Application of proposed environment 











«Conclusion 


FIGURE 1. Pictorial view for the structure of the article 
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2. Preliminaries 


This section studies some basic definitions related to this article. 


2.1. Neutrosophic Set 


Definition 2.1 [12] Let U be a space of points with a common element denoted by u. A neu- 
trosophic set A over U is characterized by a truth-membership function @ ;, an indeterminacy- 


membership function w, and a falsity-membership function 7. The functions @;, 4, and 





74 are real standard belong to interval [0,1]. The neutrosophic set can be represented as 


A= {u,(¢4(u),ba(u),nq(u)) | wu ¢ U} 
where 0 < @j(u) + wa(u) + n4(u) < 3. 


2.2. Interval-valued Neutrosophic set 


Definition 2.2 [37] Let U be a space of objects with some element denoted by u. An interval- 
valued neutrosophic set A over U is characterized by interval-valued truth-membership function 
ld 4, an interval-valued indeterminacy-membership function tu 4 and an interval-valued falsity- 


membership function ‘74, such that “6,,°~, and ‘nj, C [0,1]. Thus, an interval-valued 





neutrosophic sets over U can be represented as 


A= {u, (764(u),"bq(u),/ng(u)) | we UF 
and 
‘b4(u) = [65 (u), o3 (w)] 
Wau) = [WG uw), vi (w)] 
na(u) = [ng (un +) 
where 0 < sup(‘¢ ;(u)) + sup label )) + sup(‘n4(u)) <3 


2.3. m-polar Neutrosophic Set 


Definition 2.3 [37] An m-polar neutrosophic set is defined as 

A= {u, ($4 (u), 0 (u),--- OF), (Wh (w), V9 (uw), BR), (nw), nu), MR (u)) | uw e UF 
where oy :-U > [0,1], wy :U > [0,1], and ns :U — [0,1]; (for all i = 1,2,...,m) denotes the 
degree of i-th truth-membership, 7-th indeterminacy-membership, and i-th falsity-membership 


respectively for each element wu € U to the set A and, 


0< di,(u) +04 (u) +n§(w) <3. 
for alli =1,2,...,m 
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2.4. m-polar Interval-valued Neutrosophic Set 


Definition 2.4 [37] Let U be a space of the objects and an m-polar IVNS A over universe U 
is defined as 
A= {u, (764 (u), 794 (4)... 7 PFU), Cbg (u), 0G), -- 7 WF (a), (70g (u), "0 (u), ldots, ‘nF (u)) | u € U} 
where, 
‘b(u) = [65 (uw), oF (WI, 
To (u) = [Vy (uy), vy w)), 
and /y',(u) = [n'y (u), me {(u)], 
for alli = 1, 2,-- 
represents 2-th interval-valued truth membership, an 7-th interval-valued indeterminacy mem- 
bership, and 7-th interval-valued falsity membership respectively, and 
0 <sup(¢',(u)) + sup('y4(u)) + sup('n4(u)) < 3. 
for all 2 = 1,2,---,m 
Example 2.1 
Let U = {u,, U2, U3} be a universal set and we define 3-polar IVNS A over universe U as, 
A= {u1, (({0.2, 0.6], |0.3, 0.5], |0.6, 1]), ([0, 0.4], [0.2, 0.6], [0.4, 0.6]), ([0.5, 0.7], [0.8, 1], (0.6, 0.7])), 
ua, (([0.3, 0.6], [0.3, 0.7], [0.1, 0.4]), ([0.5, 0.6], [0.8, 1], [(0.5, 0.8]), ({0.3, 0.5], [0.6, 0.8], (0.2, 0.5])), 
u3, (([0.4, 0.7], [0.5, 0.9], [0.6, 0.8]), ([0.7, 0.9], [0.6, 0.7], [0.5, 0.6]), ({0.2, 0.4], [0.3, 0.5], [0.4, 0.7])) } 


3. Operations on m-polar interval valued neutrosophic sets 


This section discusses some operators on these sets. 


3.1. m-polar Interval-valued Neutrosophic Subset 


Definition 3.1 Let A and B be two m-polar interval-valued neutrosophic sets over universal 
set U, then A is said to be a subset of B represented as ACB if 
oi; (u) 2 by (u) and $7 (u) < oF (uw); 
i— i— a+ te : 
vi (u) = Vy (w) and Wi" (u) < vif (u): 
nj (u) < my (u) and 7/7" (u) = nf (u); 





Example 3.1 
Let U = {uy,u2,u3} be a universal set and we define two 3-polar IVNS A and B over 
universe U as, 
A = {uy, (({0.2, 0.6], [0.3, 0.5], [0.6, 1]), (0, 0.4], (0.2, 0.6], (0.4, 0.6]), ({0.5, 0.7], [0.8, 1], [0.6, 0.7])), 
uz, (([0.3, 0.6], (0.3, 0.7], [0.1, 0.4]), ({0.5, 0.6], [0.8, 1], [0.5, 0.8]), (0.3, 0.5], (0.6, 0.8], [0.2, 0.5])), 
uz, (([0.4, 0.7], (0.5, 0.9], (0.6, 0.8]), ({0.7, 0.9], (0.6, 0.7], [0.5, 0.6]), ({0.2, 0.4], [0.3, 0.5], (0.4, 0.7]))} 


and 
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B = {uy, (((0.1, 0.7], (0.2, 0.7], (0.3, 1]), (0, 0.6], [0.2, 0.7], (0.2, 0.8]), ([0.6, 0.7], (0.9, 1], [0.6, 0.7])), 
uz, (({0.2, 0.7], [0.3, 0.8], (0.1, 0.5]), ([0.2, 0.7], [0.4, 1], [0.3, 0.8]), ([0.3, 0.5], [0.6, 0.7], [0.2, 0.4])), 
ug, (((0.2, 0.7], (0.4, 1], (0.3, 0.8}), ({0.6, 0.9], [0.4, 0.7], [0.4, 0.8]), ([0.3, 0.4], (0.5, 0.5], (0.5, 0.6]))} 


here A is a subset of B. 


3.2. m-polar Interval-valued Neutrosophic Equal Set 


Definition 3.2 Let A and B be two m-polar Interval-valued Neutrosophic Set over universal 





set U. Then two set A and B is said to be equal, represented as A=B if and only if 
ACB and BCA 


3.3. m-polar Interval-valued Neutrosophic Null Set 


Definition 3.3 An m-polar Interval-valued Neutrosophic Null Set ® on universal set U is 
defined as 
© = {u, (({1, 0], [1,0],...,[1,0]), (1, 0}, [1,0],...,[1,0)), ([0, 1], (0, 1],..., [0, 1])) 


3.4. m-polar Interval-valued Neutrosophic Absolute Set 


Definition 3.4 An m-polar Interval-valued Neutrosophic Absolute Set U on universal set U 


is defined as 


U = fu, (({0, 1], (0, 1],...,[0,1]), (0, 1], (0, 1],..., (0, 1]), ([1, 0], [1,0],..., (1, 0])) 


3.5. Union of m-polar Interval-valued Neutrosophic Set 


Definition 3.5 Let A and B be two m-polar IVNS over a same universe U then the union of 


A and B defined as AUB = C where C = {u, (/¢:: by Deas Ms) |u € U} such that 


gi, = [int (dir, diy), sup $F, d)), 
Tot, = lint (b's, be), sup. We I, 
‘nt, = [sup(n’y sn’), int (n't ns I, 
for alla = 1,2,53.,77 


3.6. Intersection of m-polar Interval-valued Neutrosophic Set 


Definition 3.6 Let A and B be two m-polar IVNS over a same universe U then the union of 
A and B defined as ANB = C where C = {u, (/¢:: by Deas Ms) |u € U} such that 
‘gi, = [sup(d'; , dis), inf(oit, ')], 
yi, = [sup('y, vip), inf (Wit WP) 
‘nt, = finf(ny ng), sup. ng I, 
for alli =1,2,...,m 
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3.7. Complement of m-polar Interval-valued Neutrosophic Set 


Definition 3.7 Let U be a universal set, and A be m-polar IVNS over universe U then the 
complement of A denoted by A‘ and defined as 
Ac = {u, Fn, (0 -— 1] - yi, 744, |ue OF 
for alli =1,2,...,m 
Example 3.2 


Let U = {uj,u2,u3} be a universal set and we define two 3-polar IVNS A and B over 


universe U as, 


A = {uy, (((0.2, 0.6], [0.3, 0.5], (0.6, 1]), ({0.2, 0.4], [0, 0.3), [0.3, 0.6]), ([0.4, 0.7], [0.3, 1], [0.2, 0.4])), 
ua, (({0.3, 0.6], [0.3, 0.7], (0.2, 0.5]), ([0.5, 0.6], [0.6, 1], [0.6, 0.9]), ([0.5, 0.7], (0.6, 0.9], [0.4, 0.9])), 
ug, (({0.4, 0.7], [0.5, 0.9], [0.6, 0.8]), ([0.7, 0.9], [0.7, 0.9], (0.1, 0.4]), ({0.3, 0.6], (0.4, 0.5], [0.2, 0.5]))} 


and 


B = {ur, (((0.3, 0.5], (0.4, 0.7], (0, 0.6]), (0.2, 0.4], [0, 0.1], (0.3, 0.6]), ({0, 0.4], (0.1, 0.4], [0.2, 0.3))), 
ua, (({0.3, 0.4], [0.2, 0.5], [0.5, 1]), (0.6, 0.7], [0.7, 0.9], [0.4, 0.6]), ([0.5, 0.5], [0.7, 0.9], [0.8, 1])), 
ug, (({0.1, 0.4], [0.2, 0.7], [0.2, 0.6]), ({0.5, 0.8], (0.4, 0.7], (0.4, 0.6]), ([0.2, 0.4], [0.3, 0.6], [0.3, 0.5]))} 


then 


AUB = {uy, (0.2, 0.6], (0.3, 0.7], [0, 1]), ([0.2, 0.4], [0, 0.3], (0.3, 0.6]), ([0.4, 0.4], [0.3, 0.4], (0.2, 0.3])), 
us, (({0.3, 0.6], [0.2, 0.7], [0.2, 0.1]), ([0.5, 0.7], (0.6, 1], (0.4, 0.9]), ([0.5, 0.5], (0.7, 0.9], [0.8, 0.9])), 
ug, (({0.1, 0.7], (0.2, 0.9], [0.2, 0.8]), ({0.5, 0.9], [0.4, 0.9], [0.1, 0.6]), ([0.3, 0.4], [0.4, 0.5], [0.3, 0.5]))} 


AAB = {ur, (({0.3, 0.5], [0.4, 0.5], (0.6, 0.6]), ({0.2, 0.4], [0, 0.1], [0.3, 0.6]), ({0, 0.7], (0.1, 1], [0.2, 0.4])), 
ug, (({0.3, 0.4], [0.3, 0.5], [0.5, 0.5]), ([0.6, 0.6], [0.7, 0.9], [0.6, 0.6]), ([0.5, 0.7], (0.6, 0.9], [0.4, 1])), 
ug, (([0.4, 0.4], [0.5, 0.7], (0.6, 0.6]), ([0.7, 0.8], [0.7, 0.7], (0.4, 0.4]), ([0.2, 0.6], (0.3, 0.6], [0.2, 0.5]))} 


Ac = {ur, (((0.4, 0.7], [0.3, 1], [0.2, 0.4]), ({0, 0.2) U (0.4, 1], (0.3, 1], [0, 0.3) U (0.6, 1]), ({0.2, 0.6}, [0.3, 0.5], [0.6, 1])), 
u2, (([0.5, 0.7], [0.6, 0.9], (0.4, 0.9]), ([0, 0.5) U (0.6, 1], [0, 0.6), [0, 0.6) U (0.9, 1]), ([0.3, 0.6], [0.3, 0.7], [0.2, 0.5})), 
u3, (([0.3, 0.6], [0.4, 0.5], [0.2, 0.5]), ([0, 0.7) U (0.9, 1], [0, 0.7) U (0.9, 1], [0, 0.1) U (0.4, 1]), ({0.4, 0.7], [0.5, 0.9], [0.6, 0.8])) 


4. Properties on m-polar IVNS set Operators 
4.1. Idempotent Laws 

(i) ANA =A 

(ii) AUA = A 


4.2. Identity Laws 
(iii) AU6 = A= UA 
(iv) ANU = A=UNA 
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4.3. Domination Laws 
(v) ANS =OG@= GNA 
(vi) AUU =U =UUA 


4.4. Complement Laws 


~ 


(vii) 2° =U 
(viii) US = ® 


4.5. Double Complementation Law 


(ix) (A°)° = A 


4.6. Commutative Laws 
(x) AUB = BUA 
(xi) ANB = BNA 
4.7. Associative Laws 
(xii) AU(BUC) = (AUB)UC 
(xiii) AA(BAC) = (AAB)AC 
4.8. Distributive Laws 


(xiv) AU( BAC) = (AUB)A(ATC) 


4.9. De morgan’s Laws 
(xvi) (AUB)* = ACABS 
(xvii) (ANB)* = ACUBS 


The Proof of Commutative Laws, Associative Laws, Distributive Laws, and De Morgan’s Laws 





are presented in this paper. They are the following: 
Proof (x) 
AOB = {u, (fint(z, 65), sup ot, 644], [inf Uy, vis), sup, WF), [sup(niy n'y), int (n't, nF) 


for alli = 1,2,...,m 
AUB = {u, ([inf (oo ),sup(ot 69), (inf(Wig vy), sup. ¥7), bsup(ng n'y) inf (ns nf) 
) B?’TA?”? p B?’TA ) B?T A #7? p B?’TA ) PU DA )s Ta Ds 
forall 4152... 
AUB = BUA 
Proof (xii) 
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AU(BOC) = {u, ([inf(o'y , inf(oy Og). sup(OF  sup(oy, d2))], 
inf (oy, infos. WE )), sup(o4", sup(v's", Ye ))I [sup($y , sup(n's . ns )), inf(ey, inf(n's’ ne )))) 
for alli = 1,2,...,m 
AU BUC) = {u, (link(oy O53. 9G) sup oF OS, 
inf (oy, Ve ve ) sup(oy vs ve dL sup(oy sm Ne ) infos ns ns) 
for alli =1,2,...,m 
——— AU(BUC) = {u, (link infor, 6), OS) suplsup(Of OF), OF), 
inf(inf(¢7 ws). ve )) sup(sup($4", vs). vel ))), sup(sup(¢y .75 ). Me )), infinf (oy ns). Me ))) 
for alla = 1,2..2.5¢7% 
AU(BUC) = (AUB)UC 
Proof (xiv) 
| AU(BAC) = {u, (linf(o'y sup(i, 5 )), sup($4 inf(@y, 62°), — 
inf(¢’; sup(wis ve )), sup(of", inf(ws", Ya ))), [sup(o'y  inf(n'g sme), info sup(n'g sng )))) 
forall 2 = 1, 2,...,m 
AG(BAC) = fu, ([suplinf ("7 55 ),int(o'y of), inf(sup(o'f, dif, sup(o't, oi) 
sup(int(w'y wis), inf Wi )), inf(sup(w'f, wif), supwH, vet))] 
inf (sup(7y 75), sup(ny Ne )), sup(inf(n'y”, 7g ), inf(n'y ne )))) 
for alo = 1D eo 
AU(BAC) = (AUB)A(AUC) 
Proof (xvi) 
forall 40. oe 
AB? = {u, ing 1 (0.0%) UYU Oe OFT Ing sg] (0.5) U WH I [os OFT 
for all 312. oa Ht 
ASABE = {u, [sup(n'y m3 )iné(ny*. mg )). [sup(0, 0), mfr, Ws )) V 
(sup (Wt, vit), inf(1, 1], [inf(o'y, 5 ), sup(o'f, °F )]} 
for oll.4 = 3,2.22657 
ACABS = {u, ([sup(ny , 73 ), inf(n‘, ns), (0, nf, , v's )) U (sup(*, Ys"), 1, lint (47, 6 ), sup(¢4y, 6) 


for all ¢ = 1,2 .....77 
AAB* = {u, ([sup(ny ,n'5 ), inf(n’t ns 1, [0, 1) — [inf vs), sup oF), lint (oy. 6), sup (of, oF) 
forall 2 = 1, 2,.....,97 


AeA Be = ({u, (lint ($y, d's), sup", dF)], lint (by, by), sup(wit, wi], [sup(niy snip), inf (nit nity)" 
for all 4 = 1,22 tn 
den Be = (AOB) 
Similarly, Other Laws can be proved. 
5. Distance measure for m-polar Interval-valued Neutrosophic Sets 


5.1. Distances 


Let A and B be two m-polar Interval-valued Neutrosophic Sets corresponds to a universal 


set U = {u1,U2,---,Un} such that 
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A= {uj, (0% (up), dF (uy), HF (us), OE (uy). Ine (uy), nf (uy)]} and 
B= (uy, (8 » (uz), Oa (ug), Wis (uy), Ve (uy), [N's (us), nig (us)] 
for alla = 1, 2,242,700 and 7 = 1,.2,.<.47 





then distances between A and B is defined as; 
(1) Hamming distance: 
HA, B) =~ S218 (us) — Fy (uy) + Wl) — Ghul + laws) — AUD 
i=1 j=1 
(2) Normalized Hamming distance 
NHI|A, B| = Sy ai uj) — Gig(uy)| + [by (us) — Big(uy)| + ly (us) — Telus} 2) 
i=1 j=l 


(3) Euclidean distance 


oe oe aa 25 — wi - . 1 
E|A, B| = ss st ; (uz) — b's (uy))* + (WY (uy) — W's (ug))? + (74 (uz) — A5(uz))?})2 (3) 
t=: 9=1 
(4) Normalized Euclidean distance 
NE|A, B| = —— > st (G'; (uy) — bis (uy)? + (Wy (uy) — W's (uy))” + (7 (uy) — Tg (uy))?})2 (4) 
(= 1.91 
where 
re $F (uz) +O (uy) a G's (uj) + Og (uy) 
'; (uy) = a an P's (Uy) ic? ak 
=, pr, (uz) +t (uz) =; prs (uy wes (uy) 
p(y) 7 and W's (uy) | 
ij i (ug) tng (uy) = (Uj) +s (uj) 
nt; (uj) = “AA iti,(u;) = "5 a 


for allz =1,2,...,m, and 7 = 1,2,...,n 


Theorem 5.1 The distance between two mIVNS A and B satisfy the following inequalities: 





(1) H\A, B <n, 
(2) NH|A, B<1, 
(3) BIA, BI < vin, 
(4) NE|A, B ad 

Theorem 5.2 Distance between any two mIVNS A and B is a metric distance 
Proof 

(i)H|A, BI > 0 

(ii)H|A, B| = 0 





SS HB ay) — Fig luy)| + HP (uy) — By auy)| + lai(uy) — aiy(ug) |} = 0 


i=1 j=l 
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|G; (uz) — bg (uy)| + 14 (us) — Vig (us) + ly (uy) — Ty (uz)| = 0 
forvall.2 = 1,2,.<.,m, and 7 = 1, 2,...,7N. 
= |; (uz) — b'3(uz)| = 0, 
lab’ (ug) — W's(uz)| = 0, 
if;(uj) — fi, (uz)| = 0 
for all’¢ = 1,2. 22.377 and 4 = 1D. 230 
= $ (uj) = $3(uy), 
bY (uz) = W's (uy), 
it's (uj) = 3 (us) 
for alli = 1,2,...,m, and j = 1,2,...,n. 
eA=B 
(iii) H|A, B| = H|B, A| 
(iv) For any three sets A, B, and C 


P's (uz) — by (ug) + [Py (us) — Wy luy)| + 1 (us) — igus) 
eae: | Ua 2 AS 0 em 
= |b; (uj) — Ois(uy) + bes(uz) — o5(uy)| 
+| hi, (uj) — Wes(uz) + We (uy) — b's (uy)| 
+ ing (uj) — Ne (uj) + He(uy) — Hy (uy)| 
forvall.2 = 1,2,.<.,7m, and 7 = 1, 2,:..,7N. 
< |G; (uy) — bis(uz)| + 16's (uy) — bis (uy) 
+|—b', (uj) — Wés(us)| + [We (uz) — Wis (uy) 
+i (us) — He lug)| + lie (ug) — igus) 
for all ¢=1,2,24.,7; and 7 = 1,2... 2.57. 
= 10% (uj) — be (uz) + Oy (uz) — ve (us)| + lus) — Te (uy) 
+| G's (uy) — b's (uy)| + [We (uy) — d's (uy) | + les (uy) — it's (uy) 
for all ¢:= 1, 2.4.5, and 7 = 1; 2..22,7- 


H|A, B| < H|A,C| + H|C, B 
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5.2. Similarity Measure 





Definition 5.2 [31] Similarity measures between two mIVNS is defined as 


1 


1+ |A, Bl 


(5) 


where |A, B| is any distance that are discussed above. 
Lemma 5.3 Consider two mIVNS A and B corresponds to universal set U then we have the 
following properties 

e SM(A,B) = SM(B, A) 

© 0<SM(A,B)<1 

e SM(A,B)=1if A=B 


5.3. Similarity 


Definition 5.3 [31] Consider N(U) be the set of all mIVNS corresponds to U. Suppose A 
and B € N(U). If SM(A, B > &, 4 € [0,1] then two A and B are said to be & similar and we 
denote the relation A J B. 

Lemma 5.4 Two mIVNS A and B are said to be significantly similar if 

1 


SM(A, B) > 5 


6. Case Study 


Similarity Measure is well-known criteria for the solution of Decision Making Problems. The 
use of similarity measure can be very helpful in the selection of the best alternative. ‘This 
criteria is considered the best tool for the comparison of two objects, set, and pattern. While 
it will better to compare some set with an ideal set to find the similarity with the idealness. 
This method will conclude that at which stage (from 0 to 1) an object can be ranked, which 


helps in ranking analysis and selection problem. From the ranking an object, a candidate can 





be selected more accurately. 

In Sports, every game is important for a team, the selection of players for a team can affect 
the result of a game, so it is mandatory for the team, coach, and technique director to select 
good and excellent players for a game. Following is the algorithm of our proposed method, 


also shown in Figure 2. 


6.1. Algorithm of Decision Making on mIVNS structure 


e Construct set of attribute U = {U1,U2,---+,Un} as n number of attribute of players. 
e Construct t m-polar IVNS Ag, (k = 1,2,...,t¢) corresponds to U based on previous m 


matches records of t Players 
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e Construct best ideal performance m-polar IVNS B corresponds to U, that is 
B = {uj, (1, 1], [1,1],---, [1,1]), (0, 0], [0, 0], ... , [0,0]), ((0, 0}, [0, O],... , [0, 0))} 


where 7 = 1,2,...,n 





e Calculate distance between each A, and B using Euclidean distance formula 
E|A, BY = (3m Diy Dyas (Gy (us) — Gig (uy)? + (DY (us) — Vig (us)? + 5 (uy) — 7H (us)? })? 
e Calculating the similarity measures between two m-polar IVNS by using the formula 
oe A; 
SM(A,B) = Ta 
e Arrange the similarity measure results in descending order as to rank players for next 


match. 


Construct 
Attributive Set 


Arrange in 
descending | i Construction 
order in order , of m-polar 
to calculate i | IVNS 
Rank Algorithm of — 
| Decision 
Making on 


miVNS 
structure 
Locate best 
ideal 
performane of — 
m-polarIVNS J 


Calculate 
Similarity 
Measure 


Measure 
Euclidean 
Disatnce 





FIGURE 2. Pictorial view of Algorithm 


6.2. Limitation of the Method 


There are several limitations of the method that must be assured before implementing the 





similarity measure criteria. 


(1) Similarity measure can be found between two sets at a time to find comparison among 
themselves. 


(2) The two sets must be independent of each other and must be from the same structure. 
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6.3. Problem Formulation and Assumption 


Here we illustrate a similarity measure for the selection of the best three forward players 
combination of Paris Saint-Germain Club (Football) as looking at previous matches records of 
forward players who played 90 minutes game. Since PSG is very strong in attacking and they 
have very good players in forward, mid and defending positions. But the PSG club is weak in 
scoring the good goals and misses good opportunities of scoring goals. In this paper, we took 
previous records of some matches of all forward players of PSG who played 90 minutes game 
for our decision making problem, we illustrate similarity measure based on Euclidean distance 


for the best 3 forward player combination. 


6.4. Calculation 


The data of previous matches are collected in distinct attributes (quality of and best ideal 
forward players), attribute set of players is defined as U such that, 

U = {uy, uo, ua, ua} 
where u, represents “shooting ability”, wa represents “first touch ability”, u3 represents 
“speed”, and u4 represents “switch with other forward players” ,. 
Although PSG has six forward players that are Edinson Cavani, Kylian Mbappe, Neymar Jr., 
Mauro Icardi, Pablo Sarabia, and Eric Maxim Chupo-Moting, but mostly three of them plays 
a match on the field. 
Now we took data from the site of the last 3 matches played by six players mentioned above 


corresponds to attribute set U, then we construct six different 3-polar IVNS Aj, Ao, As, Aa, 





As, and Ag, shown in Table 1 where these sets represents the last 3 matches performances of 
Edinson Cavani, Kylian Mbappe, Neymar Jr., Mauro Icardi, Pablo Sarabia, and Eric Maxim 
Chupo-Moting,respectively, 





We take the best ideal performance of any forward player as mIVNS B, that is 
B = {ur, (({1, Y[A, [4, 1]), ([0, 0][0, 0)[0, 0]), ([0, 0][0, 0][0, 0])), wa, (([1, ULL, ULL, 1]), ([0, 0][0, 0] [0, 0}), ({0, 0)[0, 0)[0, 0})), 
ug, (([1, 1[1, 1[1, 1]), (0, 0][0, 0][0, 0]), ([0, 0/0, 0][0, 0])), wa, (C1, 1 [1, 1J[1, 1]), ([0, 0][0, 0][0, 0]), (0, O][0, O][0, 0]))} 


Now We calculate the Euclidean distance between A,, (k = 1,2,3,4,5,6) and B, and then 





the Similarity measure is calculated as shown in ‘Table 2. 
Now we can easily rank the players as Az > Ao > Ay > he > As > Ag as highest to lowest 
value from Table 2, so it shows that Neymar Jr., Kylian Mbappe, and Mauro Icardi are three 


key players for the very next match as they had a good performance in last 3 matches. 


7. Discussion 


Similarity Measure is a well-known tool for the evaluation of comparisons and finding the 


similarity between two objects, patterns, and sets. This tool is applicable in every structure 
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[0.74,0.80] [0.75,0.80][0.70,0.76]),\({0.50,0.57][0.52,0.60][0.50,0.55]), 


( ),1( 
({0.23,0.30][0.17,0.22][0.25,0.29]),|((0.42,0.48] [0.43,0.50] [0.48,0.55]), 
)|C 


[0.50,0.53] [0.49,0.55][0.55,0.60]) 





TABLE 2. Represents Distance Measures and Similarity Measures 


of fuzzy, intuitionistic fuzzy, neutrosophic, and their hybrid structures while the first distance 
measure has to be derived for certain structures. It is mandatory that the two sets must be 
independent of each other and should be from the same structure family. In this paper, a new 
structure m-polar interval-valued neutrosophic set is derived and some operators are proposed 
on the derived structure. Furthermore, properties based on operators are discussed, and using 
distance-based similarity measure an application of player selection problems is dealt with the 


algorithm. 


8. Conclusion 


m-polar Interval-valued Neutrosophic set has wide application in decision making real-life 
problems. In this article, m-polar IVNS has been revisited, also some operators and properties 
on m-polar IVNS have been introduced. Furthermore, distance measure and similarity mea- 


sure is introduced on m-polar IVNS, and evaluation of selecting of best three forward player 





Muhammad Saeed, Muhammad Saqlain, and Asad Mehmood, Application of Similarity Measure on m-polar 
Interval-valued Neutrosophic Set in Decision Making in Sports 


Neutrosophic Sets and Systems, Vol. 38,2020 4 


combination of PSG club for the very next match as watching their previous match records 


has been discussed using a similarity measure tool. The concept of m-polar is used as several 


number of previous m matches played by a player, so the m-polar concept can be used in many 


different fields of decision-making problems. In future, the this study can be extended and 


TOPSIS, VIKOR, etc can be applied to this new structure for decision making. 
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Abstract. The complex fuzzy soft set and its generalized hybrids are such effective structures which not only 
minimize the impediments of all complex fuzzy-like structures for dealing uncertainties but also fulfill all the 
parametric requirements of soft sets. This feature makes it a completely new mathematical tool for solving 
problems dealing with uncertainties. Smarandache conceptualized hypersoft set as a generalization of soft set 


as it transforms the single attribute function into a multi-attribute function. This generalization demands an 





extension of complex fuzzy soft-like structures to hypersoft structure for more precise results. In this study, 


hybrids of hypersoft set with complex fuzzy set and its generalized structures i.e. complex intuitionistic fuzzy 





set and complex neutrosophic set, are developed along with illustrative examples to address the demand of 
literature. Moreover, some of their fundamentals i.e. subset, equal sets, null set, absolute set etc. and theoretic 


operations i.e. compliment, union, intersection etc. are discussed. 


Keywords: Complex fuzzy sets (CF-Sets), soft set, hypersoft set and complex fuzzy hypersoft set. 


1. Introduction 





Zadeh’s theory of fuzzy sets |1] is one of those theories which are considered as mathemat- 
ical means to tackle many complicated problems involving various uncertainties in different 
fields of mathematical sciences. But these theories are unable to solve these problems suc- 
cessfully due to the inadequacy of the parametrization tool. This shortcoming is addressed 
by Molodtsov’s soft set theory which is free from all such Impediments and appeared as 
anew parameterized family of subsets of the universe of discourse. Classical complex anal- 
ysis is useful in algebraic geometry, number theory, analytic combinatorics and many other 
branches of mathematical sciences. Ramot et al. introduced the concept of complex 
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fuzzy set (CF-set) to tackle the problems of complex analysis under fuzzy environment. This 
novel concept used complex-valued state for the membership of its elements. Maji et al. 
developed and conceptualized fuzzy soft set, a new hybrid of fuzzy set with soft set. They 
also discussed some of its fundamentals terminologies and operations like equality of two soft 
sets, subset and super set of a soft set, complement of a soft set, null soft set, absolute soft 
set, AND, OR etc. in their work. Cagman et al. (6) extended this concept and discussed some 
other properties and operations. Nadia developed a new hybrid of complex fuzzy set and 
soft set. ‘Thirunavukarasu et al. established aggregation properties of complex fuzzy soft 
set and discussed their applications. Atanassov [9] conceptualized intuitionistic fuzzy sets as 
generalization of fuzzy set. Alkouri et al. extended this concept and developed complex 
intuitionistic fuzzy soft set and discussed some of its properties. Kumar et al. further 
discussed its more properties and calculated its distance measures and entropies. Mumtaz 
et al. extended neutrosophic set to complex neutrosophic set and discussed its fun- 
damentals, theoretic operations and applications. Broumi et al. conceptualized complex 
neutrosophic soft set and discussed some of its fundamentals. 

In 2018, Smarandache introduced the concept of hypersoft set as a generalization of soft 
set. In 2020, Saeed et al. extended the concept and discussed the fundamentals of hypersoft 
set such as hypersoft subset, complement, not hypersoft set, aggregation operators along with 
hypersoft set relation, sub relation,complement relation, function, matrices and operations on 
hypersoft matrices. 

Having motivation from the work in (6, [8|- and [21], novel hybrids of hypersoft set i.e. 
complex fuzzy hypersoft set, complex intuitionistic fuzzy hypersoft set and complex neutro- 
sophic hypersoft set, are conceptualized along with their some fundamentals and theoretic 


operations. ‘This is novel and more generalized work as compared to existing related literature 





for getting more precise results. Moreover, a comparative discussion is presented on particular 
cases of such hybrids. 

The pattern of rest of the paper is: section 2 reviews the notions of soft sets, complex fuzzy set 
and relevant definitions used in the proposed work. Section 3, presents complex fuzzy hypersoft 
set and some of its fundamentals. Section 4, presents complex intuitionistic fuzzy hypersoft 
set and some of its fundamentals. Section 5, presents complex neutrosophic hypersoft set and 


some of its fundamentals and then concludes the paper. 


2. Preliminaries 


Here some existing fundamental concepts regarding fuzzy set, fuzzy soft set and fuzzy hy- 





persoft set are presented along with their structures with complex fuzzy set from literature. 
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Throughout the paper, U, P(U), F(U), C(U), Crme(U), Cneu(U), [] and [| will present uni- 
verse of discourse, power set of U, collection of fuzzy sets, collection of complex fuzzy sets, 
collection of complex intuitionistic fuzzy sets, collection of complex neutrosophic sets, union 


and intersection respectively. 


Definition 2.1. 
Suppose a universal set U and a fuzzy set X C U. The set X will be written as X = 
{(x,ax(a))|2 € U} such that 
ax:U- 10, 1] 

where ax (x) describes the membership percentage of x € X. 
Definition 2.2. 
A complex fuzzy set Cr is of the form 

Cr = {(€, uc, (€)) :€ €US = { (ere, (eer) Vee u} 
where jic,(€) is a membership function of Cy with rc,(e) € [0,1] and we,(e) € (0,27] as 


amplitude and phase terms respectively and i = /—1. 


Zhang et al. and Buckley [23]- presented fuzzy complex number in different way. 
However, according to [3], [4], both amplitude and phase terms are captured by fuzzy sets. 


Definition 2.3. 
A soft set G over U, is defined as 
S = {(¢, fa(6)) 1 € Ei} 
where fe : EF; > P(U). and E, C E (set of parameters). 
Definition 2.4. (6) 
A fuzzy soft set (FS-set) gz, on U, is defined as 
on — {(€, YE, (€)) eS Fy, YE (€) S F(U)} 


where yp, : £; — F(U) such that yz, (ec) = 0 if e € Ey, and for all « € Fy, 


“te: (€) = { tye, (9 (0)/0: ¥ EU, Hyp, (9) € [0, 1} 


is a fuzzy set over U. Also yz, is the approximate function of [g, and the value y,(x) is a 


fuzzy set called e-element of FS-set. Note that if yz, (€) =, then (€, yz, (€)) ¢ 'g,. 


Definition 2.5. 
A complex fuzzy soft set (CFS-set) yz, over U, is defined as 


XE, = AG WE, (€)) -E€ fi, VE, (€) = C(U)}. 
Atige Ur Rahman , Muhammad Saeed, Florentin Smarandache and Muhammad Rayees 
Ahmad, Development of Hybrids of Hypersoft Set with Complex Fuzzy Set, Complex 
Intuitionistic Fuzzy set and Complex Neutrosophic Set 





Neutrosophic Sets and Systems, Vol. 38,2020 ei 


where Wz, : Ey > C(U) such that ve,(e)=9 if e ¢ FE, and it is complex fuzzy approximate 
function of CFS-set yz, and its value wz, (€) is called e-member of CFS-set xz, for all € € EF. 
Operations of CFS-sets and CF-sets were defined in |7) and respectively. 





Definition 2.6. Let A = {(a@;4(xv)): a2 € U} and B = {(a; pp(ax)): 2 € U} be two 
complex fuzzy subsets of U, with membership functions 4(x) = ra(x)e’4A@ and pp(x) = 
rp(x)e8), respectively. Then 
e A complex fuzzy subset A is said to be a homogeneous complex fuzzy set if for all 
x,y €U, ra(x) < ra(y) if and only if wa(x) < wa(y) 
e A complex fuzzy subset A is said to be homogeneous with B, if for all x,y € U, 


ra(x) <rp(y) if and only if wa(x) < wp(y) 


Definition 2.7. Let E be a set of attributes with A C E and W(a) be a CIF-set over U. 
Then, complex intuitionistic fuzzy soft set (CIFS-set) €4 = (W, A) over U is defined as 


Ea = {(a, V(a)): a € A, V(a) € Cry(U)} 


where 

WwW: A> Cyn: (VU), Via) =Vif a€A. 
is a CIF approximate function of €4 and (a) = (W* (a), U* (a)). 
Wl (a) = pre’’T, and UV" (a) = pre’’F are complex-valued membership function, and complex- 
valued non-membership function of €4 respectively and their sum all are lying within the unit 
circle in the complex plane such that pr, pr € [0,1] with 0 < pr+pr < l(or 0 < |pr+pr| < 1) 
and 07,0r € (0,27]. The value W(a) is called a-member of CIFS-set Va € A. 


Definition 2.8. 
Let E be a set of attributes with A C E and W(a) be a CN-set over U. Then, complex 
neutrosophic soft set (CNS-set) €4 = (W, A) over U is defined as 


Ea = {(a, V(a)): a € A, V(a) € Cney(U)} 


where 

WwW: A Cneu(U), Via)=Vif a€A. 
is a CN approximate function of £4 and U(a) = (U7 (a), UW’ (a), VU" (a)). 
Wl (a) = pret, W(a) = pre’™ and U¥ (a) = pre’’F are complex-valued truth member- 
ship function, complex-valued indeterminacy membership function, and complex-valued falsity 
membership function of €4 respectively and their sum all are lying within the unit circle in the 
complex plane such that pr, p;,pr € [0,1] with ~0 < pr+prt+pr < 37 (or 0 < |pr+pr+pr| < 
3) and 67,67, 9r © (0,27]. The value U(a) is called a-member of CNS-set Va € A. 


For more study about neutrosophic sets see ( [28}- [42]). 
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Definition 2.9. 

The pair (H,G) is called a hypersoft set over U, where G is the cartesian product of n dis- 
joint sets H,, Ho, H3,.....,H, having attribute values of n distinct attributes hj, ho, hs,....., hn 
respectively and H: G > P(U). 


Definition 2.10. 


A hypersoft set over a fuzzy universe of discourse is called fuzzy hypersoft set. 
For more definitions and operations of hypersoft set, see ( [15]- [20}). 


3. Complex Hypersoft set(CH-Set) and Complex Fuzzy Hypersoft Set(CFH-Set) 


In this section, first we define complex hypersoft set then complex fuzzy hypersoft set is 


conceptualized with its some fundamentals. 


Definition 3.1. Let C be the set of complex numbers and P(C) be the collection of all 
non-empty bounded subsets of the set of complex numbers. Let A,, Ag, A3,....., A, are dis- 
joint sets having attribute values of n distinct attributes a1, @2,q3,.....,@n respectively for 
n>1,A = Ay X Ao x Ag X ..... x A, then a mapping ~ : A > P(C) is called a complex 
hypersoft set. It is denoted by (7, A). 


Example 3.2. Let C = {2+ 3i,1+ 27,34 52,4+ 27,3+7} be the set of complex numbers 
and # = {A,, Ag, A3} with Aj = {a11,a12}, Ag = {a21, a22 } and Az = {a31, a32 } are disjoint 


set having attribute values then 


ae (a11, 421, 431), (@11, @21, 432), (@11, 222, 431), (G11, 422, 432), 
(a21, 421, 431), (@21, @21, 432), (@21, 422, 431), (@21, A422, 432) 
A = {%1,%2,%3, 04, 05,06, 07,08}, then (y=, A) can be considered as a complex hypersoft set 
where 
(21, {2 + 3¢,1 + 28}), (ao, {2 + 3i, 1 + 24,3 + 543), (ag, {4 + 21,1 + 24,3 + 5:}), 
(wy, A) = (v4, {2 + 31,4 + 27,34+7}), (v5, {38 +7, 14+ 22}), (ve, {3 +2, 2 + 32,3 + 52}), 
(%7, {2 + 31,3 +7}), (vg, {4 + 22,3 + 52}), 


Definition 3.3. Let A;, Ao, As,....., A, are disjoint sets having attribute values of n distinct 
attributes a1, a2, 43, .....,@n respectively forn > 1,G = A, x Aox A3x.....x Ay and w(e) be a CF- 
set over U for all € = (dj, da, ds, .....,dn) € G such that d, € Ay, dg € Az, d3 © As,.....,dn © An. 
Then, complex fuzzy hypersoft set (CFH-set) vq over U is defined as 


xa = {(6 v(e)) :€ € G,v(e) € C(U)} 
where 
p:G—+c(U), (ce) =Vif €€G. 


Atige Ur Rahman , Muhammad Saeed, Florentin Smarandache and Muhammad Rayees 
Ahmad, Development of Hybrids of Hypersoft Set with Complex Fuzzy Set, Complex 
Intuitionistic Fuzzy set and Complex Neutrosophic Set 





Neutrosophic Sets and Systems, Vol. 38,2020 440) 


is a CF-approximate function of yg and its value w(e) is called e-member of CFH-set Ve € G. 


Example 3.4. Suppose a Department Promotion Committee (DPC) wants to ob- 
serve(evaluate) the characteristics of some teachers by some defined indicators for depart- 
mental promotion. For this purpose, consider a set of teachers as a universe of dis- 
course U = {t1,to,t3,ta}. The attributes of the teachers under consideration are the set 
FE = {A,, Az, A3}, where 

A, = Total experience in years = {3, < 10} = {e11, €12} 

Ag = Total no. of publications= {10, 10 <} = {e21, e22} 





A3 = Performance Evaluation Report (PER) remarks = {eligible, not eligible} = {e31, e32} 


and 
(e11, €21; €31), (e11, €21; €32), (e11, €22, €31), 
G = A, x Ap x As = 4 (e11, €22, €32), (€12, €21, €31), (E12, €21,€32), 7 = 11; 2; €3; +++) C8} 


(€12, €22, €31), (€12, €22, €32) 
Complex fuzzy set wo(e1), We (e2), -.--, Wa(eg) are defined as, 


jee {ae Berek. eer? “Userr™ - a a oe \ 
tp 7 tg 

0. 17 (0. 920. On 0. 7 0. On O. re 957 
a= ty 7 tg <a 

_ f0. sc ot 2 Bern Doe 4 se ae 
7 a) ={— ty 7 tg et 

_ f0. ae ua (0. fone” Ober (O. re ad 
7 “=| tg tg =f 

_ f0. ae mn (0. se Uae (0. se aad 
7 os) =| ty 7 tg hs 

_ f0. sc ae 2 pee Oye ou ser od 
- = ty 7 tg | 

0. se an (0. oer Deo (0. ser “ 
= tg 7 tg ——7 


and | | | | 
0.8e-" 0.8e8™ 0.6e-87 wt" 


ti, ° tg ° tg ? Li 


ales) = 


then CFH-set yg is written by, 


0.4e20-57 0.8e20-67 0.8e20-87 1. 0e?9: 1 asvi0 0. 6e20: (0 0. 9e?9: On 0. 70. On 0.75e 28 Be 957 
C2 a 7 SC ) 
719 














9 
0.560 oF se 67 0. Qe20. on 0. 6e?9- on 0. 65e™ 957 , O30" Se” 71 0. 710. on 0. 5e29- on 0. re 65 
a) Ge eg a ge 
XG ~~ 02207. 20 om 2. 3¢10. 81 0. R20. 3 0.45 OF sso 657 “0.5e.0n se On 8. 3¢20. On 0. 70. 8a 0.85 7 set 957 
(€5, “= — to? ts ————— (€6 fo? tg a5 
0. se. _ 0. Oe29- 67 0. 5e20- a O;85e' = se 750 0. se. - 0. Qe20. 81 0. 6e?29- _ O,65e" 22" ese. 857 
(e7, 9 to y) t3 y) ), (es, y, to y) t3 y) ) 


Definition 3.5. Let xg, = (W1,G1) and yg, = (W2, G2) be two CFH-sets over the same U. 
The set xg, = (V1, G1) is said to be the subset of xg, = (We, Ga), if 


i. Gy C Go 
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ii. Va € Gi, v1(xz) C yo(ax) ie. re,(x) < re,(x) and we,(x) < we,(x), where re, (x) 
and wa,(x) are amplitude and phase terms of w(x), whereas rg,(x) and we,(x) are 


amplitude and phase terms of w2(x). 


Definition 3.6. Two CFH-sets yg, = (w1,G1) and xq, = (W2, G2) over the same U, are said 
to be equal if 

i. (1, G1) S (2, Ge) 

ii. (We, Go) C (v1, G1). 
Definition 3.7. Let (~,G) be a CFH-set over U.Then 


i. (W,G) is called a null CFH-set, denoted by (w,G)e if re(x) = 0 and we(x) = On for 
all x EG. 

ii. (w,G) is called a absolute CF'H-set, denoted by (w,G)a if re(x) = 1 and we(x) = 27 
for all x EG. 


Definition 3.8. Let (q1,G1,) and (~2,G2) are two CFH-sets over the same universe U.Then 


i. A CFH-set (71,G 1) is called a homogeneous C'FH-set, denoted by (wW1,G1)Hom if and 
only if ~ (x) is a homogeneous CF-set for all 2 € G4. 


ii. A CFH-set (~1,G1) is called a completely homogeneous CFH-set, denoted by 
(W1,G1)CHom if and only if y1(x) is a homogeneous with 71(y) for all x,y € Gi. 


iii. A CFH-set (1, G1) is said to be a completely homogeneous CFH-set with (w2, Go) if 
and only if y¥(x) is a homogeneous with w2(x) for all « € G; [| Go. 


3.1. Set Theoretic Operations and Laws on C'FH-Sets 


Here some basic set theoretic operations (i.e.complement, union and intersection) and laws 


(commutative laws, associative laws etc.) are discussed on CFH-sets. 
Definition 3.9. The complement of CFH-set (w,G), denoted by (w,G)° is defined as 


(), G)° = {(2, W(z)) : 2 EG, p(x) € C(U)} 


such that the amplitude and phase terms of the membership function w‘°(x) are given by 


ra(£z) =1—re¢(ax) and wa(xz) = 27 — we(x) respectively. 
Proposition 3.10. Let (q,G) be a CFH-set over U. Then ((w,G)°)° = (W, G). 


Proof. Since w(x) € C(U), therefore (7, G) can be written in terms of its amplitude and phase 
terms as 
(p,G) = 1 (2. ro(z)el*o'®) | [we G} (1) 
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Now 
p(x) = qe rey(x)ete'2) | -2€ G} 
v°(a) = { (2,1 - rea)" “e® ) - 2 ea} 
((, G))° = { (2, (1 -ra@))rer ¥e) sx e Gh 
(Wa) ={ (20-1 —re@)))el-Oe@)) :zeG} 
((W, G)*)* = { (2. ro(x)eo'®) ) :2E a} (2) 
from equations (1) and (2), we have ((w, G)°)° = (#,G). g 


Proposition 3.11. Let (w,G) be a CFH-set over U.Then 
1. ((w, G)a)° — (w, G)a 
ll. ((w, G)a) — (w, G')o 
Definition 3.12. The intersection of two CFH-sets (w1,G1) and (w2,G2) over the same 


universe U, denoted by (w1, G1) [[(W2, Go), is the CFH-set (w3,G3), where G3 = G; [| Go, 
and w3(x) = w1(x) [|] we(x) for all x € G3. 


Definition 3.13. The difference between two CFH-sets (~1,G1) and (w2, G2) is defined as 
(dn, Gr) \ (W2, G2) = (v1, Gr) | [ (2, G2)° 


Definition 3.14. The union of two CFH-sets (q1,G1) and (wW2,G2) over the same universe 
U, denoted by (w1, G1) [](W2, Go), is the CFH-set (~3,G3), where G3 = G, || Go, and for all 
Pe G3, 


W1(z) 7 BSGi\Gp 
W3(x) = 4 Wo(z) ,if x Ee Go\Gy 
Wi(z) [[y2(z) ,ifxe Gi] G2 


Proposition 3.15. Let (w,G) be a CFH-set over U.Then the following results hold true: 
L. (w, G) LW, G)e — (w, G) 


IS 


IS 


ii. (YG) TY, G)a = (¥, Ga 
iii. (¥, G) [T(, G)o = , @)o 
iv. (Y,G) [T(¥, G)a = (WG) 
v. (UY, G)o TW, G)a = (YU, G)a 
vi. (v, G)o LT, G)a = (VW, G)e 


Proposition 3.16. Let (W1,G1), (W2,G2) and (w3,G3) are three CFH-sets over the same 


universe U. Then the following commutative and associative laws hold true: 
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i. (1, G1) [](W2, Ge) = (We, Ge) [] (1, G1) 

V1, G1) [](we, Ge) = (We, Ge) L(Y, G1) 
¥1,G1) 1] (2, G2) [1 (Ws, Gs)) = ((e1, G1) [1 (2, G2)) IIs, Gs) 
¥1,G1) LI (2, G2) Ls, Gs)) = (41, G1) L (2, G2)) Ls, Gs) 


1 


—_ 


ll 


—_ 


Nae” NaN 


 ( 
 ( 
 ( 
 ( 


—_ 


Vv 


Proposition 3.17. Let (~1,G1) and (w2,G2) are two CFH-sets over the same universe U. 
Then the following De Morganss laws hold true: 


i. ((W1, G1) [] (2, G2) = (1, G1)° (2, G2)° 
ii. ((¥1, G1) [] (2, Ga))” = (#1, G1)° T] (2, Ga)° 


4. Complex Intuitionistic Fuzzy Hypersoft Set(CIFH-Set) 


In this section, fundamental theory of CIFH-set is developed. 


Definition 4.1. Let B,, Bo, Bs,.....,By, are disjoint sets having attribute values of n distinct 
attributes b1, bo, b3,.....,b, respectively for n > 1, B= B,x Box B3x.....x By and €(v) be a CIF- 
set over U for all v = (581, 59, 53,....., Sn) € B such that s; € By, sq € Bo, 53 € Bs,.....,5n € By. 
Then, complex intuitionistic fuzzy hypersoft set (CIFH-set) gp = (€, B) over U is defined as 


Ve ={%€v)):4€ BEY) € Crne(U)} 


where 

é: B+ Cim(U), ev) =O if uv B. 
is a CIF approximate function of Pg and €(v) = (€* (v), €* (v)). 
EF (v) = ape’ and E* (v) = are’? are complex-valued grade of membership and nonmem- 
bership of Ig respectively and their sum all are lying within the unit circle in the complex 
plane such that a7,apr € [0,1] with 0 < arp+apr <1 and $7, br € (0, 27]. The value €(v) is 
called v-member of CIFH-set Vv € B. 


Example 4.2. Considering example with B =  {e1,€9,€3,....,eg}, CIF-sets 
Ep(e1), €B(e2),....,EB(eg) are defined as, 


(0.6, 0.20 >Pia)n (0.8, Ob eg (0.6, 0.4) e#{0.7,0.2)m (0.3, 0.1) e#(0.65,0.35) x 


EpB(er) a ty ) ty ’ ts ’ t4 


B\G&2) — ty ’ ty ’ rz , 7 


(0.4, Oisyen 0-8 (0.7, Qso2 er O0srIe (0.5, OL ere renr (0.55, C2 eas 
ty tg t3 t4 ; 


ealeg) = {OS ONDOOUE (0.6, 0.01) ADSI (0:5, 0.05) AO ADOUT (0.45, 0.25 )eK0 0000 
-_ 4 | b2 | t3 ta 
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(0.3, Oe en (0-7, OMe (0.7, 00ie oes (0.55, (05 er Pan 


Ep(e5) = . ; i, : fs fy 


oa 4 | te | t3 t4 


é foaee ee (0.4, 0.09) €#9-5,0.06)7 (0.4, 0.05) €%(0-5:0.06) x oe 
B(e7) = §§_ OO _. ,  _ ,, 2 5 


a | t2 t3 C4 
and 
oe M4 | be | t3 ta 


then CIFH-set I’ is written by, 
(er (06,0260 20274 (0.8,0.1)e2(0-5,0.3) = (0.6,0.4) e%(0-7,0.2)™ e30pe——") 
j y) 


ty y t2 y t3 y t4 


(0. 5,0. 2\e au 6,0.3)7 (0. 80:01 )et\0:S:002)i% (0,6,0:2)|ets0-8:0-08)2 (0.65 ,0.25 eX 0:8910.08) 2 
en, a0 ’ ts ’ t3 ’ ta ’ 


(0. A 0. 3)e au 5,0.1)% (0. 70,02 e0 20:02) la (050, De O2 lee (0;55,0,25)67\0:22:0:00)% 
e3, Herr ’ to ’ t3 ’ ta ’ 


(0. 3.0. lye a 6,0.1)7 (0. 6;0.01) 67008 0-09) 2 (0.5,0.05) e?(9-2,0-01) x (0.A5,0.25\e4\0: 59.015)" 
eq, O80te ’ ts ’ t3 ’ ta ’ 


p= 
2) rr to ’ t3 ) ta 


(0. 4.0. oye 4(0.5,0.1) 7 (OA O.1\eXO S01) (0.6,0.070) e?(9-7:0-01)™ (0.65,0.05) e#(0-85,0.15) 7 
ee wae ’ ty nn ~~ °° ° °~«2« ’ 


(0.50.09) 600-8008" 5,0. 09)e cals 8,0.09) 7 (0.4,0.09) e?(9-5,0.06) = a 4.0. O5)e 2(0.5,0.06) x fe | 
’ to t3 ’ tA ’ 


(es, § (0. 3.0. 2)e a 4,0.3)7 (0. 70,1 esr a0 08 a 10,7, 0,016" 804% Ja) 
y) 


(0:70.08) 6.02002)" 7,0. 08)e a 1,0.09) 7 (0.5,0.08)e2(0.7,0.02) 7 0 5,0. 06)e 2(0.8,0.03) 7 0 4.0. O5)e a0. ——) 
y to t3 t4 


Definition 4.3. Let gp, = (1,81) and Ip, = (£2, Bz) be two CIFH-sets over the same U. 
The set ['p, = (£1, Bi) is said to be the subset of p, = (£2, Ba), if 
i. By C Bo 
ii. V p € By, &1(p) © &9(p) implies €" ,(p) C €* 9(p), €" 1(p) C E" o(p) ie. 
aT B,(P) < orp,(P), FB, (P) < orp, (P), 67 B,(P) < brp,(p) and Srp, (Pp) < Prep, (pP), 
where 
(p), 
(p), 


and 7 p,(p) are amplitude and phase terms of & (p), and 


are amplitude and phase terms of €/ 


are amplitude and phase terms of €j 


| > 


and (yp, (p) are amplitude and phase terms of éF (p). 
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Definition 4.4. Two CIFH-set Ig, = (€1,B1) and gp, = (2, Bz) over the same U, are said 
to be equal if 


Ie (i491) 2 (69,2) 
li. (€9, Bo) C (&1, Bi). 
Definition 4.5. Let (€,B) be a CIFH-set over U.Then 


i. (€,.B) is called a null CIFH-set, denoted by (€,B) if arg(p) = arg(p) = 0 and 


Br pB(p) = Brp(p) = On for all p< B. 
ii. (€, B) is called a absolute CIFH-set, denoted by (€,B)a if arg(p) = arg(p) = 1 and 


Br pp) = Brp(p) — 27 for all pe B. 


Definition 4.6. Let (€,, B,) and (€2, By) are two CIFH-sets over the same universe U.Then 


i. A CIFH-set (€,, B,) is called a homogeneous CIFH-set, denoted by (£1, B1) Hom if and 
only if €1(p) is a homogeneous CIF-set for all p € By. 


ii. A CIFH-set (€;,B,) is called a completely homogeneous CIFH-set, denoted by 
(€1,Bi)cHom if and only if €1(p) is a homogeneous with €1(q) for all p,q € By. 


iii. A CIFH-set (£1, B,) is said to be a completely homogeneous CIFH-set with (2, Bz) if 
and only if €1(p) is a homogeneous with €2(p) for all p € By [| Bo. 


4.1. Set Theoretic Operations and Laws on CIFH-set 


Here some basic set theoretic operations (i.e.complement, union and intersection) and laws 


(commutative laws, associative laws etc.) are discussed on CFH-set. 


Definition 4.7. The complement of CIFH-set (€,B), denoted by (£€, B)° is defined as 


(€,B) = {(p, (€(p))*) : p © B, (E(p))° € Cr (U)} 





such that the amplitude and phase terms of the membership function (€(p))° are given by 
(arp(p))° =1-arzlp) 


(arp(p))° =1—arpz(p) 


and 
(Sr p(p))° = 20 — Br p(P), 
(Gr p(p))° = 2a — Brp(p) respectively. 


Proposition 4.8. Let (€,B) be a CIFH-set over U. Then ((€, B)°)° = (€, B). 
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Proof. Since €(p) € Crmz(U), therefore (€,B) can be written in terms of its amplitude and 


phase terms as 


(€,B) = { (2, (arp(p)e*re™, ap p(p))eor2® ) ) :peE Bh (3) 


Now 


(¢,B)(») = {(p, ((ora@))’er2™", (ar p(p))*el#”")) :p e BI 
) = {(p, (A - org p))eXPr-Pr2®), (1 — app(p))eXPr-ere®)) : pe BY 
“( ((1 — arp (p))"e*-Pr 2B)", 1 — arp(p))*eK*-92")) pe B} 
((¢, B)")° = “a ((1 —(1—arp(p)) er" -Pr2®) (1 - (1 - ar p(p)))el"—On-Ar 5 ®)))) ) pe B\ 


((E, Be): - 1 (2, (arp(p)e"*r™, ap p(p))eer2® ) ) : p EC Bh (4) 
from equations and (4), we have ((€, B)°)° = (€,B). g 


Proposition 4.9. Let (€,B) be a CIFH-set over U.Then 


i (6,B)e) =(6.B) x 
4.2 A =e 


Definition 4.10. The intersection of two CIFH-set (€;,.B,) and (£2, Bz) over the same uni- 
verse U, denoted by (£1, B,) | ](€2, Bo), is the CIFH-set (£3, Bs), where B3 = B, || Bo, and for 
all PE Bs, 


OTR, (pet Br (p) if p EC B,\Bo 
E"3(p) = 4 arg, (pe? 2 ) ,if p © Bo\B, 
min(ar p, (Pp), OT By (p))e MNOr a, © P), BT By (P)) if p € Bi [| Bo 
and 
OF p, (p)elPF Bs (p) if p = B,\Bo 
é*3(p) = 4 arp, (pe? ® if p € By\By 


min(ar p, (p), arp, (p))er FF By Pr 5, ®)) if p € Bi[] Bo 
Definition 4.11. The difference between two CFH-set (1, B,) and (2, Bz) is defined as 
(61, Bi) \ (&, Be) = (1, Br) | [(€2, Ba) 


Definition 4.12. The union of two CFH-set (€;,B,) and (€2, Bz) over the same universe 
U, denoted by (&, Bi) [](€2, Bz), is the CFH-set (£3, B3), where Bzs = B, [|] Bo, and for all 
DE& Bs, 


OTB, (p)eiT B1 (p) if p e B,\Bo 
E'3(p) = ¢ arp, (pe? Bo w) ,if p © Bo\B, 
max(ar pg, (p), a7 B, (p) el Marra, (p) BT By (P)) if p € BiT] Bo 
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and | 
OFB, (p)ei?F 1 (p) , if p rz B,\Bo 


é"3(p) = 4 arg, (pe? F Be ) ,ifp © Bo\B, 
max(ar p, (p), arp, (p) ei (Fra: ®).6r B,(P)) Jif p € BiT] Bs 


Proposition 4.13. Let (€,B) be a CIFH-set over U.Then the following results hold true: 


il. é B) UE, Ba = (§, B)a 
ili. (€,B)][(¢,B)o = (6, Boe 
iv. (€,B) [|], B)a = (6, B) 
v. (€,B)o IIE, B)a = (6, B)a 
vi. (€, B)o[](E, B)a = (6, Boo 


Proposition 4.14. Let (€,B,), (€2, Bo) and (3, B3) are three CIFH-sets over the same 


universe U. Then the following commutative and associative laws hold true: 


i. (1, Bi) [[ (2, Ba) = (€2, Bo) [1 (€1, Bi) 
(1, Bi) [](€2, Bo) = (€2, Bo) [](€1, Bi) 

ili. (€1, Bi) ]] ((€2, Ba) [](Es, Bs)) = ((€1, Br) [1 (€2, Be)) T(E, Bs) 
(1, Bi) [] ((f2, Ba) (és, Bs)) = ((€1, Bi) L(E2, B2)) [1 (és, Bs) 


Proposition 4.15. Let (€,,B,) and (£2, Bz) are two CIFH-sets over the same universe U. 


lV. 


Then the following De Morganss laws hold true: 


i. ((€1, Bi) [] (2, Bo))° = (€1, B1)° [] (€2, Ba)° 
ii. ((€1, Br) [][(€2, Bo))° = (&1, B1)° T](€2, Bo)° 


5. Complex Neutrosophic Hypersoft Set(CNH-Set) 


In this section, CNH-set and its some fundamentals are developed. 


Definition 5.1. Let N,, No, N3,.....,. Ny are disjoint sets having attribute values of n distinct 
attributes n1, 2, 3,.....,%n respectively for n > 1,N = N, x No x Ng xX ..... x Ny and C(A) 
be a CN-set over U for all A = (a4, a2, a3,.....,dn) € N such that ay € Ni,a2 € No,a3 € 
N3, ...--5€n € Nn. Then, complex neutrosophic hypersoft set (CNH-set) Oy = (¢, N) over U is 
defined as 
On = {(A,C(A)) : AE N,C(A) € Cneu(U)} 

where 

¢: N + Cneu(U), C(A) =Oif AEN 
is a CN approximate function of @y and C(A) = (C7 (A), C{(A), C7 (A)). 
CF(A) = bre’, C(A) = by e*™ and ¢*(A) = bre’ are complex-valued truth member- 


ship function, complex-valued indeterminacy membership function, and complex-valued falsity 
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membership function of Oy respectively and their sum all are lying within the unit circle in the 
complex plane such that 67,67, dr € [0,1] with ~0 < 67+6;+6p < 37 (or 0 < |67+6;+6p| < 3) 
and nr,71,"F € (0, 27]. The value ¢(A) is called A-member of CNH-set VA € N. 


Example 5.2. Considering example wit N = {e1,e2,¢e3,....,e3}, CNF-sets 

Cn (e1), Cn (€2),----; Cv (eg) are defined as, 

¢ (e )= (06,010,260 90:20) (0;8,0:3,0,1)e*0 4.02)" (0,6,0,5,0:4)en\0-710-8,9:2)4 (0,;3,0;7,01 e010 10:59,0:55) 
ne a ce: cia” oi sii ” nna i: 

¢ (e )= (0;5,0;2,0:1) 6007090302) (0,8:0,01,0,2)e%\0:9,0-92,0.3) 4 (0,6,0:2,0,2\e%\0:2,0-93,0:4)" (0/65,0:25,0,5)e7\0:85,0:05,0-5) 
Ne fy fp 3 ) ta ) 
¢ (e i= (0.4,0.3,0.3)e2(9-5,0.1,0.8)7 (0.7,0.02,0.3)e?(0-8,0-03,0.7)]m (0:5,0:1,0.9)e"0:9:0-01,0:7)% (0:55,0.25.0:1)e7\0-85:0-05,0-4) 
“e fy fp ) f3 ta 
¢ (e j= (0.3,0.1,0.9)e29-6,0.1,0.5)m (0.6,0.01,0.4)e2(0-8,0.09,0.5) x (0.5,0.05,0.3) e#49-2,0.01,0.4) x (0,45,0.25,0.01)e2\0:02:9-19.0:-3)% 

fy ) fp £3 ta ) 
¢ (e )= (03,020 1eO 4°38) (0.7.0:10.5 oO a0ee 0s (0.7,0.01,0.4) e?(0-6,0.1,0.5) x (055,005.04 )e°\0'4>29:9910:38)% 
ae (a i | i, cia 7 ana fc 
¢ (e )= (0.A,0:01,0.3\e"0> 9-94) (0:4,0.1,0.3)e\0":9-1,0-3)2 (0.6,0.070,0.5) e?(0-7,0-01,0.1)m (0.65,0.05,0.3) e?(0-85,0.15,0.4)m 
ae fy to ) f3 ) ta 
¢ (e j= (0,5,0,09,0,3)e7\0-8:9-09:0-5)% (0.4,0.09,0.4)e%(0-5,0.06,0.4)m (0,4,0;05,0;1 e705 20:96;0-5)% (0,75,0,15,0,4)6"\0-05:0:25,0.2)2 
oe fy fp ) 3 ta ) 
and 


t1 y to y t3 ? t4 


then CNH-set Oy is written by, 


(0.6,0.1,0.2)e7(9-5,0.2,0.3) 7 (0.8,0.3,0.1)e2(9-5,0.4,0.3) 7 (0.6,0.5,0.4)e2(9-7,0.6,0.2)m (0:3,0.7,0:1 )e7\0:80:0-98:0-30)" 
€1; ty ’ to ’ t3 ’ ta ) 


(0.5,0.2,0.1)e%(9-6,0.3,0.2) 7 (0;8,0101,0,2)e7\0'8 10:02:05) (0,6,0,2,0;2)/e 0800S 04)" (0.65,0.25,0.5) e#\9-85,0.05,0.5)7 
25 ti ) to ’ t3 ’ ty ’ 


(0:4:0.3,0.3)er\0:-2.0 0-8)" (0.7,0.02,0.3)e2(0-8,0-03,0.7)]m (0.5,0150.9)e"0 90h Oe (0.55,0.25,0.1)e240-85,0.05,0.4) 7 
€3; ty] ’ ts ’ t3 ’ Dr ’ 


(0,3,0,1,0,9)es0-0:9-10.5)% (0,6,0,01;0,46"00-5 002,09) 2 (0,5;0:05,0,3)e"\0-2,0:0h0:4)% (0;45 0.253001 eo" 02) 
C4, ty] ’ to ’ t3 ’ ta ’ 


Oy = 


t1 y t2 y t3 ? t4 


(0.4,0.01,0.3)e?(0-5,0.1,0.4) 7 (0,4,0,1;0,3)e\0S:0:193)% (0.6,0.070,0.5) e%40-7,0-01,0.1)m (0.65,0.05,0.3) e#(0-85,0.15,0.4) 7 
€6; ty ’ ts ) t3 ’ ta ’ 


C7, 


(cs (0.3,0.2,0.1)e#{9-4,0.3,0.4) 7 (0:7,0.1,0.5)e\0 7:0-08,0-4)% (0.7,0.01,0.4) e?(0-6,0.1,0.5) x JO | 
y) y) 
( t1 ? t9 ? t3 y t4 


(0:5:0:09,0.3) 60 6:0:09:0-5)" (0.4,0.09,0.4)e2(9-5,0.06,0.4) x (9.450.050. 1)6%2-2:0: 000-5) (0.75,0:15. 0A) e000 259.2) ) 
I | 


(c (0.7,0.08,0.3)e?(0-1,0.09,0.01)m (0.5,0.08,0.3) e2(0-7,0-02,0.6) (0.5,0.06,0.5) e#(9-8,0.03,0.3) (0,4,0,05,0,35 \e%\0- "929: 15:06)" 
a 2 i i” i 7 i 


Definition 5.3. Let Oy, = (¢1,.Ni1) and Oy, = (C2, N2) be two CNH-sets over the same U. 
The set On, = (C1, N1) is said to be the subset of On, = (C2, No), if 
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il. Ny C No 

ii, Vw € My, G1(u) C Co(u) implies CP(u) C CF (u), Gd (u) € Ch (u), CP (uw) © CF(w) ie. 
OTN, (U) S Orn, (u), 
Orn, (u) < Orn, (w), 
Orn, (u) < ON, ( 
npn, (u) < rN, | 
TIN, (U) < Nr, (wu) and 
NF N,(U) < nFN,(u), 


where 


u), 
i), 


brn, (u) and nry,(u) are amplitude and phase terms of Cj (wu), 
dry,(u) and nry, (w) are amplitude and phase terms of ¢; (w), 
bry, (u) and nry, (wu) are amplitude and phase terms of ¢;' (wu), 
drn,(u) and nry,(u) are amplitude and phase terms of ¢3 (u), 

Orn, (u) and n7x,(u) are amplitude and phase terms of (3 (uw), and 


bry, (u) and nry,(w) are amplitude and phase terms of C5’ (u). 


Definition 5.4. Two CNH-set On, = (G1,.N1) and On, = (C2, No) over the same U, are said 
to be equal if 


i. (C1, M1) © (C2, Na) 
ii. (C2, No) S (C1, 1). 


Definition 5.5. Let (¢, N) be a CNH-set over U.Then 


i. (C, N) is called a null CNH-set, denoted by (¢, N)a if dry (u) = brn (u) = Orn(u) = 0 
and nrv(u) = nn (u) = nen (u) = On for all u € B. 
ii. (¢,N) is called a absolute CNH-set, denoted by (¢,N)a if drn(u) = Orn(u) = 


Opn(u) = Land nry(u) = nn (U) = NeN(U) = 2m for all u € B. 


Definition 5.6. Let (¢;, Ni) and (G2, No) are two CNH-sets over the same universe U.Then 


i. A CNH-set (¢1,.Ni1) is called a homogeneous C'NH-set, denoted by (¢1,.N1)Hom if and 
only if ¢;(w) is a homogeneous CN-set for all u € Nj. 


ii. A CNH-set (¢1,Ni) is called a completely homogeneous CNH-set, denoted by 


(C1, N1)CHom if and only if ¢;(w) is a homogeneous with ¢,(v) for all u,v € Nj. 


iii. A CNH-set (¢1,.N1) is said to be a completely homogeneous CNH-set with (C2, No) if 
and only if ¢;(u) is a homogeneous with ¢2(u) for all wu € Ny |] No. 
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5.1. Set Theoretic Operations and Laws on C'NH-set 


Here some basic set theoretic operations (i.e.complement, union and intersection) and laws 


(commutative laws, associative laws etc.) are discussed on CNH-set. 
Definition 5.7. The complement of CNH-set (¢, NV), denoted by (¢, N)° is defined as 


(C,N)° = {(u, (C(u))°) su € B, (C(u))© € Crveu(U)} 
such that the amplitude and phase terms of the membership function (¢(w))° are given by 
(Ory (u))° = Orn (u), 
(dr (u))© = 1— orn (u), 
(Orn (u))° = orn (u), 


and 





(nT y(u))* = 20 — nrn(u), 
(nr (u))° = 20 — nrn(u), 
( 


NF N(u))° = 27 — NFN(u) respectively. 
Proposition 5.8. Let (¢,.N) be a CNH-set over U. Then ((¢, N)°)° = (¢, N). 


Proof. Since C(u) € Cney(U), therefore (¢,.N) can be written in terms of its amplitude and 


phase terms as 


(¢, N) = { (u (Sry (we™™), Spy(u)e™™™, Spy (u))eev™ ) ) mie n} (5) 


Now 


(6, N)"(u) = { (u, (Sr (w))eel™*O)", (Sry (u)) el)", (Spy (upc) ) cue wh 
(6,N)*(u) = { (u, (Sen (wer), (1 — dry (u) et), (Sr y(u))elOnFrw))) 2 € N} 


((¢,.N)°)° = { (u ((Sry(u))eer—trw (1— dry (wu) Ne)”, (Sry (u))°eX@r—mrww))*) :uEN \ 
OTN (u) e2n—(20—nr n(u))) 
((¢,. N°)" = u( (1 — (1 — dry (u))) er Crt), -weEN 
Orn (u) et(2n—(2n—nF N(U))) 
(GNI) = { (u, Orne, dry(we™*™™ Spy(u)je™~™ )) :weN} (6) 
from equations and (6), we have ((¢€, N)°)° = (¢, N). 5 


Proposition 5.9. Let (¢,N) be a CNH-set over U.Then 
L. ((C, N)e)* _ (¢, N)a 
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Definition 5.10. The intersection of two CNH-set (¢,, Ny) and (¢2, N2) over the same universe 
U, denoted by (¢1,.N1) ]][ (G2, N2), is the CNH-set (¢3, N3), where N3 = N, [| No, and for all 
u € Ng, 


OTN, (ue 1 (u) ,if u S Ni\No 
(P3(u) = > dru, (ue Jif'u © No\Ny 

OTN, (wu) ® OT Np (U )].e ilnrn, (u) @ nT no (u)| if u EN, Il No 

OIN, (u)e’™ 1 (u) If UE Ni\No 
C15(u) = 4 drug (ue if ue No\Ni 


orn, (u) ® Orn, (u)]. el Inr nv, (&) @ nr, (w)| ifué NTI No 
and 
OFN, (ue FN: (uw) ifue Ni\No 
CM3(u) = 4 brn, (ue 2 if u € No\Ny 
[Spx (u) @ dry, (u)] ef em © ren] ifue Ni TNs 


where ® denotes minimum operator. 
Definition 5.11. The difference between two CNH-set (¢1, Ni) and (C2, N2) is defined as 
(C1,.N1) \ (Go, N2) = (G1, M1) | [ a, N2)° 


Definition 5.12. The union of two CNH-set (¢1,.Ni) and (€2,.N2) over the same universe 
U, denoted by (¢1,.N1) [](G2, N2), is the CNH-set (¢3, N3), where N3 = N, [| No, and for all 
WE INS, 


OT N, (u)e inr ny (u if u = Ni\No 
¢*3(u) = { orn, (u)et MT N24) sifu Ee No\My 
ry, (u) © Sry, (w)] flere! fue NT] No 


OTN, (ue! Mn | (u) ,ifue Ni\No 
CFo(u) =< dry, (were) Jifu€ No\Ny 
[5rn,(u) © dyn, (u)] cm OOum) i fue Ni] Ne 
and 
dry, (ue ™ w) ,tfu€ Ni\No 
C*'3(u) = dOFN, (u)et MF Ne) ,if ue No\M, 
ry, (u) © dry, (w]e orm) fue NTI Ne 


where @ denotes maximum operator. 





Proposition 5.13. Let (¢, N) be a CNH-set over U.Then the following results hold true: 
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iii. (C, N)[][(C, N)e = (C, Ne 
iv. (CN) ITC, Na = (6) 
v. (C,N)e HC, Na = (6, )a 
vi. (C,N)aT1(C,N)a =(C,N)o 


Proposition 5.14. Let (¢,,.N1), (G2, No) and (¢3, N3) are three C'NH-sets over the same uni- 


verse U. Then the following commutative and associative laws hold true: 


- (01,1) [1 (42, No) = (C2, No) T1(G1, Ni) 
ii. (Ci, Ni) [1 (Co, N2) = (C2, No) [1 (G1, N12) 
a ) 
7 ) 


1 


lll 


C1, N1) TT (G2, No) T1(¢3, N3)) = (61, Ni) [1 (¢2, N2)) [1 (C3, Na) 
C1,.N1) LT (C2, No) [1 (63, N3)) = (61, Ni) [1 (C2, N2)) U1 (C3, Na) 


1V 


Proposition 5.15. Let (¢;,N1) and (G2, N2) are two CNH-sets over the same universe U. 
Then the following De Morganss laws hold true: 


i. ((C1, Ni) [1 (G2, N2))° = (C1, N1)° LI (C2, N2)° 
ii. ((C1, Ni) [] (G2, N2))° = (C1, N1)° T[ (G2, N2)° 


Discussion on particular cases of CFH-sets, CIFH-sets and CNH-sets 


e If ¢(A) = (C7 (A), CA), C7 (A), 0 < Or +67 + Or < 37 (or 0 < [dr + 67 + Op| < 3) 
is replaced by ¢(A) = (¢* (A), ¢" (A)) ,0 < dr + 6p < l(or 0 < |6r + 6p| < 1) with 
omission of indeterminacy, then complex neutrosophic hypersoft set reduces to com- 


plex intuitionistic fuzzy hypersoft set. 


e IfC(A) = (C" (A), CA), C" (A)) is replaced by ¢(A) = (¢* (A)) with omission of indeter- 
minacy and falsity, then complex neutrosophic hypersoft set reduces to complex fuzzy 


hypersoft set. 


This concludes that complex fuzzy hypersoft set and complex intuitionistic fuzzy hypersoft set 
are the particular cases of complex neutrosophic hypersoft set. Since Complex fuzzy hypersoft 
sets and complex intuitionistic fuzzy hypersoft sets cannot handle imprecise, indeterminate, 
inconsistent, and incomplete information of periodic nature so to overcome this hurdle, complex 


neutrosophic hypersoft set is conceptualized. 


Conclusion 


In this work, new hybrids of hypersoft set i.e. complex fuzzy hypersoft set, complex intu- 
itionistic fuzzy hypersoft set and complex neutrosophic hypersoft set, are conceptualized with 


their some fundamentals and theoretic operations. Future study may include other hybrids 
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of hypersoft set with interval-valued complex fuzzy set etc., similarity and distance measures, 


ageregations operators and applications in multi-criteria decision making problems. 
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Abstract: We introduce the notion of neutrosophic ®-open set and neutrosophic ®-continuous 
mapping via neutrosophic topological spaces and investigate several properties of it. By defining 
neutrosophic ®-open set, neutrosophic @® -continuous mapping, and neutrosophic ® -open 


mapping, we prove some remarks, theorems on neutrosophic topological spaces. 


Keywords: Neutrosophic set; Neutrosophic topology; Neutrosophic supra topology; Neutrosophic 


a-open set; Neutrosophic ®-open set. 


1. Introduction 


Smarandache [53] defined the Neutrosophic Set (NS) in 1998 by extending fuzzy set [58], and 
intuitionistic fuzzy set [2] to deal with uncertain, inconsistent and indeterminate information. An 
NS © defined over the universe (2, a=a(&,v,¢)€O with & ~ and ¢ being the real standard or 
non-standard subsets of ]0, 1* [. €,w and ¢ are the degrees of true membership function, 
indeterminate membership function and falsity membership function respectively in the set O. 
Wang, Smarandache, Zhang, and Sunderraman [56] defined Interval NS (INS) as an instance and a 
subclass of NS by considering the subunitary interval [0, 1]. An INS 7 defined on universe (2, 
a=a(,w,¢)€7 with €w and ¢ being the subinterval of [0,1]. Wang, Smarandache, Zhang, and 


Sunderraman [57] defined Single Valued NS (SVNS) as an instance of NS. In SVNS, the degrees of 
truth-membership function, indeterminacy-membership function and falsity-membership function 
lie in the interval [0,1]. NS has drawn many researchers' much attention for theoretical as well as 
practical applications [3-18, 24, 26-34, 36-46, 54-55]. 

Salama and Alblowi [49] grounded the concept of Neutrosophic Topological Space (NTS). 
Salama and Alblowi [50] also studied the generalized NS and generalized NTS. Salama, 
Smarandache and Alblowi [51] presented a new concept on neutrosophic crisp topology. Iswaraya 
and Bageerathi [23] presented the neutrosophic semi-closed set and neutrosophic semi-open set. 
Arokiarani, Dhavaseelan, Jafari, and Parimala [1] present the neutrosophic semi-open functions and 


established some relations between them. Rao and Srinivasa [48] presented neutrosophic pre-open 
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set and pre-closed set. Dhavaseelan, Parimala, Jafari, and Smarandache [20] presented the 
neutrosophic semi-supra open set and neutrosophic semi-supra continuous functions. 
Dhavaseelan, Ganster, Jafari, and Parimala [21] presented the neutrosophic a-supra open set 
and neutrosophic a-supra continuous functions. Parimala, Karthika, Dhavaseelan, & Jafari [35] 
presented the neutrosophic supra pre- continuous functions, the neutrosophic supra pre-open maps, 
and the neutrosophic supra pre-closed maps in terms of neutrosophic supra pre-open sets and 
neutrosophic supra pre-closed sets. Dhavaseelan, and Jafari [21] studied Generalized Neutrosophic 
Closed Set (GNCS). Pushpalatha and Nandhini [47] defined the GNCS in NTSs. Ebenanyar, 
Immaculate, and Wilfred [22] studied neutrosophic b-open sets in NTSs. Maheswari, Sathyabama, 
and Chandrasekar [25] studied the neutrosophic generalized b- closed sets in NTSs. Das and 
Pramanik [17] presented the generalized neutrosophic b-open sets in NTSs. 
Research gap: No study on neutrosophic ®-open sets and neutrosophic ®-continuous functions 

neutrosophic generalized b-open set has been reported in the recent literature. 

Motivation: To fill the research gap, we introduce the neutrosophic ®-open set. 
In this paper, we develop the notion of neutrosophic ®-open set and neutrosophic ®-continuous 


mapping, neutrosophic ®-open mapping, and neutrosophic ®-closed mapping via NTSs. 


The rest of the paper is designed as follows: 

Section 2 recalls the definitions neutrosophic set, neutrosophic topological space, neutrosophic 
supra topological space, neutrosophic a-open sets, and neutrosophic a-closed sets. Section 3 
introduces neutrosophic ®-open set, neutrosophic ®-continuous mapping, and neutrosophic ®- 
open mapping and proofs of some remarks, and theorems on neutrosophic ®-open sets and 


neutrosophic ®-continuous mapping. Section 4 presents concluding remarks. 


2. Preliminaries and some properties 


In this section, we discuss some existing definitions and theorems which are already defined by many 


researchers. 


Definition 2.1. Assume that W be a universal set. Then D, an NS [53] over W is denoted as follows: 
D= {(m, Tp(m), Ip(m), Fo(m)): m EW and To(m), In(m), Fo(m) €]-0,1*[} where Tp, Ip and Fo are the 
functions from D to ]-0,1*[ and foreach y EW, 0 < Tod(m)+Ip(m)+Fo(m) S 3°. 


Definition 2.2. Assume that D = {(m, Tpo(m), Ip(m), Fo(m)): m EW} and K = {(m, Tx(m), Ik(m), Fx(m)): m 
EW} are any two NS over W, then DUK and DNK [53] are defined by 

i. DUK={(m, To(m)VTxk(m), In(m)A Ik(m), Fo(m)A Fx(m)): m EW}; 

ii. DAK={(m, To(m)A Tx(m), In(m)VIk(m), Fo(m)VFx(m)): m EW}. 


Definition 2.3. Assume that D = {(m, Tpo(m), Ip(m), Fo(m)): m €W} is an NS over W. Then the 
complement [53] of D is defined by D°= {(m, 1-Tp(m), 1-Ip(m), 1-Fo(m)): m EW}. 
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Definition 2.4. Assume that D = {(m, To(m), Ip(m), Fo(m)): m EW} and K = {(m, Tx(m), Ik(m), Fx(m)): m 
EW} are any two NSs over W. Then D is contained in K [53] if and only if Tp(m)<Tx(m), In(m) =Ik(m), 
Fo(m) =F x(m), for all m EW. 


Now we may consider two NSs Onand in over W as follows: 
1) On={(m, 0, 1,1): m EW}; 
2) In={(m, 1, 0,0): m EW}. 

Clearly, OnG1IN. 


Definition 2.5. Assume that W is a universe of discourse and Tt is the collection of some NSs over W. 
Then the collection t is said to be a Neutrosophic Topology (NT) [49] on W if the following axioms 
hold: 

1. On, INET 

2. C1,C2€T S>CiNC2 ET 

3. UCi €T, for every {Ci i € A} ST. 
The pair (W,7) is said to be an NTS. If H € 1, then H is called a Neutrosophic Open Set (NOS) and the 
complement of H i.e. H* is called a Neutrosophic Closed Set (NCS). 


Example 2.1. Assume that W = {s1,s2,s3} is a set with three NSs over W as follows: 
M= {(s1, 0.9, 0.5, 0.7), (s2, 0.7, 0.6, 0.8), (s3, 0.7, 0.4, 0.7): $1, 52,53 EW}; 

Moe= {(s1, 1.0, 0.3, 0.4), (s2, 0.9, 0.5, 0.5), (s3, 1.0, 0.1, 0.5): $1, 52,53 EW}; 

Ms= {(s1, 0.9, 0.3, 0.5), (s2, 0.8, 0.5, 0.8), (s3, 0.9, 0.3, 0.5): $1,$2,53 EW}; 

Then (W,t) is an NTS, where t= {On, 1n, M1, M2, Ms} is an NT on W. 


Remark 2.1. The collection of all NOSs and NCSs in (W, tT) may be denoted as NOS(W) and NCS(W) 
respectively. The neutrosophic interior and neutrosophic closure [49] of a neutrosophic subset H of 
W is denoted by Nin(H) and Na(H) respectively and defined as follows: 

Nint(H) =U{D: D is an NOS in W and DEH}, 

Na(H) =N{L: L is an NCS in W and HEL}. 

Clearly Nin(H) SHE NaF). 


Definition 2.6. Assume that (W,tT) is an NTS and H be an NS over W. Then H is 
1) Neutrosophic Pre-Open (NPO) set [48] iff H SNintNa(A); 
2) Neutrosophic Semi-Open (NSO) set [23] iff H SNcNint(A); 
3) Neutrosophic a-Open (Na-O) set [1] iff H SNintNaNint(H). 


Definition 2.7. Assume that W is a universal set and ©. be the collection of some NSs over W. Then 
Q, is said to be a Neutrosophic Supra Topology (NST) [19] on W if the following axioms hold: 

1) On, In€ OQ 

2) UC EQ, for every {Cz 1€ A}E N. 
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The pair (W, ©) is said to be a Neutrosophic Supra Topological Space (NSTS). If HE 0, then H is called 
a Neutrosophic-Supra Open (N-SO) set and its complement H° is called a Neutrosophic-Supra Closed 
(N-SC) set in (W, 0). The neutrosophic-supra interior and neutrosophic-supra closure of an NS H is 
denoted by N;?.(H) and N&(H) respectively and are defined as follows: 

N;2 .(H)=U{D: D is an N-SO set in W and DEH}, 

N3(H)=n{L: L is an N-SC set in W and HCL}. 


Definition 2.8. Assume that (W, 0) be an NSTS and H is an NS over W. Then H is 
1) Neutrosophic-Pre Supra Open (N-PSO) set [35] iff H © Nj?.(N¢}(H)); 
2) Neutrosophic-Semi Supra Open (N-SSO) set [20] if and only if H © N3(N;2.(H)); 
3) Neutrosophic-a-Supra Open (N-@SO) set [19] if and only if H S Nin(NG(N;-(A))). 


The complement of N-PSO set, N-SSO set and N-a@SO set are called Neutrosophic Pre Supra- 
Closed (N-PSC) set, Neutrosophic Semi Supra-Closed (N-SSC) set and Neutrosophic a-Supra-Closed 
(N-a@SC) set respectively. 


Theorem 2.1. Assume that (W, Q) be an NSTS. 
Then 
i. Every N-SO set is an N-a@SO set. 
ii. Every N-a@SO set is an N-PSO set (N-SSO set). 


For proof, see Parimala, Karthika, Dhavaseelan, and Jafari (2018). 


Theorem 2.2. Assume that (W, 0) be an NSTS. 
Then 
i. Union of two N-a@SO sets is an N-a@SO set. 
ii. Intersection of two N-a@SO sets may not be an N-a@SO set in general. 


For proof, see [19]. 


Definition 2.9. Let (W, 0) and (MII) be any two NTSs. Then a function €:(W, 0)-(Y, M) is called a 


neutrosophic continuous function [52] if the inverse image of each NOS G in M is an NOS in W. 


Definition 2.10. Let (W, 9) and (M,II) be any two NSTSs. Then a function €:(W, 0)-(Y, M) is called 
a neutrosophic supra continuous [ 19} if and only if the inverse image of each N-SO set G in M is an 


N-SO set in W. 
Definition 2.11. A function €:(W, 0)-(M,T), where (W, 0) and (M,II) are two NSTSs is said to be a 


neutrosophic a-supra [19] continuous iff €~*(G) is an N-a@SO set in W whenever G is an N-SO set in 


M. 
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Theorem 2.3. Assume that € be a function from an NSTS (W, ©) to another NSTS (MT). Then the 
following statements [19] are equivalent: 
i. € isaneutrosophic a-supra continuous mapping. 


ii. €~1(G) is an N-a@SC set in W whenever G is an N-SC set in M. 


3. Neutrosophic ®-open set and neutrosophic ®-continuous mapping 


Definition 3.1. Assume that (W, T) is an NTS and Hs an NS over W. Then H is called a Neutrosophic 
®-Open (N-®-O) set iff there exist an Na-O set K such that K € HE& N,,(K), where N,;/(K) denotes the 


neutrosophic closure of K with respect to the NT t on W. 


Theorem 3.1. In an NTS (W, fT), 
1) Every NOS is aneutrosophic ®-open set; 


2) Every Na-O set is aneutrosophic ®-open set. 


Proof. 
1) Assume that Q is an NOS in an NTS (W, 7). Since every NOS is an Na-O set, so Q is an Na- 
O set in (W, Tt). Clearly Q © QE N,,(Q). Therefore, Q is a neutrosophic ®-open set. Hence 
every NOS in (W, T) is aneutrosophic ®-open set. 
2) Assume that R is an Na-O set in an NTS (W, tT). For any neutrosophic set R, RERENa(R). 
Therefore, there exists an Na-O set R in (W, T) such that REREN<-i(R). 
Hence R is aneutrosophic ®-open set. 


Thus, every Na-O set in (W, T) is aneutrosophic ®-open set. 


Theorem 3.2. Assume that (W,t) isan NTS and @ is aneutrosophic supra topology such that e 
C 6. Then 
1) Every neutrosophic ®-open set in (W,T) is aneutrosophic ®-supra open set in (W, 8); 


2) Every NOS in (W,r) is aneutrosophic ®-supra open set in (W, 8). 


Proof. 
1) Assume that (W,t) isan NTS and @ isan NST such that t € 8. 
Assume that Q is an arbitrary neutrosophic ®-open set in (W,7). 
Then there exists an Na-O set K such that K ©CQC N,,(K), where N,;(K) denotes the 
neutrosophic closure of K with respect to the topology T. 
Since t © @ and @ is an NST on W, so N,,(K)& N&(K), where N5(K) denotes the 
neutrosophic supra-closure of K with respect to the NST @. 


Therefore K CQ N5(K). 
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Hence Q is aneutrosophic ®-supra open set in (W, @). 

2) Assume that (W,t) isan NTS and @ be an NST on W such that © 6. 
Assume that Q be an arbitrary NOS in (W,rt). From Theorem 3.1, it is clear that every NOS 
in an NTS (W,t) is a neutrosophic ®-open set. So, Q is a neutrosophic ®-open set in (W,T). 
From the first part of the theotem 3.2, it is clear that Qis aneutrosophic ®-open set in (W, @). 


Hence every NOS in an NTS (W, T) is a neutrosophic ®-supra open set in the NSTS (W, @). 


Lemma 3.1. In an NTS (W,t), the union of two neutrosophic ®-open sets is a neutrosophic ®-open 


set. 


Proof. 

Assume that K and L are any two neutrosophic ®-open sets in an NTS (W,t). Then there exist two 
Na-O sets Qi and Q>2 in (W,t) such that Qi€KE€ N,,(Q1), Q2GLE N-1(Q?). 

Now, Qi1UQ2EKULE N,;(Q1) U N,7(Q2)= Ne (Q1UQ2) and QiUQ: is an Na-O set in (W,T). Therefore KUL 
is aneutrosophic ®-open set in (W,t). Hence the union of two neutrosophic ®-open sets in an NTS 


(W,t) is aneutrosophic ®-open set. 


Theorem 3.3. Assume that (W,T) is an NTS. Then 
1) Union of an NOS and a neutrosophic ®-open set is a neutrosophic ®-open set. 


2) Union of an Na-O set and a neutrosophic ®-open set is a neutrosophic ®-open set. 


Proof. Let Q be an NOS and R be a neutrosophic ®-open set in an NTS (W,t). From Theorem 3.1, Q 
is aneutrosophic ®-open set. Again, from Lemma 3.1, it is clear that QUR is a neutrosophic ®-open 
set in (W,T). 
1) Assume that H is an Na-O set and G is a neutrosophic ®-open set in an NTS (W,t). From 
Theorem 3.1, it is clear that H is a neutrosophic ®-open set. Again, from Remark 3.1, it is 


clear that HUG is aneutrosophic ®-open set in (W,7). 


Definition 3.2. Assume that (W,t) and (M,6) are two NTSs. Then a function €:(W, t)> (M,6) is called 
a neutrosophic ®-continuous function iff the inverse image of every NOS G in M is a neutrosophic 


@-open set in W. 


Definition 3.3. Assume that (W,t), and (M,6) are two NTSs and @ is an NST on W such that Tt © @. 
Then a function €:(W,tT)> (M,6) is called aneutrosophic ®-supra continuous function iff the inverse 
image of every NOS G in M is a neutrosophic ®-supra open set in W with respect to the NST @ on 
W. 
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Theorem 3.3. Every neutrosophic continuous function from an NTS (W,t) to another NTS (M,6) is a 


neutrosophic ®-continuous function. 


Proof. Assume that €:(W, t)>(M,6) is a neutrosophic continuous function and K be an arbitrary NOS 
in M. Then by hypothesis, €~*(K) is an NOS in W. Since each NOS is a neutrosophic ®-open set, so 
€~1(K) is a neutrosophic ®-open set in W. Therefore, for each NOS K in M, &~*(K) is a neutrosophic 
®-open set in W. Hence € is a neutrosophic ®-continuous function. Therefore, every neutrosophic 


continuous function is a neutrosophic ®-continuous function. 


Theorem 3.4. Assume that (W,t) and (M,6) are two NTSs and t © 6, where @ is an NST on W. Then 
every neutrosophic ®-continuous function from (W,T) to (M,6) is a neutrosophic ®-supra 


continuous function from (W,@) to (M,6). 


Proof. Assume that ¢:(W, T)>(M,6) is aneutrosophic ®-continuous mapping. Let 6 be an NST such 
that t © @. Let T be an NOS in M. Then by hypothesis €~*(T) is a neutrosophic ®-open set in W. 
Since each neutrosophic ®-open set (W,T) is a neutrosophic ®-supra open set in (W,0), so €~*(T) is 
a neutrosophic ®-supra open set in (W,@). Therefore € is a neutrosophic ®-supra continuous 


mapping from (W, @) to (M, 6). 


Definition 3.4. Let (W,t) and (M,6) be two NTSs. A function €:(W, tT) (M, 6) is called a 


neutrosophic ®-open function if €(Q) is aneutrosophic ®-open set in M for each NOS Q in W. 


Definition 3.5. Let (W,t) and (M,6) be two NTSs. A function €:(W,t)>(M,6) is called a neutrosophic 
®-closed function if €(Q) is aneutrosophic ®-closed set in M for each NCS Q in W. 


Theorem 3.5. Assume that (W,t) and (6) are any two NTSs. Then €:(W,t)>(M,6) is a neutrosophic 
®-open function iff €(Nint(K))GNint(é(K)), for each neutrosophic subset K of W. 


Proof. Let €:(W,t)(M,6) be a neutrosophic ®-open function and K be a neutrosophic subset of W. 
Clearly Nin(K) is an NOS in W and Nin(K) GK. Since € is a neutrosophic ®-open function, so 
€(Nint(K)) is aneutrosophic ®-open set in M and €(Nin(K))S €(K). Since each NOS is a neutrosophic 
®-open set and Nin(€(K)) is the largest NOS contained in €(K), so Nint(€(K)) is the largest neutrosophic 
®-open set contained in €(K). Therefore € (Nint(K)) GNint(€(K)) S €(K) Le. €(Nint(K)) S Nint(€ (K)). 
Hence for each neutrosophic subset K of W, §€(Nint(K))GNint(é(K)). 
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Conversely, let L be an NOS in (W,T). Therefore, Nin(L) = L. Now by hypothesis 
€(Nint(L))GNine(G(L)). This implies €(L)SNint(€(L)). We know that Nin(€(L)) S €(L). Therefore €(L)= 
Nint(€(L)). This means that €(L) is an NOS in (M,6). Since each NOS is a neutrosophic ®-open set, so 
€(L) is aneutrosophic ®-open set in (M,6). Hence for each NOS L in (W,t), €(L) is aneutrosophic ®- 


open set in (M,6). Therefore € is aneutrosophic ®-open function. 


Theorem 3.6. Assume that ¢ is a bijective function from an NTS (W,t) to another NTS (M6). Then 
the following mathematical statements are equivalent: 

1) € isaneutrosophic ®-continuous function; 

2) € isaneutrosophic ®-closed function; 


3) € isaneutrosophic ®-open function. 


Proof. 

(1)>(2) Assume that €:(W,t)>(M,6) is a neutrosophic ®-continuous function. Let Q be any arbitrary 
NCS in (W,t). Then Q¢ is an NOS in (W,t). Since each NOS is a neutrosophic ®-open set, so Q° is a 
neutrosophic ®-open set in (W,t). Since € is a bijective function, so €(Q°)=(€(Q))« is an NOS in (M,6). 
Hence €(Q) is an NCS in (M,6). Therefore, for each NCS Q in (W,t), €(Q) is a neutrosophic ®-closed 


set in (M,6). Hence € is aneutrosophic ®-closed function. 


(2)=(3) Assume that €:(W,t)>(M,6) be aneutrosophic ®-closed function. Let L be any arbitrary NOS 
in (W,t). Then L° is an NCS in (W,7). Since € is aneutrosophic ®-closed function, so ¢(L°)=(é(L))° is a 
neutrosophic ®-closed set in (M,6). Then €(L) is a neutrosophic ®-open set in (M,6). Therefore, for 
each NOS L in (W,t), €(L) is aneutrosophic ®-open set in (M,6). Hence € is aneutrosophic ®-open 
function. 

(3)=(1) Assume that €:(W,t)>(M,6) is a neutrosophic ®-open function. Let P be any arbitrary NOS 
in (M,6). Then P isa neutrosophic ®-open set in (M,6). Since € is a bijective function, so €~*(P) is an 
NOS in (W,t). Again, since each NOS is a neutrosophic ®-open set, so €~*(P) is a neutrosophic ®- 
open set in (W,t). Therefore, for each NOS P in (M,6), €~*(P) is aneutrosophic ®-open set in (W,7). 


Hence € isaneutrosophic ®-continuous function. 


4. Conclusion 


In this study we have introduced neutrosophic ®-open set, neutrosophic  -continuous 
mapping via NTSs and investigated their several properties. By defining neutrosophic ®-open set, 
neutrosophic ®-continuous mapping, we have proved some remarks, and theorems on NTS5s. In the 
future, we hope that based on ®-open set, neutrosophic ®-continuous mapping via NTSs, many new 


investigations can be carried out. 
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Abstract: Blockchain technology (BT) has become popular in the firms in the present time, however, 
implementation of BT includes several risk factors from various points of view. Some of these risks can be 
serious for the processes of firms. These risks should be cautiously recognized and analyzed to reduce the 
negative impacts of them. Assessment of the risks can be recognized as a multi-criteria decision making 
(MCDM) problem. In this work, the risks that will occur when implementing BT are assessed by using 
MCDM methodology built on Single Valued Neutrosophic Sets (SVNSs), Analytic Hierarchy Process 
(AHP), and Decision Making and Trial Evaluation Laboratory (DEMATEL) methods. The main and sub- 
criteria risks are collected via a company in the smart village in Egypt and from previous research, hence, 
the hierarchical form of the problem is built. AHP is used to show the importance of risk factors and the 
relationships between risk factors obtained by using the DEMATEL method. The main goal of this study is 
to aid the firms mainly and the firm in Egypt especially to determine which risks are more serious and to 
which of them causing effect and are being affected. In this study 8 main criterion and 28 sub-criteria, risks 
are used. As result, the security risk is important in the main risks but energy costs and data leaks are 
important in sub risks. 


Keywords: Blockchain technology (BT), Risks, SVNSs, AHP, DEMATEL 


1. Introduction 


Firms, industries, and businesses have a critical choice and decision in implementing new 
technology. The processes of the organization are affected by modem technology. For this reason, the 
implementation of new technology should be considered seriously. These days, technology can be found 
anywhere, 67% of adults use the internet based on a survey from 40 states. smartphones have also become 
common [1]. Technology has been profiled in several parts from the manufacture to service segment. It 
erows the well-being and life standard of people [2]. Technology choice depends on the competitiveness 
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and effectiveness of organizations [3]. Applying BT in firms has become more popular in the present time 
because of its importance. The transactions can be done by using a decentralized mechanism because BT is 
a distributed database. In BT, some blocks are related to each other and they cover many transactions. The 
transaction should be confirmed in terms of validness before adding to the system as a new block [4]. The 
chain of transactions can be represented as the blockchain. In Bitcoin, these transactions are public [5]. BT 
cuarantees the transactions more secure for industries, businesses, organizations, and governments, hence 
the common use of BT will have a big influence on the firms in the future. The transaction data is reserved 
in various nodes in blockchain and it is known as a dispersed ledger. In the dispersed ledger, every user 
can enter the public ledger system. This can generate a stable environment and doesn’t depend on third 
parties. The technology reduces system failure and other connected risks in the chain. BT can be a great 
area for keeping significant information. BT allows users to monitor prior transactions [6]. Implementing a 
new BT includes various risk factors from various parts. To apply BT at the maximum level, these risks 
should be assessed cautiously. In this research, these risks have been assessed in multi-criteria decision 
making (MCDM) and these are ranked by using Single Valued Neutrosophic Sets (SVNSs), Analytic 
Hierarchy Process (AHP), and Decision Making and Trial Evaluation Laboratory (DEMATEL). SVNSs are 
used to deal with uncertainties [7] and likely risk factors are hierarchical based on their importance by AHP 
[8] and the relationship between them with DEMATEL [9]. To get the best of information, ranking BT risks 
by using the MCDM technique has not been studied yet. This work will provide a decision to the firms to 
decide which of these risks are more serious and which of them should be reduced primarily. The 
remainder of the paper follows as section 2 provides a brief description of blockchain technologies. SVNSs 
are summarized in section 3. The proposed MCDM methodology based on SVNSs is presented in section 
4. Section 5 shows the application for risk assessments of BT by using AHP and DEMATEL. The attained 
outcomes and future research directions have been discussed in section 6. 


2. Blockchain Technologies 


BT is considered as one of the most significant creations after the Internet [10]. BT and Internet technology 
are different in some significant parts. On the Internet, only the information and the copies of things are 
moved but the original information cannot. In BT, the value of the things is reserved in a time-stamped 
transaction in a common ledger in a safe way [11]. BT is an information technology [11] and is based on a 
dispersed ledger technology [6]. With this technology, there is no need to depend on a third party. In BT, 
when a transaction is done, it should be confirmed. The transaction is only accepted when the agreement 
is ensured. Then, the information about the transaction is kept on a new block and the new block is added 
after the other blocks on the chain [6]. Once the information is confirmed and added to the chain, it cannot 
be removed anymore[6, 10]. BT has become common with Bitcoin implementation [11, 12] and is used in 
various parts like the Internet of things, economics, and medicine, etc. [13]. Though BT suggests various 
chances for firms, it can only add value to the products if the processes are appropriate for BT 
implementation. For example, if there is a need for data transparency or immutability, BT will be beneficial, 
but if the transaction speed is important, BT will not be suitable [14]. 


3. The Proposed Model for Risk Evaluation of Blockchain Technologies 


In this research, MCDM methodology based on SVNSs, AHP, and DEMATEL methods are suggested for 
risk assessment of BTs. Three key steps in methodology. The first step, factors of risk is recognized by 
conducting a literature review and specialist reviews. Then BT risk factors are determined and the 
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hierarchical structure of the problem is built. In the second step, the risk factors are assessed. For the second 
step to be achieved AHP method is used to attain main and sub-criteria weights and the DEMATEL method 
is used to show the importance of main and sub-criteria and the relationship between them. Finally, the 
risks are ranked according to the weights of the AHP method and showing the impact of the relationship 
between main and sub-criteria. The detailed framework of the proposed methodology is shown in figure 


1. 
Determine study objectives , main critezi, | 
sub citeria and alternatives 
Build the decision-making opinions 
Panis & matrix 


Meutrosophic Set 
Convert the SVNSs into os p values 
Aggregate the judgments of pars & 
Compa©rson matrix 
Creste the compar on matre: of the 
Sggregation 


zs ) Generating the direct relation | 
Determine the weights of main and sub brie 
citeia 
Normalizing the direct 
relation matrec 


Determine the total relation DEMATEL 
mstree 






AHP method 


Ye 


Calculate the sumofrows {T} 
and columns {LU 
The matrix of pains & comparison is 
consistent : 


Generating a cave al diagram 


Fig 1. Steps of SVNSs, AHP, and DEMATEL methodology 


3.1. Neutrosophic theory 


The neutrosophic set can model the decision maker’s perspectives in the neutrosophic single value scale 
[15] and apply aggregation to produce the final vision. Neutrosophic set multiplications and calculations 
are illustrated in [16]. The steps of the neutrosophic theory are illustrated in [17]: 


Step 1. Build the decision-making opinions pairwise matrix according to SVNSs scale in table 1 using the 
mentioned form: 


a — Lig 


E E 
EF ee 


Where E pointed to the number of decision-makers. 


Ahmed Abdel-Monem, Amal Abdel Gawad and Heba Rashad: Blockchain Risk Evaluation on Enterprise Systems using an 
Intelligent MCDM based model 


Neutrosophic Sets and Systems, Vol. 83, 2020 371 


Table. Single valued Neutrosophic scale 





Step 2. Convert the SVNSs into crisp values by the use of the score function [18]: 
2+ Tmn ~ Imn~ Fin 
VGE=) = —. (2) 


TE [fin Fin presents truth, indeterminacy, and falsity of the SVNSs. 


Step 3. Aggregate the judgments of the pairwise comparison matrix as 
DE=1!mn 
bmn = A= (3) 
Step 4. Create the comparison matrix of the aggregation as following: 
as *] 


lm — Lenn 


3.2. The AHP method 


L= (4) 





The steps of the AHP method are shown in [17] as: 
Step 1: Calculate the weights of the main criteria and sub-criteria. 


Step 1.1: Calculate the normalization using the following equation. 


wi, = =m S17 3 aoe dX (5) 


m=1 Wm 
Step 1.2: Calculate the row average. 


yan) : 


Wm = m = 1,2,3,.......X)n = 1,2,3, .......Y3 (6) 


Step 2: Check the consistency of matrix to ensure the consistency the pair-wise comparison matrix [17]. 


3.3. The DEMATEL method 


The steps of the DEMATEL method are illustrated in [19]. 
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Step 1: Generating the direct relation matrix 
The matrix of direct relation s x s is obtained through step 4 in neutrosophic theory. 
Step 2: Normalizing the direct relation matrix. 


The normalized direct relation matrix uses the following equation: 


1 
B= ———_ 7 
max, Zy=1!mn 4) 


V=BxL (8) 

Step 3: Determine the total relation matrix. 

This step uses the Matlab software to obtain an identity matrix using the following equation: 
O=V(I-v)! (9) 

Step 4: Calculate the sum of rows (T) and columns (U) 

Step 5: Generating a causal diagram 


The causal diagram is attained by (IT + U) and (T- U) is the outcome of the DEMATEL method. 


4. Application 


The case study for assessing risk factors of BT, in this section. A company in the smart village in Egypt 
needs to implement BT for its operations. But the managers recognize that some risks can happen during 
the implementation of operations, so they decided to assess these risks and calculate which of them have 
more important before the implementation. In the beginning, the factors of risks are collected by using 
previous work [10, 11, 13, 20-25] and decision-makers. As a consequence of this, 8 main criteria and 28 sub- 
criteria are calculated for risk assessment of BT as shown in Figure 2. Then three specialists assessed these 
main and sub-criteria by using AHP and DEMATEL method. 
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Evaluating = C1-Environmental/Cultural S1: Negative image of BT 
Blockchain 7 

S2: Uncertainty of customers 
Technology 
Risks 


C 2- legal and regulatory challenges $3: Unclear Legal Jurisdictions 
S4: Regulatory barriers 


S5: Antitrust 


C3- Energy S6: High consumption 


S7: Importing energy efficiency 


S8: Energy intensive cryptocurrency validation 
process 


C4- Adoption challenges S9: System speed 
S10: User experience 
S11: Lack of knowledge 
$12: Technology usability 

C5- Organizational and strategic S13: Need of skilled worker 
S14: Resistance to changing technology 
S15: Lack of equipment and tool 
S16: Lack of management support 


C6- Technical __Si7: Lack of customer awareness 
__S18: Access to technology 
19: Limi ran ion l 
S20: Scaling due to processing requirements 
S21 Untasted code 
C7- Financial S22: Usage cost 
$23: Training cost 


$24: Energy cost 
C8- Security S25: Cyberattacks 


$26: Privacy 
S27: Shared data among multiple peer 


S28: Data leaks 


Fig 2. Evaluation risk factors (Criteria and sub-criteria) 
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4.1. Neutrosophic theory results 


The neutrosophic set can model the decision maker’s perspectives in neutrosophic single value scale as 
shown in table 1 and apply aggregation to produce the final vision. The steps of the neutrosophic theory 
are showed as follows: 


Step 1: Build the decision-making opinions pairwise matrix according to SVNSs scale using Eas. (1). 
Step 2: Convert the SVNSs into crisp values by the use of the score function using Eqs. (2). 

Step 3: Aggregate the judgments of the pairwise comparison matrix using Eqs. (3.) 

Step 4: Create the comparison matrix of the aggregation as shown in table 2 using Eqs. (4). 

4.2. The AHP results 


Step 1: Compute the normalization matrix using Eq. (5) As shown in table 3. 


Table 2. Crisp value of aggregated pairwise comparison matrix of criteria. 





Step 1.2: Determine the weights of criteria, local and global sub-criteria using Eq. (6) as shown in table 4. 
Figure 3 shows the weights of the main criteria. 


Table 3. Normalization values of main criteria. 
c 
2 
c 
C 


c 
C 
2 





Co 
Co 
Co 
Co 
Cr 
Cs 
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ecl ec2 ec3 =cC4 wcS wc6 wc/ #c8 


Fig 3. Weights of main criteria. 


Step 2: The Consistency Ratio (CR) = 0.10. according to [17] such that CR < =0.1, therefore, the matrix of 
pairwise comparison is consistent. Table 5 displays the importance of local and global weights of main and 
sub-criteria based on AHP calculations. Hence Cs (security) is the most important in the main criteria and 
C: (Environmental/Cultural) is the least important in the main criteria. For sub-criteria S21 (Energy cost) is 
the most important in sub-criteria and S» (System speed) is the least important in sub-criteria. 


Table 4. Weights of main criteria, local and global sub-criteria. 


Main Sub Weights Local Global 
Criteria criteria weights 
Ci 0.063126 
S1 0.32903 0.02077 
S2 0.67097 0.042356 
C2 0.071061 
s3 0.283611 0.020154 
S4 0.315125 0.022393 
S5 0.401263 0.028514 
Cs 0.077487 
S6 0.236806 0.018349 
S7 0.305799 0.023695 
S8 0.457395 0.035442 
Ca 0.105292 
S9 0.137244 0.014451 
S10 0.204308 0.021512 
S11 0.349301 0.036779 
S12 0.309147 0.032551 
Cs 0.133602 
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S13 0.159466 0.021305 
S14 0.292025 0.039015 
S15 0.247912 0.033122 
S16 0.300597 0.04016 

Ce 0.150999 
S17 0.122023 0.018425 
S18 0.200505 0.030276 
S19 0.198784 0.030016 
S20 0.226835 0.034252 
S21 0.251853 0.03803 

C7 0.176989 
$22 0.211513 0.037435 
$23 0.286858 0.050771 
S24 0.501629 0.088783 

Cs 0.221443 
S25 0.14637 0.032413 
S26 0.25559 = 0.056599 
S27 0.238016 0.052707 
S28 0.360024 0.079725 


4.3. The DEMATEL results 


Step 1: Generating the direct relation matrix in table 5 of the main criteria and direct relation matrix for the 
sub-criteria of security criteria in table 5. 


Step 2: Normalizing the direct relation matrix for the main criteria in table 6 using Eqs. (7, 8). 
Step 3: Determine the total relation matrix using Eq. (9) In table 7. 


Step 4: Calculate the sum of rows (T) and columns (U) in table 8 and rank according to the importance of 
the main criteria in table 8. 


Step 5: Generating a causal diagram as shown in figure 4. It shows the security, financial, technical, and 
organizational is the most important main criteria. Cs (Organizational), Co (Technical), C7 (Financial), Cs 
(Security) are causing effect while others are being affected 
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Fig 4. The causal diagram for the main criteria. 


Table 5. The direct relation matrix for sub-criteria of security. 


Table 6. Normalization of direct relation matrix of main criteria. 


Table 7. Total relation matrix of main criteria. 
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Table 7. The sum rows and columns of the main criteria. 
-1.46 
-0.34 


ps | 140495 | 0.9374 [2.3424 | 0.3543 | 8 
PCs | 1.577232 | 0.8671 [24443 | 1.0189 | 6 





Figure 5 shows S2 (Uncertainty of customers) is causing effect while 5: (Negative image of BT) is being 
affected in Ci (Environmental/Cultural). Figure 6 shows 5s (Antitrust) is causing effect while S3 (Unclear 
Legal Jurisdictions) and S4 (Regulatory barriers) are being affected in C2 (legal and regulatory challenges). 
Figure 7 shows Ss (Energy-intensive cryptocurrency validation process) is causing effect while Se (High 
consumption) and S7 (Importing energy efficiency) are being affected in C3 (Energy). Figure 8 shows Su 
(Lack of knowledge) and S12 (Technology usability) are causing effect while Ss (System speed) and S10 (User 
experience) are being affected in Cs (Adoption challenges). Figure 9 shows S14 (Resistance to changing 
technology) and Sie (Lack of management support) are causing effect while S13 (Need of skilled worker) 
and Sis (Lack of equipment and tool) are being affected in Cs (Organizational and strategic). Figure 10 shows 
S20 (Scaling due to processing requirements) are S21 (Untested code) are causing effect while S17 (Lack of 
customer awareness), 5is(Access to technology), and S19 (Limited transaction capacity) are being affected in 
Ce (Technical). Figure 11 shows Sz (Energy cost) is causing effect while S22 (Usage cost) and 523 (Training 
cost) are being affected in C7 (Financial). Figure 12 shows S27 (Shared data among multiple peers) and S2s 
(Data leaks) are causing effect while S25 (Cyberattacks) and 526 (Privacy) are being affected in Cs (Security). 
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Fig 5. The causal diagram for Ci (Environmental) sub-criteria. 





Ahmed Abdel-Monem, Amal Abdel Gawad and Heba Rashad: Blockchain Risk Evaluation on Enterprise Systems using an 
Intelligent MCDM based model 


Neutrosophic Sets and Systems, Vol. 83, 2020 379 


5 1.761605885 


@ 
1.5 


1 
0.5 


0 -0.416830876 
0.58:94  _ 8.9@ 8.98 9 902 9.04 9,06 9.08 9,1 9.12 
4 -1,344775009 
-1.5 e 


-2 


Fig 6. The causal diagram for C2 (legal and regulatory challenges) sub-criteria. 
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Fig 7. The causal diagram for C3 (Energy) sub-criteria. 
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Fig 8. The causal diagram for C4 (Adoption challenges) sub criteria. 
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Fig 9. The causal diagram for Cs (Organizational and strategic) sub-criteria. 
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Fig 10. The causal diagram for Ce (Technical) sub-criteria. 
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Fig 11. The causal diagram for C7 (Financial) sub-criteria. 
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Fig 12. The causal diagram for Cs (Security) sub-criteria. 


5. Conclusion and Future Works 


BT is one of the most significant creations of the Internet. The usage of this system has become fairly 
common for firms. Though, implementing a new BT system in firms includes different risk factors. 
Consequently, firms need to address and analyze these risks. For this goal, the risks of BT in a firm are 
measured and ranked by using SVNSs, AHP, and DEMATEL method. In this ranking process, Energy, 
environmental/cultural, financial, security, organizational, technical, legal, and regulatory challenges and 
adoption challenges risks are taken into account. 28 sub-risks covered by these risks are assessed under 
these groups. As a result, security is considered as the most significant risk factor among the eight risks 
and energy cost, and data leaks are ranked as the first and second important sub-risks correspondingly. 
DEMATEL results show security, financial cost, technical and organizational are causing effect while others 
are being affected. So the administrators should give more importance to these types of risks. For future 
research, the scope of the problem can be extended and the solutions of minimizing the risks for BT can be 
added as alternatives and the problem can be solved by MCDM techniques. 
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Abstract: Neutrosophic triplet theory has an important place in neutrosophic theory. Since the neutrosophic 
triplet set (Nts), which have the feature of having multiple unit elements, have different units than the 
classical unit, they have more features than the classical set. Also, Banach spaces are complete normed vector 
space defined by real and complex numbers that are studied historically in functional analysis. Thus, normed 
space and Banach space have an important place in functional analysis. In this article, neutrosophic triplet m - 
Banach spaces (NtmBs) are firstly obtained. Then, some definitions and examples are given for NtmBs. Based 
on these definitions, new theorems are given and proved. In addition, it is shown that NtmBs is different 
from neutrosophic triplet Banach space (NtBs). Furthermore, it is shown that relationship between NtmBs and 


NtBs. So, we added a new structure to functional analysis and neutrosophic triplet theory. 


Keywords: neutrosophic triplet set, neutrosophic triplet normed space, neutrosophic triplet Banach space, 


neutrosophic triplet m - normed space, neutrosophic triplet m — Banach space 


1 Introduction 

Neutrosophic theory [1] has also supported the scientific world with more objective solutions 
by obtaining new solutions and methods in many fields in both application sciences and theoretical 
sciences. Neutrosophic theory was obtained by Smarandache in order to obtain more objective results 
by taking into account the effects of uncertainties encountered in science in 1998 [1]. A neutrosophic 
number is formulated by (T, I, F). Where, T is truth function; I is indeterminacy function and F is 
falsity function and these functions’s values are independently. Thus, neutrosophic theory is 
generalized of fuzzy theory [2] and intuitionistic fuzzy theory [3] and neutrosophic theory is more 
useful than fuzzy theory and intuitionistic fuzzy theory. Thus, many researchers studied neutrosophic 


theory for these reasons [4-6]. Recently, Olgun et al. studied neutrosophic logic on the decision tree 
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[7]; Sahin et al. obtained decision making application for single — valued neutrosophic set [8] and 
Ulugay et al. introduced decision making application for neutrosophic soft expert graphs [9]. Ulugay 
et al. [10] proposed an outranking approach for MCDM-problems with neutrosophic multi-sets. 
Ulugay and Sahin [11] defined the concepts of neutrosophic multi group. Bakbak et al. [12] developed 
some new operations. Ulucay et al. [13] introduced a new hybrid distance-based similarity measure 


for refined neutrosophic sets. 


Neutrosophic triplet structures, which are a sub-branch of the neutrosophic theory, also aimed to 
carry the new advantages of neutrosophy to the algebraic structure. For this reason, many studies 
have been carried out on neutrosophic triplet structures. Thus, many structures in classical algebra 
were reconsidered in neutrosophic theory and new features emerged. Thus, a neutrosophic triplet 
structure has become available in fixed point theory Also, Smarandache and Ali studied neutrosophic 
triplet set (Nts) [14]. Since the neutrosophic triplet set (Nts), which have the feature of having multiple 
unit elements, have different units than the classical unit, they have more features than the classical 
set. A Nts k is formulated by (k, neut(k), anti(k)). Furthermore, the sets of have been studied by the 
scholars, on neutrosophic sets [15-20] neutrosophic triplet structures in neutrosophic triplet algebraic 
structures [21-26], some metric spaces on neutrosophic triplet [27-32]. Recently, Sahin et al. studied Nt 
m - metric space [33]; Zhang et al. obtained cyclic associative neutrosophic extended triplet groupoids 
[34]; Sahin et al. obtained Nt normed space [22], Shalla et al. introduced direct and semi-direct product 
of neutrosophic extended triplet group [35]; Sahin et al. Nt partial bipolar metric space [36]; Sahin et 
al. Nt partial g-metric space [37], Kandasamy et al. obtained Nts in neutrosophic rings [38], Shalla et 


al. introduced neutrosophic extended triplet group action [44]. 


Metric spaces, normed spaces and Banach spaces have an important place in classical mathematics. 
Metric spaces are widely used, especially in fixed point theory. Thus, Asadi, Karapinar and Salimi 
introduced m - metric spaces [39] in 2014. m - metric space is a generalized form of classical metric 
space and classical p - metric space. The m - metric spaces have an important role in fixed point 
theory. Recently, Souayah et al. obtained fixed point theorems for m — metric space [40]; Patle et al. 
studied mappings in m — metric space [41] and Pitchaimani et. al introduced $-contraction on m - 
metric space [42]. Also, Normed spaces and Banach spaces, which are special cases of normed spaces, 


have an important usage area, especially in the field of analysis. 


In this article, we have defined Ntmns with a more specific structure than neutrosophic triplet m- 


metric spaces. We discussed the properties of this structure and proved the theorems related to this 
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structure. We also discussed the relationship between this structure and the Ntmms. In addition, with 
the help of some definitions in Ntmms, we obtained important definitions such as convergence and 
Cauchy sequence in Ntmns. Also, we have defined MtmBs. We compared these structures with 
previously obtained neutrosophic triplet structures. Thanks to this comparison, we have determined 
that the structures we have obtained have different and new features than others. Thus, we added a 
new structure to the neutrosophic triplet theory and prepared the ground for new structures that can 
be obtained. In Section 2, we give definitions and properties for neutrosophic structures [14], [36] and 
[37]. In Section 3, we define Ntmns and NtmBs and we give some properties for Ntmns and NtmBs. 
Furthermore, we obtain neutrosophic triplet m — metric space (NITmms) reduced by Ntmns. Also, we 
show that Ntns are different from the Ntmns due to triangular inequality. Then, we examine 


relationship between Ntmns and Nitns. In Section 4, we give conclusions. 


2 Preliminaries 


Definition 2.1 [14]: Let u be a binary operation. An Nts (L, ) is a set such that for 1 € L, 
i) There is neutral of “1” such that 1 wneut(l) = neut(l)ul = 1, 

ii) There is anti of “1” such that lwanti(1) = anti(1)u1 = neut(1). 

Also, an Nt “1” is showed with (1, neut(l), anti(1)). 

Furthermore, neut(l) must different from classical unit element. 


Definition 2.2: [43] Let (L, u, 7) be an Nts with two binary operations w and 7. Then (L, p, 7) is called 


Ntf if the following conditions are satisfied. 

1. (L, #) is a commutative Nt group with respect to yp. 

2. (L, 7) is an Nt group with respect to 7. 

3. ka(1 uw m) = (k m1) u(kam); (1 wum)zk = (Imk)u(mmk) for all k, 1, m € L. 


Definition 2.3: [22] Let (L, 4, 7) be an Ntf and let (V, “2, 72) be an Nts with binary operations “U2” 


and “7”. Then (V,llz, 12) is called an Ntvs if the following conditions are satisfied. 


i) my2n € V and m #,s € V;m,n€ V and sé€ L; 
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ii) (MH2N) Hzl = Mp2 (Nzl); m,n, LE V; 

ili) MU2N=nye2mM; m,neE V; 

iV) (MppN) 12S = (M778) Mo(n72s);s €E Landm,ne€ V; 

V) (SU, Pp) 72m = (S72M) My(pm,mM); s, p € Landm € V; 

Vi) (S71 p) 72M =s7,(pm2zm);s,pe€ LandmeE V; 

vii) there exists at least an element s € L for each element m such that 
m7, neut(s)= neut(s) 72 m=m;meE V. 


Definition 2.4: [22] Let (V, u,, m2) be an Ntvs on (L, “4, m,) Ntf. If the function ||. || : V — R*U{0} is 


satisfied the following properties, then the function ||. |l is an Ntn. 
Where, 
f:L XV — Rt U {0} is a function such that 
f(k, 1) = f(k, anti(l)) and 
if 1=neut(l), then f(k, l)=O;k EL, 1EV 

a) Ill =0, 

b) If 1=neut(l), then II ll =0, 

c) Ik m2 Il =f(k, 1). 111, 

d) llanti(1) ll = ILM, 

e) If there exists at least an element m € N for k, 1 € V pair such that 
Iku, Ill < Ikp.luzneut(m) Il, then II ku,lu,neut(m) ll < Ikil+l1l;k,1,meV. 
Also, ((V, Hz, 12), ll. ll) is called a Ntns. 


Definition 2.5: [22] Let ((V, Uz, 72), Il. ll) be an Ntns. Let {a,} be a sequence in ((V, 2, 72), Il. ll) and let 
m be an NTm reduced by ((V, fz, 72), Il. ll). If each {a,} Nt Cauchy sequence in ((V, Mz, 72), Il.ll) is Nt 
convergent according to Ntmm, then ((V, 2, 72), Il. ll) is called an Nt Banach space (NtBs). 
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Theorem 2.6:[22] Let (L, 1) be an NT group without zero divisors, with respect to yw. For | € L; 
(i) neut(neut(1)) = neut(l), 
(ii) anti(neut(l)) = neut(1)), 


(iii) anti(anti(1)) =I, 
(iv) neut(anti(1)) = neut(l). 


Definition 2.7:[33] Let L be anonempty set and m®: L x L — Rt U {0} be a function. Then, 
(i) m*,, =min{m(l, 1), m(n, n)} = m(L, 1) Vv m(n, n); L, n EL 
(ii) M¢,, =max{m(L, 1), m(n, n)} = m(1, 1) A m(n, n); 1, n EL 


Definition 2.8: [33] Let (L, “) be an Nts and m:LxL— R*vU{0} be a function. If (L, w) and m satisfy the 


following properties, then m is called an Nt m —metric space. 

a) Foralll, neL,lunel, 

b) If m(1, 1) = m(n, n) = m(1, n) = 0, then 1=n, 

c) m4), <m(L, n), 

d) m(l, n) =m(l, n), 

e) If there exists at least an element s € L for each pair k, | € L such that 

m(k, 1) < m(k, 1 w neut(s)), then (m(k, | ~ neut(s))) — m,) < (m(k, I) — m,,)+(m(I, s) — mj). 
Also, ((L, 1), m) is called an Ntmms. 


3 Neutrosophic Triplet m — Normed Space 

In this section, we have defined Ntmns with a more specific structure than Ntmms. We discussed the 
properties of this structure and proved the theorems related to this structure. We also discussed the 
relationship between this structure and the Ntmms. In addition, with the help of some definitions in 


Ntmms, we obtained important definitions such as convergence and Cauchy sequence in Ntmns. 
Definition 3.1: Let V be an Nts and let m: V x V > R* U {0} be a function. Then, 
(i) Mj, =minj{||neut()|lm, |Ineut()|I ml, 


(ii) Mj, = maxj|[neut(])|lm, Imeut(1)|| mi. 
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Definition 3.2: Let (V, 5, 1) be an Ntv on the Ntf (L, 4, 1). Then function ||. || », :V — R*U{0} is an Nt 


m — norm (Ntmn) such that 

a)0< |[neut@)|lm S [ll m, 

b) If ||] w2neut(n)||, n= || neut(])]|,, =|| meut(n) ||, = 0, then 1 =n. 

c) ||Brt> 1I| m= £(B, 1). IIIIl ». Where, f: L x V > R*U{0}, £(B, 1) = £(B, anti(1)) is a function. 

d) |Janti() |] m = [Ill m, 

(e) If there exists at least | p € V for each I, n € V pair of elements such that 

I} v2 nll m <I[l 2 M2 neut(p)||m; then 

I] vgn waneut(p)|lm — Min S [[lllm + [lollm — mp — Mpp. 
In this case, ((V, 2, T2), ||. || m) is called Nt m —- normed space (Ntmns). 
Corollary 3.3: From Definition 3.2, we obtain that mj, < |[l|l , and mj, < [InIl m 
since 0 < ||neut(1)|l,, < [ll] », and 0 < ||/neut(n)|I,, < [nl »- 


Corollary 3.4: From Definition 2.4 and Definition 3.2, an Ntmns is different from an Ntns since the 


triangle inequalities are different in these definitions. 


Example 3.5: Let P(M) = {@, {I}, {n}, {l, n}} be a set and yu be binary operation such that 


N\K, if s(K)<s(N) 
K\N, if s(K)>s(N) 
M, if s(K)=s(N) A K#¥N’ 
K, if K=N 


KuNe= 


Where, it is clear that (P(M)\ @, 1) be an Nts. Also, 
neut({l}) = {I}, anti({l}) = {l}; neut({n}) = {n}, anti({n}) = {n}; neut({l, n}) = {l, n}, anti({l, n}) = {1, n}. 


Then, from Definition 2.2, (P(M)\ @, uw, U) is an Ntf. Furthermore, from Definition 2.3, (P(M)\ @, yu, VU) 


is an Ntvs. 


Now, we show that 


25) ifK + {1,n}. 


IKI] m: P(M)\@— Rt UfO}, |IKll = ae eae is an Ntmn such that 
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s(KUN)- 
oa pIFKUN = {Ln} 

f: P(M)\@ 1 P(M)\@ — R® U{0}, £(K,N) = AKON) . Where s(K) is the number of 
~35(N) ,IfKUN £ {1,n} 


elements of the set K. 


Since anti({l}) = {Il}, anti({n}) = {n}, anti({l, n}) = {l, n}; it is clear that f(K, N) = f(K, anti(N)) 
for K, N € P(M)\@. 


a) Since neut({l}) = {l}, neut({n}) = {n}, neut({l, n}) = {1 n}; it is clear that 0 < ||neut()|l,, < [III for 


K,N€P(M)\9. 


b) There are not K, N € P(M)\@ such that ||K uw neut(N)||,,= || meut(K)]|,, =|| meut(N) ||, = 0. 





s(KUN)-— 
c) We assume that KUN = {l,n}. Thus, ||K UN]] m= 28UN)-1 = : - . 28) = £(K, N). [INI m 
for K, N € P(M)\@. 
s(KUN) 
We assume that K UN + {l,n}. Thus, ||K UN] ,»= 25% Y™) = a . 2508) = £(K, N). |INI] m for K, N € 
P(M)\@. 
d) Since anti({l}) = {n}, anti({n}) = {n}, anti({l, n}) = {l, n}; we obtain that |janti()|| » = III for 


K, N € P(M)\9. 
e) For {1} € P(M)\@, we obtain that ||{]} u (31l ws ICQ} u (3 uw neut({n})|l,,. Thus, 


We Oe neutCMPllm < WBllm + [Bln + Mgyqy — Mey — Mgy~n)). 

For {n} € P(M)\@, we obtain that ||{n} w {n}Il ms IlC{n} wu {n} w neut({n})||_n. Thus, 

in} ue (n} wneut(D)Ilm S Wl + [}llm + May — Mey — Mgy(n): 

For {l,n} € P(M)\4Q, we obtain that ||{1, n} wv f1, n}I| ms IIIf, n} uw {1 n} uw neut({n})|lm. Thus, 
ln} ew On} wneut({n}) [lm < [bl + 1G lm + Manan — Manj~ny — Manny): 

For {I}, {n} € P(M)\@, we obtain that ||(} w { 031] m< ICQ} u {nj w neut({1, n})|I 4. Thus, 
We HF wneut( (hnpllm < [Bll + ll nlm + Mgy~y — Many} — Manjq))- 

For {n}, {1} € P(M)\@, we obtain that ||{n} u (Il ws Il({n} w (3 w neut({l, n})|I,,. Thus, 
linge Be neut( (Lnpilm < WM Fllm + Bll + Mp ~n3 — Many} — Ma njgy)- 

For {n}, {1,n} € P(M)\@, we obtain that ||{n} u (1, n}I m< |I({n} w (1, n} w neut({1})||,,. Thus, 
ins ve fn} neut(1)Ilm < Wl + IG lm + Meygny — Mano — Mnjq))- 

For {1, n}, {n} € P(M)\Q@, we obtain that ||{1, n} w {n}I| 4 <IIC{, n} u {n} w neut({]})|I,,. Thus, 
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fn} eu fn} eneutC@pllm < Wim + Elm + Manym — Moy9} — Manjgy)- 

For {1}, {1,n} € P(M)\@, we obtain that || {1} w {1, n}I| m< 1(3 w 1, n} w neut({n})|l,,- Thus, 
Oe nf neut({n}) [lm S WBllm + I lm + Mayan} — Many} — Manjqy)- 

For {1,n}, {1} € P(M)\@, we obtain that ||{], n} w (31 » <IICOL n} {1} w neut({n})|I,,. Thus, 
Ln} ew {nf pw neut((Np)Ilm S WOM + {Ble + Mang — Manjmy — Maym)- 


Hence, if there exists at least a P € P(M)\@ for each K, N € P(M)\@ pair of elements such that 
IK NUL m <IK uN pw neut(P)|ln; then 
[Kw N wneut(P) [lm — Mn S [IKllm + IINIlm — Mp — Mpy. 


Therefore, ||K]| ,, is an Ntmns. 


Theorem 3.6: Let ((V, Mz, Tz), |l. Il »,) be an Ntmns. Then, the function 
m: V x V> RTU{0} defined by m(I, n) = ||] “2 anti(n)|| » is an Ntmms. 
Proof: Let |, n, p € V. From Definition 3.2, 

a) Since (V, Mz, Tt) is Ntvs, we obtain that 1 un € V, for alll, neé V. 


b) Ifm(,n) = |[l wz anti(m)|] m = II] #2 anti()|| m = [|neut( [lm = [In 42 anti(m)|| m = IIneut() [lm = 0, 


then | =n. 

(c) We show that 

m‘,, =min{m(l, 1), m(n, n)} = min{||neut(1)||,,, ||meut(m)|| »} < md, n) =]/] 4 anti(n)|] m- 
We assume that ||l z, anti(n)|| ,, < ||] uw. anti(n) uw, neut(p)]||,,. From Definition 3.2, 


m(1, n) = (1 2 anti(n)|| m S lin a [anti(1) |Im a Maanti(n) — Mp — Manticn)p- Also, since ||anti(n)|| m — 


[|n|| » and Theorem 2.5; we obtain that 

m(L, n) = || #2 anti(m)|| m S [lm + [[1]lm + Min — Mp — Myp. (1) 
There are two cases: 

1) Let ||neut()|l < ||neut(™)|In. 


Then we show that ||neut()||m < mQ,n) < [[lm + [[Ilm + Min — Mp — Mpp. 
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We assume that 
i) |Ineut() [lm < |Ineut(n) ||, < [|neut(p) ||, . Thus, from (1), 
Ineut() [lm < m,n) S [lm + |[nllm + [[neutQ) ||, — [[meutd)||, — []neut()|Im- 


Hence, m¢), = min(m(l, 1), m(n, n)) = min{||neut(1)|lq, ||meut(m)|| ..} = ||[meut() ||, < m(L, n). 
ii) ||[neut(]) ||, < ||neut(p) ||, < []neut(n)||,. Thus, from (1) 
Ineut()) [lm S mQ,n) S [lm + [[Mllm + [[neut@) [lm — [[neut@)|lm — [[neut(p)|lm. Hence, 


m*}, = min(m(L, 1), m(n, n)) = min{||neut(1)[lm, [|neut(n) || m} = IIneut()||m < m(L, n). 


iii) Let ||neut(p)|l, < ||neut()|l, < ||neut(n)]||,,. Thus, from (1) 
Ineut() [lm S mQ,n) S |[lm + [MIlm + [/meut(p) [lm — [[neut(]) [lm — I[neut(p)||m- 


Therefore, m@ 


in = min(m(1, 1), m(n, n)) = min{|[neut(1)|lm, [[neut(m)|| m} = [|neut() [lm < m(L n). 
2) Let |[neut(n)||,, < |]neut(1)|I,,.- 


Then we show that ||neut(m)||m < m,n) < [[lm + [[|ln + Min — Mp — Mpp. 


We assume that 
i) |[neut(n)|lm < |Ineut()||m < [|neut(p) ||, . Thus, from (1), 


[meut(n)|lm S m,n) < [[Hlm + [[1llm + [Ineut(n)|lm — [[neut()|]m — |[meut()||m- 
Hence, m¢), = min(m(l, 1), m(n, n)) = min{||neut()||q, ||neut(n)|| .,} = ||meut(m) ||, < m(L, n). 
ii) ||[neut(n)|l,, < ||meut(p) ||, < ||meutd)]||,,. Thus, from (1) 
[meut(n) [lm S m,n) S [lm + [[1llm + [[neut(n)||m — |[neut()|lm — [[neut(p)||m- 


d 


Hence, m*), = min(m(I, n), m(n, n)) = min{|[neut(])|lm, [[neut(n)|I mi = [[neut(n) [lm < m(, n). 


iii) Let |Ineut(p)Ilm < lIneut(n)|lm < |Ineut(1) Ilm- Thus, from (1) 


[neut(n)|lm < mQ,n) < [[I[lm + []nllm + [Ineut() [lm — [[neut(p) [lm — [lneut(p)|lm- 


d 


Hence, m°),, = min(m(I, 1), m(n, n)) = min{||neut()||,,, ||neut(m) || ,,} = |][meut(n)||,, < m(, n). 


(d) For any n € V; suppose that m(l, p) = Il. anti(p) ll < Ill uw, anti(p) uzneut(n) Il . Then 


m(l, p) = lla anti(p)ll < Ill uw, anti(p) w,neut(n)!l = ||] w,anti(p) w2n wzanti(n)||. 
As V is an Nt commutative group, we obtain that 
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Il z2anti(p) 22 n zanti(n)|| = || zeanti (n)) 12 (anti(p) He nl 
< || “2 anti(n)|| +[[n wanti (p))[]+ mp — my, — Mpp 
= m(1,n) + m(n, p) + mp — My — Mpp 
Thus; if m(l, p) < m(L, p wz neut(n)); then 
(m(1, pu neut(n))) — mp) < (m(1, n) — mj, )+(m(n, p) — Mp). 
Corollary 3.7: Every Ntmns is an Ntmms. 
Definition 3.8: Let ((N, M2, T2), |l. || m) be an Ntmns. Let m: Vx V— R be an Ntmm defined by 
m(l, n) = ||l uw. anti(n)||, - 
Then, m is called the Ntmm reduced by ((V, 2, 12), [[XI| m)- 


Definition 3.9: Let ((V, U2, T2), Il. |l m) be a Ntmns. Let {l,} be a sequence in ((V, Mz, Tz), |l- || m) and let 
m be an Ntmm reduced by ((V, fz, T2,), ||. |l m). For all e > 0 and 1 € V if there exists an ng € N such that 


for all n>Ny 


m (1, {In}) —my,= Ill #2anti({l,} )Ilmn—mn,< €, then {l,} m-sequence is said to Nt converge to x. It is 


denoted by lim l,=lor 1,1. 
n-oo 


Definition 3.10: Let ((V, U2, Tz), ||. || m) be an Ntmns. Let {l,} be a sequence in ((V, 2, Tz), Il. || m) and 
let m be an Ntmm reduced by ((V, fz, T2,), ||. || m). For all e >0 and 1 € V if there exists an ng € N such 


that for all n,M> No 


m ({lmb Unt) —my.1,= Im Heanti({lp}) llm — mi1,< €, then the sequence {l,} is called an Nt m - Cauchy 


sequence. 


Definition 3.11: Let ((V, U2, Tz), ||- || m) be an Ntmns. Let {l,} be a sequence in ((V, 2, M2), Il. || m) and 
let m be an Ntmm reduced by ((V, fz, T2,), |l- || m). If each {l,} Nt m - Cauchy sequence in ((V, 2, Tz), 
ll. Il m) is Nt convergent according to Ntmm, then ((V, fz, 12), |. [lm ) is called an Nt m - Banach 


space. 


Corollary 3.12: From Definition 2.5 and Definition 3.11, an NtBs is different from a NtmBs since the 


triangle inequalities are different in these definitions. 
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Theorem 3.13: Let ((V, 2, 1), ||. ||) be an Ntns and | = neut(l), for all 1 € V. Then, |[l|] ., = [[I|| + nis an 
Ntmn. Where, n € R*. 
Proof: 
a) Since, 1=neut(I), it is clear that 0 < ||neut()|| +n < |[l|| +n. Thus, 0 < |[neut()||,, < [Il 
b) There are not I, n € V such that 

I] w2neut(n)||m=lll w2zneut(n)|| + n= || neutQ)||m =l!neut()|| + n =|] neut(n) ||m =l!neut(n)|] + n= 0. 
c) Since ((V, [, Tz), |]. ||) is an Ntns, we can define ||k1, all = f(k, 1). |[1||. Also, we assume that 
I]krt> Ila = fin (kK, 1-1] 9 and fin (k, 1) = ( f(k, 1). III] + n)\¢|[I]] +n). Thus, we obtain that 

[kre I]] + = |[ktt, II] m= £(k, a). [II] + m= fn (ke 1). TEN m- 

d) Since ((V, 2, Tz), |]. ||) is an Ntns, we obtain |lanti() |] = |[I|]. 
Thus, |lanti()|| +n = |lanti()||,, = |[I |] + n= [III] ». 


e) We assume that there exists on € V such that Ill wpl < Il uw. pu, neut(n)l. 
(2) 


Also, we obtain Ill wz pil +n< Ill uw p wz neut(n)|l +n. 


Since ((V,f2, Tz), |l-|]) is an Ntns, from (2), Il uw. pyu.neut(njiis Ill + = Ipll. 
(3) 


From (3), we obtain that Ill wz p uzneut(n) ll +n< Ill +n+ Ilpll +n. Thus, we obtain that 

I[] wep Mgneut(M)|lm S Illllm + [Pll + 2 — n. (4) 
Furthermore, mjpy = Myy = Mpp = N, Since, | = neut(1) and ||neut(1)|| = 0. Thus, from (4), 

I[] v2 p Mgneut(n) lm — Mp S [[llm + [Pllm — Mn — Mpp. 

Corollary 3.14: If | =neut(l), an Ntmns can be obtained from an Ntns. 


Theorem 3.15: Let ((V, 2, T2), |l-llm) be an Ntmns and | = neut(l) for all le V. If the following 


condition is satisfied, then ||. || ,, an Ntn. 
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i) If 1=neut(l), then ||I|| ,, = 0. 

ii) If 1 = neut(1), then f(k, 1) =0. 

Proof: 

Since ((V, 2, Tt), |I- |] ») is an Ntmns, f(k, 1) = f(k, anti(1)). Also, from condition ii, f(k, 1) = f(k, anti(l)). 
a) Since ((V, [2, M2), ll. || ») is an Ntmns, it is clear that |[]|| ,, = 0. 

b) It is clear that from condition i. 

c) Since ((V, M3, Tz), |. || »,) is an Ntmns, we obtain that ||ktr, 1|| = f(k, 1). [III n- 

d) Since ((V, M2, Tz), ||. || ~) is an Ntmns, we obtain that ||anti(1) || = III II m- 


e) From condition i, If 1 = neut(l), then |[I|| ,, = 0. Since, 1 = neut(l), we obtain that ||neut(1)|| ., = 0, for 


all 1 € V. Thus, we obtain that m, = O, for all 1 n € V. 


(5) 


Also, since ((V, 2, Tz), |. |lm) is an Ntmns, If there exists at least n € V for each |, p € V pair of 


elements such that 


I} He Pll m<l[l #2 p wz neut(n)||m; then 
II] v2 p Mgneut(n) lm — Mp S |[Illm + [Pla — Mp — Mnp- 
Thus, from (5), 


II] v2 pwgneut(n)|Im S MWllm + pl: 


Conclusion 


Metric spaces, normed spaces and Banach spaces have an important place in classical 
mathematics. Metric spaces are widely used, especially in fixed point theory. For this purpose, m - 
metric space [39] has been defined and many studies have been carried out on fixed point theories 
with this definition. Normed spaces and Banach spaces, which are special cases of normed spaces, 
have an important usage area, especially in the field of analysis. Neutrosophic theory [1] has also 


supported the scientific world with more objective solutions by obtaining new solutions and methods 
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in many fields in both application sciences and theoretical sciences. Nt structures, which are a sub- 
branch of the neutrosophic theory, also aimed to carry the new advantages of neutrosophy to the 
algebraic structure. For this reason, many studies have been carried out on Nt structures. Thus, many 
structures in classical algebra were reconsidered in neutrosophic theory and new features emerged. In 
addition, m - metric space was considered in the Nt theory in 2020 and defined Ntmms [33]. Thus, a 
Nt structure has become available in fixed point theory. In this study, we have defined Ntmns with a 
more specific structure than Ntmms. We discussed the properties of this structure and proved the 
theorems related to this structure. We also discussed the relationship between this structure and the 
Ntmms. In addition, with the help of some definitions in Ntmms, we obtained important definitions 
such as convergence and Cauchy sequence in Ntmns. Also, we have defined MtmBs. We compared 
these structures with previously obtained Nt structures. Thanks to this comparison, we have 
determined that the structures we have obtained have different and new features than others. Thus, 
we added a new structure to the Nt theory and prepared the ground for new structures that can be 
obtained. In addition, by using Ntmns and NtmBs, researchers can obtain Nt m - inner product spaces 


and Nt m - Hilbert spaces. These structures can be the start of many new buildings. 
Abbreviations 

Nt: Neutrosophic triplet 

Nts: Neutrosophic triplet set 

Ntn: Neutrosophic triplet norm 

Ntns: Neutrosophic triplet normed space 
NtBs: Neutrosophic triplet Banach space 
Ntmm: Neutrosophic triplet m - metric 
NTmms: Neutrosophic triplet m - metric space 
Ntf: Neutrosophic triplet field 

Ntvs: Neutrosophic triplet vector space 


Ntmn: Neutrosophic triplet m — norm 
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Ntmns: Neutrosophic triplet m — normed space 


NtmBs: Neutrosophic triplet m —Banach space 
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Abstract: This paper is devoted to study for the first time the neutrosophic linear Diophantine 
equations with two variables in the neutrosophic ring of integers Z(!j, and refined neutrosophic 
ring of integers Z(J,,J,). This work introduces an algorithm to solve the linear Diophantine 
equation AY +BY =C in 4(/), 2(/,,/,). 


Keywords: Neutrosophic ring, refined neutrosophic ring, neutrosophic linear Diophantine 


equation, refined neutrosophic linear Diophantine equation. 


1. Introduction 


Neutrosophy is a new kind of logic founded by F. Smarandache to deal with the indeterminacy in 
nature, mathematics and reality. It plays an interesting role in the progression of algebraic studies. 
Many neutrosophical algebraic structures were introduced and handled such as neutrosophic 
groups, neutrosophic rings, refined neutrosophic rings, and n-refined neutrosophic rings. See 
[1,2,3,4,5,6,8,10,11]. On the other hand neutrosophic sets were used to deal with health care [12], 
decision making [13], financial goals [14], computer science, and industry [15,16,17,18,20]. Recently, 
the interesting in neutrosophic number theory has increased. Relationships between neutrosophic 
rings and refined neutrosophic rings were studied in [1]. Also, some number theoretical concepts 
were presented in the neutrosophic ring of integers Z(I) such as division, primes and factors [7]. The 
theory of neutrosophic numbers is concerning with properties of neutrosophic integers, by the 


same, refined neutrosophic number theory is dealing with the properties of refined neutrosophic 
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integers. One of the most important number theoretical concepts is the concept of linear Diophantine 
equations, these equations were solved in the case of classical integers [9]. Through this paper, we 
aim to find an algorithm to solve such equations in the case of neutrosophic integers and refined 
neutrosophic integers by using classical number theoretical methods, where a relationship between 
neutrosophic equations and classical equations is described. 

This work continues the efforts of establishing neutrosophical number theory. It studies the concept 
of linear Diophantine equations with two variables with respect to neutrosophic integers and refined 
neutrosophic integers. We determine the sufficient condition for the solvability of these equations 


and introduce an algorithm which gives the solution in easy way. 
2. Preliminaries 


Theorem 2.1: [9] 


Let 4.4. + 5¥ =C€ bea linear Diophantine equation, where 4.4.€ € 4. Then it is solvable if and only 


if ged(4.B)\€. To check the solution's form of classical linear Diophantine equation based on 


Euclidean division theorem in the ring of integers Z, see [9]. 


Definition 2.2:[6] 


Let (R,+,*) be a ring, R(I)={a+blI ; a,b 7} is called the neutrosophic ring where I is a neutrosophic 


element with condition !* = J. 


If R=Z, then R(I) is called the neutrosophic ring of integers. 


Definition 2.3:[4] 
Let (R,+,*) be a ring, (R(/z./2).+.™) is called a refined neutrosophic ring generated by R, /;./:. 


If R=Z, then (R(/,./,).+.*) is called the refined neutrosophic ring of integers. 
Definition 2.4: [5] 


Let (G,*) bea group. Then the neutrosophic group is generated by Gand _ [under * denoted by 


N(G)=l< G UL >}. 
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Tis called the indeterminate (neutrosophic element) with the property [* = J. 
3. Main results 
Definition 3.1: 


Let £(/) = {a2 + 4I; a,5 € £} be the neutrosophic ring of integers. The neutrosophic linear 


Diophantine equation with two variables is defined as follows: 
AX + BY = €;A,B,C € 2(2). 


Theorem 3.2: 

Let £(/) = {a + 45I; a,5 € 4} be the neutrosophic ring of integers. The neutrosophic linear 
Diophantine equation 44 +5 =€ withtwo variables 4 =x,+%,1.¥ = y, +y,/, where 
A=a, +a,/,5 = 5, + 5,! is equivalent to the following two classical Diophantine equations: 
(1) ax, + yyy = &4. 


(2) Cay + ag )ry +42) + Gy + BIQy +2) = €y + ep. 


Proof: 

It is sufficient to show that 4% + BY = € implies (1) and (2). 

AX +BY = € is equivalent to: 

Ca, tax, +2, + , + b,.00y, +y21) = c, + el, by easy computing we find 
layx, + byy,] + lage, + age, + ap Xz + byyy + Byy, + by, |] = cy + €!, hence 


a,x, + Oy, = cy, ond ox, + a,x, +0,x,+ 4,y, + b:y, + 42;y, = c,. We can see that we get equation 
(1). For equation (2) we take 

Mp2 O,¥, + A,¥, + b,y, + 5,y, + 5,¥, = c,.by adding equation (1) to the two sides we obtain 
Q,X, + O:y, + 0px, + a,x, + 0,4, + 3,9, + O2y, + 424, = 0, + C2, which implies equation (2) 
(a, + aya, tx2) + , + BIG, +2) = ey + €3. 
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The following theorem determines the criteria for the solvability of neutrosophic linear Diophantine 
equation. 


Theorem 3.3: 
Let £(/) = {a + 45I; a,5 € £} be the neutrosophic ring of integers. The neutrosophic linear 


Diophantine equation 4. +5 =C€ withtwo variables 4 =*x,+%,;L¥ =, ty! and 








A= ay + af,B _ 5, + bof is solvable if and only if ecd(a,, b,) lc, gcd(a, + Gs, b, + bo) Cy + Es. 


Proof: 


By Theorem 2.1, we can solve the neutrosophic linear Diophantine equation by solving (1) and (2). 
Equation (1) is solvable if and only if ged‘a,;.5,) |c¢; according to Theorem 2.1. 
Equation (2) is solvable if and only if ged (a, +a,,5, + bp) |e, + cz according to Theorem 2.1. 


Thus our proof is complete. 


Example 3.4: 
(a) The neutrosophic Diophantine equation (2 + 2/)¥ + (3 +4I)¥ = 5+ 5! is solvable, that is 
because 


gcd (2,3) 





[5,and ged (4,7)]10. 
(b) The neutrosophic Diophantine equation (2 + 3/)¥ + (4+ 5I)¥ =5-+1 is not solvable, since 
ecd(2.4) = 2 does not divide 5. 


Now, we describe an algorithm to solve a neutrosophic linear Diophantine equation 44 + 5Y = €. 


Remark 3.5: 

Let £(/) = {a + 5I; a,5 € £} be the neutrosophic ring of integers. Consider a neutrosophic linear 
Diophantine equation 4. +5" =€ withtwo variables 4 =*x,+%,L¥ =, ty,/ and 

A =a, +a,!,5 = 5, + 5,!, To solve this equation follow these steps: 


(a) Check the solvability of 4% + BY = € by Theorem 3.3. 
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(b) Solve a,x, + 4:4, = ¢y. 

(c) Solve (a, + a, Mr, +42) + Gy + BG, +) = ey $e. 
(d) Compute *7.7;. 

Example 3.6: 


The neutrosophic Diophantine equation (2 + 2/)¥ + (3 + 4I)¥ =5 +51 is solvable according to 


Example 3.4 . 

2x,+ 3y¥, = isa classical linear Diophantine equation. It has a solution *, = 4.¥, =—-1. 
(24+2)@,4+2,)4+34+4)6, +) =54+5,ie 4M +7N = 10:;M =x,+x,N =¥, +). Itisa 
classical linear Diophantine equation with “!..V as variables. It has a solution “i = -1,.N = 2, 


x,=M—-x*x,=-5,y, =N—-y, = 3, thus the equation (2 + 2) + (3 +40 ¥ =5+5/ hasa solution 
A=4-3,¥Y =-1+ 3. 


Definition 3.7: 


Let £(/,.f,) = {(a. 51,.cl,): a.5,c¢ € 2} be the refined neutrosophic ring of integers. The refined 


neutrosophic linear Diophantine equation with two variables is defined as follows: 


AX + BY = €: A,B,C € Z(1,,1y). 


Theorem 3.8: 

Let £(/,./,) = {(a.4!,,cl,): a,5,c € 2} be the refined neutrosophic ring of integers, 

AX +BY = €:4.5,C € £(1,./,) bea refined neutrosophic linear Diophantine equation, where 
X= (Gy aye h)¥ = Op vila yelg)A = (ap. aly. agIy) 


B= (by. by1,.8,1,),€ = (cp. e,1,.c,1,). Then AX + BY = € is equivalent to the following three 


Diophantine equations: 


(1) Qp%_ + Sp¥y = Cp. 
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(2) Cay + ay) Gry + x2) + Gy + by + 2) = ty + er. 


(3) (a, +a, tae, tx,+x,) +) +4, + 436, ty, tay) Hep te, te. 
Proof: 
By replacing 4.5... we find 
AX = (gg, 4, !y.4glgMxg.%ylpX2lg) = 
(GpXp.Lagxy + ayXp + OyxXy + OyxX2 + ayXy]I, lagxy + aX + ay Xz]Iy), 
BY = (bp, byl. byl) Oy. ¥1la¥212 
(Bo ¥p Bp, + Byyy + yy, + By, + yy], Moy, + 823 + 523,]/2), thus the equation 
AX + BY = C€ implies 
(*) Gp¥9 + 4,¥y = Cy. (Equation (1)). 
(°*) Gp X 2 + Ay Xp + Ay X_ + By¥, + O2¥y + 4292 = C2. 
("*) GyXy + yXy + AX, + AyXy + A,X, + OV, + 4y¥y + Oy, + yyy + BH = Cy. 
By adding (*) to (**) we get (a, + a2) Or, + x2) + (hy + BIG, + yp) = cp + 2. (Equation (2)). 


By adding (2) to (***) we get 


(ay ta, ta sdleyo +a, + x2) + (by +b, + boy t+ +92) = ep + oy + C2 . (Equation (3)). 
Theorem 3.9: 

Let £(/,./,) = {(a. 41,,cl,): a,4,c € 2} be the refined neutrosophic ring of integers, 

AX +BY = €:4.5,C € £(1,.!;) be a refined neutrosophic linear Diophantine equation, where 
K = (x9-%4),-%252).¥ = Gy. Fla Fle) A = (oy. 0! -0, 15) 


a 


B= (by. byl,.b21,),€ = (cy. c,1,.c,1,). Then AX + BY = € is solvable if and only if: 


(a) ged (ag, by) |cp. 
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(b) gedlay + ay, by + by) |ey + Cp. 


(c) ged(ay +a, + az, by + by + by) |cg + cy + Cp. 
The proof is similar to that of Theorem 3.3. 
Example 3.10: 


(a) Consider the refined neutrosophic linear Diophantine equation 
(1,2/,,31,).X¥ + G,31,,81,J¥ = (2,41,,1,), we have 
ged (1,3) = 1/2, ged(1 + 3,3 + 8) =geed(4,11) = 1)(2+1= 3), 


ecd(1 +2+3,3+3 +8) = ecd(6.14) = 2 which does not divide 2+ 4+ 1 =7, thus itis not 
solvable. 


(b) Consider the refined neutrosophic linear Diophantine equation 


(1,2/,,31,).X + G,3,,81,)¥ = (2,41,, 21), we have 


gcd (1,3) = 1]2, ged(1 + 3,348) =ged(4.11) =1)(24+2=4 


ecd(1 +24+3,3+3+4+8) = ecd(6,14) = 2| (2 +4 +2 =8). Thus itis solvable. 


Remark 3.11: 
Let £(/,.f,) = f(a. 5!,,.cl,): a,5,c € 2} be the refined neutrosophic ring of integers, 


AN +BY = ¢:4,5,C € £(!,.1,) bea refined neutrosophic linear Diophantine equation, where 


—-— q 


X= Oro ty x hl¥ = Gp yi liye laid = (ap. aylya21y) 


B = (by, b,1,,b21,),€ = (9. c,1,.c12, we summarize the algorithm of solution as follows: 


(a) Check the solvability condition. 
(b) Solve @p%_ + Bp¥_p = ep. 
(c) Solve (a, - a, (x, - x) + (b, + bo )Uyp + ye) =f) tC. 


(d) Compute Xo, V2: 


-_ 
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(e) Solve (a, + Ae + a)(x» + ay + X_) + (by + 5, + bo) yp + Vi + v2) = €y + Cy + Es. 


(f) Compute *,.¥;. 


Example 3.12: 
According to Example 3.10 , we found that (1,2/,,31,).X + G,31,,81,)¥ = (2,41, 21.) is solvable. 
We consider %*,+3y,=2  . It has a solution x,=—-ly=1 We take 


(1 - 3)(x, +x J+ (3 - 8) (yp + ¥,) as 2 - 2, 1.e 4 - 11N =—4:M =X)+X>and N — Vp + Vs, it has 


lI 
= 
I 
Net 
ra 

lI 


a solution M=1,N=0, thus *,=M-—-—x«,=2.¥ —-1. The third equation is 
(1+24+3)0,¢4,¢4,4+64+34+0G,¢un+¢%)=2+44+2Z i 

65 +147 =o:5 =x, +x, +227 = +, +3. Ithasasolution 5 = —1,7 = 1, thus 
xy=53-—xX,-—X,=—-2,y¥, = [ -—¥, — ¥, = 1. The solution of 

(1,2,,31,).X¥ + G,31,,85,)¥ = (2,41,,2%,) is X = (—1,—-2,,21,), ¥ = (1.4,,.—I). 


5. Conclusion 


In this paper, we have determined the criteria for the solvability of linear Diophantine equation in 
the neutrosophic ring of integers and refined neutrosophic rings of integers by finding the 
relationship between neutrosophic equations and classical equations. Also, we have presented an 
algorithm which gives a solution of these equations, and constructed some examples to clarify the 


validity of this work. 
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Abstract. Deneutrosophication is a process to evaluate real output from neutrosophic information. The paper 
presents on a novel deneutrosophication algorithm. ‘he process is developed with similarity measure and 
probability density function (PDF). This similarity measure is newly defined to prepare a correct transformation 
from neutrosophic set (NS) to fuzzy set (FS). Then an approach to find PDF is formulated which relates with 
fuzzy set. Finally, the algorithm has been implemented in solving a critical path problem to find out the 


completion time of a certain project. 


Keywords: Deneutrosophication; Similarity measure; Probability density function 


1. Introduction 


Modern technology and science can not be evolved without dealing with uncertainty. Before 
the era of fuzzy, problems of uncertainty would solved by theory of probability only. Fuzzy set 
(FS) |1] can easily cope up with uncertainty by its membership grade (Zadah, 1965). But the 
necessity of handling incomplete information addressed to the introduction of intuitionistic 
fuzzy set (IFS) |2| (Atanasov, 1985). IFS can not link indeterminacy. Neutrosohic set |3] (NS) 
can overcome all the limitations of FS, IFS due to its easy relationship between mathematical 
and formal language (Smarandache, 1998). 


One of the most challenging issue to the neutrosohic researchers is to innovate better so- 





lution approach or method to reach to a better decision or conclusion from several pieces 
of neutrosophic informations. Similarity measure, a popular information measure method, is 
used in different researches to solve real life problems. Ye |4| in 2014 solved decision making 
(DM) problem by introducing Jaccard, Dice and cosine similarity measures for single val- 
ued neutrosohic sets (SVNSs). Further, the author (Ye, 2015) eliminated limitations of the 


cosine similarity measure in and used in a medical diagnosis problem. In (6), using the 
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similarity function entropy measure was also developed (Aydogdu, 2015). Some more simi- 
larity functions were introduced for recovery of some disadvantages of Jaccard, Dice and 
cosine similarity measures and applied to a minimum spanning tree problem (Mandal et al., 
2016). It is also effectively used in medical diagnosis by using the euclidean distance based 
similarity measure |8] (Donghai Liu et al., 2018), hybrid distance based similarity measure for 
refined neutrosophic sets (9) (Vakkas Ulucay et al., 2019). Further similarity measure is ap- 
plied in smart port development (Jihong chen et al., 2019), selection of cricket players 
(Muhammad et al., 2020), medical diagnosis as well as lecturer selection for universities 
(Saeed et al., 2020). 

In recent years different effective methods have been implemented to deal with several ex- 


isting problems. Abdel-Basset et al. developed a model on the basis of neutrosophic AHP 





which was succesfully used in Egypt steel industry. In Plithogenic aggregation operator 
was proposed to aggregate the opinions of decision makers and was used in best worst method 
in solving supply chain, ware house location and plant evaluation problem (Abdel-Basset et 
al., 2020). In order to monitoring the spread of epidemic covid 19, a novel approach using 
best worst and Topsis method is introduced (Abdel-Basset et al., 2020). Another tech- 
nique health fog method was discussed in to assist covid patient (Yasser et al., 2020). 
In Carmen et al. analyzed emotional intelligence of some randomly selected university 
students. Further, contributions in neutrosophic researches are on medical diagnosis [18}21], 
smart product service systems [23], decision making in personnel selection [24], recommend- 
ing in museum room [25], predicting tax time series [26], Sustainability of goat and sheep 
production systems [27], also in etc. 

The methods used in the above discussed liturature correspond to real data, not the actual 
real output to solve problems. But sometimes it becomes necessary to evaluate the actual real 
output of the respective event from the neutrosohic information. Suppose a decision maker 


put his decision on some activity time of a certain project by a SVNS (15, (0.3, 0.5, 0.6)). Now 





a common thought arises upon us about the expected activity completion time. Deneutro- 
sophication gives the answer, it is the process which can evaluate the crisp value from the 
neutrosophic data. Smarandache et al. first discussed a deneutrosophication method in 
2005 by using synthesization and center of gravity method. The synthesization process accord- 
ing to corresponds a NS to different F'Ss resulting different crisp values. Using removal 
area method, a deneutrosophication technique was studied on pentagonal neutrosophic 
number and utilized in MST problem (Chakraborty et al.,2019). A deneutrosophication equa- 
tion computed in gives the neat truth grade not the real output of the respective event 
(Azzah Awang et al., 2019). Deneutrosophicated value for a trapezoidal fuzzy number (TFN) 
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was found in using the score function involving center of gravity of TFN (Said Broumi et 
al., 2019). 

In this article first time similarity measure is used to have a meaningful relation between NS 
and FS. ‘To establish this, a similarity function is posed by redefining the axiomatic definition. 
It also overcome the limitation of existing ones [5}H7]. Then, an approach to relate FS with PDF 
is proposed. Finally, a deneutrosophication algorithm is established which is more generalized 
and robust in comparison with as it can provide a single crisp value, deal with both 
continuous and discrete neutrosohic data and find the real output of the respective event. 
A comparative study to show its consistency and effectiveness has been delivered. At last a 


critical path method is solved as an application of the deneutrosohication approach. 


2. Preliminaries 
2.1. Neutrosophic set 


Let U be an universe of discourse, then the neutrosophic set A is defined as A = 
{(x : T(x), [4(x), F4(x)),2 € U}, where the functions T, J, F: U — ]~0,17*[ define re- 
spectively the degree of membership (or Truth), the degree of indeterminacy and the degree 











of non-membership (or falsehood) of the element « € U to the set A with the condition 


~O0 < T(x) + T(x) + Fa(x) < cay 


2.2. Single Valued Neutrosophic Sets(SVNS) 


Let X be a space of points (objects) with generic elements in X denoted by x. A 
SVNS, A, in X is characterized by a truth-membership function Ti4(x), an indetermi- 
nacy membership function [4(a”) and a falsity-membership function F'4(x), for each point 
x € X, Ta(x), a(x), Fa(x) € [0,1]. Therefore, a SVNS A can be written as Asyns = 
{(x, T(x), La(x), Fa(x)), cE X}. 


2.3. Single valued triangular neutrosophic number 


A triangular neutrosophic number A = ((a1, b1,¢1); Wa, Ua; Ya) iS a Special neutrosophic set 
on the real number set R, whose truth-membership indeterminacy-membership and falsity- 


membership functions are defined as follows: 
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(a@—a1)wa an <an< by 





bj —ay 
We ay 
T(x) = (c1—-2)Wa b<a< 
ems » OLS LS Cl 
0 , otherwise. 
ce tele an) ,a, SS Oy 
iis by 
LA) = = — 
@rttul) 05 <2 <0.7 
1 , otherwise. 
mae vale —an) Oe Di 
- =D) 
Pa(x) = - = 
ertitiel—2) bh Se <ey 
1 , otherwise. 


2.4. Single valued trapezoidal neutrosophic number 


A single valued trapezoidal neutrosophic number (A = (ay, 61, ¢1,d1); Wa, Ua; Ya) 18 a Spe- 
cial neutrosophic set on the real number set R, whose truth-membership, indeterminacy- 


membership, and a falsity-membership are given as follows: 
(~@—a 1 )Wa 
5a SUS OY 








b1—a 
TAS Ged, <a<d 
d4—cy ie ica 
0 , otherwise. 
maetiele a Ssh 
I Ua ,oo S05 
ACE) = (@—e1)+Wa(di—2) (a <aK<d 
1—Cl1 7 S 
1 , otherwise. 
aerials ay Sa shy 
F4(z) Ya ae 
At) = = - 
(rar tyald.—2) ,cy<aK<dy 
1 , otherwise. 


2.5. similarity measure [ey 


Similarity measure s for SVNS(X) is a real function on universe X such that S.: SV NS(X) x 
SVNS(X) — [0,1] and satisfies the following properties: (i) 0 < s(A,B) < 1,VA,B € 
SVNS(X), 

(ii) s(A, B) = s(B, A), VA, BE SVNS(X), 

(iii) s(A, B) = 1, if and only if A= B,VA, BE SVNS(X). 

(iv) If AC BCC, s(A, B) > s(A,C) and s(B,C) > s(A,C) VA, BE SVNS(X). 
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3. Limitations of existing similarity functions and redefinition 


According to the definition of similarity measure function as defined in subsec [2.5] s(A, B) 
should be 1 if and only if A = B. But there is no such necessary and sufficient condition for 
which s(A, B) is zero. 

(1,0,0) and (0,0,1) represent respectively the total affirmation and the total denial of the 
belongingness of an element to a given NS. Obviously, the similarity between {(1,0,0)} and 
{(0,0,1)} is zero. The existing formulee in [BH7], violate this argument. So, a new similarity 


measure is proposed by redefining the definition. 


3.1. Proposed similarity measure 


Along with the four properties in [2.5] the similarity measure is redefined with an extra fifth 
property: 
(v) s(A, B) = 0, if A = {(1,0,0)} and B = {(0,0,1)}, 
which gives the sufficient condition for which the similarity between A and B will be zero. 
Following the proposed function which satisfies all the property of similarity measure along 


with the fifth property. 
mr 


1 
s(A,B) =1~ 5, 9 liTates) - Tal) |+ 7 


max {|14(ai) — Ip(ai)|, |Fa(ei) — Fa (a) 51 
Clearly, s(A, B) satisfies all the required properties of similarity measure function as defined 


in|3.1 


3.2. Remark 


Consider A = {(1,0,0)} and B = {(0,1,1)}. Then, using equation [1] we get s(A, B) = 0. 
Thus, the condition (stated as property (v)) for which similarity is zero is sufficient but not 


necessary. 


3.2.1. Example 1 [a 
Let A = {(41, (0.2, 0.5, 0.6)), (x2, (0.2, 0.4, 0.4))} and 
B= {(x1, (0.2, 0.4, 0.4)), (xa, (0.4, 0.2, 0.3))} be two SVNSs. 


TABLE 1. Similarity values (s(A, B)) in different methods 


Using Using 6) using equ(3) using equ(4) By proposed 
in in formula 
s(A,B) 0.977 0.867 0.815 0.975 0.85 
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3.2.2. Example 2 [7 


Consider Co = = {(a1, (0.3, 0.2, 0.3)), (2, (0.5, 0.2, 0.3)), (v3, (0.5,0.3,0.2))} and D = 
{(x1, (0.7,0,0.1)), (x2, (0.6, 0.1, 0.2)), (a3, (0.6, 0.1, 0.2)) }. 


TABLE 2. s(C,D) using different methods 


Using Using Q using equ(3) using equ(4) By proposed 
in |7 in formula 


s(C,D) 0.9629 0.844 0.79 0.964 0.8167 


From the above examples, it may be observed that the proposed formula gives consistent 
result. 
Using the similarity measure function, we can convert neutrosophic fuzzy data to fuzzy data 


and hence PDF also which is discussed in the following section. 


4. The proposed approach to formulate PDF from neutrosophic fuzzy data 


We segregate the approach in two intermediate steps: 
Step 1: 
Synthesization is the process to convert a NS (here we consider SVNS) into a FS. The process 


evaluates the overall truth over the truth, indeterminacy and falsity membership function. In 





the neutrosophic set theory, Iy = {(1,0,0)} can be considered as the reference NS, as it 
signifies the full membership of an element to a given set. Full membership in FS is indicated 
by the membership value 1. So, (1,0,0) (in NS) is equivalent to the maximum membership 1 


(in fuzzy) since both implies total belongingness to the respective set. The more the similarity 





between each (T'4(x), [4(), F'4(x)) and Iy is, the more the belongingness of the element to 








the set i.e., Jy stands for the reference NS. Thus, we get the following proposition to convert 
a NS into a FS: 

Proposition: 

Let Ay = {(a, (Ta(a), La(x), Fa(x))), 2 © X} bea NS. Its equivalent fuzzy membership set 
is defined as Ap = {(x, wa(xz)): 2 € X}, where wa(x) = 8((T4(x), La(x), F'a(x)), (1,0, 0)). So, 
using equation |1} 

pale) = 1-5 (1 -Ta(n))+ 


max {I4(x), F(x) }] 


As the range of the similarity measure function is the unit interval [0,1], wa(xz) © [0,1] 


(2) 





Va € X. Hence, the membership function of the derived fuzzy set belongs to [0,1] and thus it 


satisfies the property of membership function of a FS. 





The larger is the similarity measure value between (T'4(x), [4(x), F4(x)) and (1,0,0), the 


larger is the belonginess of x to the respective set, A, the more is the membership value. 
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Moreover, (1,0,0), the neutrosohic number which denotes the full belonginess to a set, is 
transformed into the membership value 1 which confirms to be the full belonginess to the 
set. Again (0,0,1), the neutrosohic number which denotes the zero belonginess to a set, is 
transformed into the membership value 0 which confirms to be the zero belonginess to the set. 
So, the results of the transformation are desirable and meaningful. 

Step 2: 

Formulate PDF from fuzzy membership function: 

[Case 1.] The variable is discrete in (S): 

Let S = {21,%2,...,%n,} be a universe of discourse and 
A = {x;, wa(a) : % € S} bea fuzzy set with discrete membership function. Consider X to be 
the random variable corresponding to the event space S. The density function of the random 


variable X is defined as 





P(X = 24) = fle) = A (3) 


where A = S>™. (ai). The proposed function f(x;) satisfies the required properties of a 
density function: 

(1) f(a;) > 0, as membership function 4(x;) > 0. 

(2) Doe Fes) = Ste = 

[Case 2.] The variable is continuous in (S);: 

Let 
A= {(a,wa(x)): 2 € S} be a fuzzy set. Consider X to be the random variable corresponding 


to the event space S. The density function of the random variable X is defined as 





a(x) 
— 4 
f(x) = 2A (4) 
where A = [°> wa(x)dx. Clearly f(x) also satisfies the desired properties of a density func- 
tion. 
4.1. Example 


Discrete case: Let S = {x1, x2,x73} be the universal set and the neutrosophic set is defined 
as 
Ayn = {(21, (0.7, 0.5, 0.2)), (x9, (0.7, 0.8, 0.9)), (x3, (0.3, 0.8, 0.9))} 
Using equation (2), equivalent fuzzy set Ar = {(#1, 0.6), (2, 0.4), (v3, 0.2)}. So, the corre- 
sponding density function (from equation (3)) at 2;, (¢ = 1,2,3) are as follows: 
Fes = 7 = 05,7 mo) = 033, fas) 017, 


Continuous case: When the universal set S' is a continuous, the degree of membership can be 





represented by a function which can take various shapes and forms like triangular membership 


function, trapezoidal membership function etc. 
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Consider the NS, A, defined on the interval S = [0,10] of real numbers by the truth, 


indeterminacy and falsity membership functions: T4(x2) = 7 Le) = a Pa) = eee 


Then its equivalent fuzzy membership function is 
1 1 1 


waA(xr) = ; ~ ' Also the corresponding density function 
—3/AU-i)+pe}] ses 


is fa(x) = Hale) where A = i wa(x)dx = 5.4382. 





5. Proposed deneutrosophication method 


Deneutrosophication is the process to convert neutrosophic data to crisp data corresponding 
universe of discourse. In this section, a deneutrosophication method is presented through the 
algorithm given below: 

Step 1. Convert NS to FS using proposition given in section [4] 

Step 2. Formulate PDF f(x;) or f(x) of the random variable X according to discrete case 
or continuous case respectively from the fuzzy membership function using step 2 of section [4] 

Step 3. Find the expectation of X. ie., E(X) = 7, <9 vif(xi) (discrete case) 
= |..cgUf(x)dx (for continuous case). 


Step 4. Deneutrosophicated value = E(X). 


5.1. ELxamples 
9.1.1. Example 1 
Let us consider the example (4.1). According to the proposed steps of the algorithm [5| the 


deneutrosophicated value is i xf (x)dx = 5.0816. 


9.1.2. Example 2 





FIGURE 1. Capacitated network 


We focus only on the arc 1 — 2 of the network (fig [1). Suppose flow through the arc is rep- 
resented by a trapezoidal neutrosophic number P, where P = ((0.38, 0.4, 0.5, 0.7); 0.5, 0.4, 0.3). 


To find the mean flow through the arc, deneutrosohication is useful. 
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Then using equation the equivalent fuzzy membership function defined on the interval 


10.3, 0.7] is wp(x), where 


re Ly 7 ee i" ae) 03<2<04 

J 1-5[1-05+0.4] ,0.4<a2 <0.5 

pay = 1-4 (0.70). : (2-0.5)+0.4(0.7-2) 05 <2 <0.7 
0 , otherwise. 





the corresponding PDF fp(x) = MP le) where A = ihe ip (fd = 01375. 


So, the deneutrosophicated value i.e., mean flow through the arc is i. afp(x)dx = 0.48. 


5.1.3. Some more examples and comparative study 


Following are some more examples shown in ‘Table 


TABLE 3. Comparison study on deneutrosohicated values 


Dif ferent Deneutrosophi— 

Single cated value 

valued using Using Using Using 

neutrosophic considering considering considering proposed 

numbers (a=0.4,b6=0.3, (a=0.6,b = 0.2, (a = 0.45,b = 0.4, method 
c=0.2,¢d=01)- c=0.15,0=0,05) e€=0.05,0d=—0.1) 

Triangular 

((2, 4, 5); 0.3, 0.4, 0.5) 3.5909 3.6042 3.6458 3.6667 

((1, 2, 4); 0.7, 0.8, 0.9) 2.4 2.38 2.35 2.d0 

Trapezoidal 

((0.3, 0.5, 0.8, 0.9); 0.2, 0.5, 0.8) 0.6230 0.6220 0.5887 0.6424 

((0.4, 0.6, 0.7, 0.8); 0.5, 0.4, 0.2) 0.6169 0.6521 0.6222 0.6406 

((1, 2, 5, 6); 0.8, 0.6, 0.4) 3.5 3.5 3.5 3.5 

SVNN with 

discrete member ship 

(5, (0.6, 0.4, 0.3)) , 

(5.5, (0.8, 0.3, 0.2)) , (6, (0.5, 0.3, 0.4)) 5.51 5.516 5.507 5.519 

(3, (0.7, 0.4, 0.3)) , 

(3.5, (0.6, 0.3, 0.3)) , (3.4, (0.7,0.4,0.4)) 3.292 3.291 3.29 3.3 


9.1.4. Results discussion and comparison analysis 


From the Table[3} it is shown that the transformed crisp value of each SVNN using proposed 
deneutrosophication method is almost similar to the different deneutrosophicated values using 
existing method for different choices of a, b, c, d. So, the values evaluated by the proposed 
deneutrosophication are consistent. On the other hand, according to [33], the membership 
values of the FS obtained from the NS depend on the choice of the parameters a, b, c, d which 
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leads to the fact that for a given NS, there can be different membership values of the fuzzy 
set and so the different crisp values which is not desirable. Again, in the table, it is seen that 
the proposed technique is applicable on neutrosohic number with both continuous (Triangular, 


trapezoidal) and discrete membership grade. In this sense, the proposed deneutrosophication 
is more robust than the existing [34]/36). 


6. Numerical Example 


6.1. Example 1 


FIGURE 2. Poject Network 


Fig. |2)}shows a construction project network. The duration of each activity are estimated 


by three estimators. ‘To find the critical path and expected project completion time, a decision 





organization is assigned to evaluate the degrees of each estimated activity time. ‘The estimated 
times and the corresponding degrees given by the organization in single valued neutrosophic 


forms are given in the table [4] 


TABLE 4. Estimated activity times 


Activity Time duration and corresonding degrees 

Expert I Expert II Expert III 
1—2 (8, (0.4, 0.3, 0.5)) (8.5, (0.7, 0.3, 0.4)) (9, (0.6, 0.4, 0.3)) 
1-3 (10, (0.4, 0.3, 0.2)) (9.7, (0.4, 0.2, 0.3)) (8.5, (0.2, 0.2, 0.5)) 
1—5 (13.5, (0.6, 0.3, 0.2)) (13.33, (0.6, 0.1, 0.3)) (14, (0.5, 0.3, 0.2)) 
2-4 (4, (0.3, 0.5, 0.4)) (5.5, (0.5, 0.3, 0.2)) (6, (0.5, 0.55, 0.3)) 
2—5 (5, (0.7, 0.3, 0.2)) (4.4, (0.5, 0.3, 0.3)) (4, (0.6, 0.3, 0.2)) 
3-4 (6, (0.73, 0.3, 0.3)) (5.65, (0.8, 0.3, 0.2)) (5, (0.85, 0.4, 0.3)) 
4—5 (4, (0.26, 0.37,0.29)) (4.45, (0.32,0.21,0.46)) (4.8, (0.39, 0.34, 0.27)) 
3—6 (8, (0.69, 0.49,0.20)) (8.6, (0.65, 0.40, 0.3)) (7.77, (0.75, 0.20, 0.30)) 
4—6 (7, (0.6, 0.4, 0.3)) (6.5, (0.8, 0.3, 0.2)) (5.8, (0.5, 0.3, 0.4)) 
5—6 (3.7, (0.6,0.45,0.33)) (3.44, (0.55, 0.39, 0.4)) (4, (0.7, 0.3, 0.2)) 





Let X be the random variable representing the time duration for the activity 1 — 2. Then 


X can be written as 
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X = {(10, (0.4, 0.3,0.5)) , (9.7, (0.7, 0.3, 0.4)) , (8.5, (0.6, 0.4, 0.3))}. So, to complete the ac- 
tivity 1 — 2, the expected time duration is the deneutrosophicated value = 8.544. (Using 5). 





All the expected time durations for activities are given in the table [5} 





TABLE 5. Expected activity times 


Activity deneutrosohicated values 


i= 2 8.04 
1-3 9.52 
1—5 13.6 
2—A 9.20 
2—9 4.48 
3—A 5.04 
4A—5 4.44 
3—6 8.11 
4—6 6.45 
9 —6 3.73 


Now we reach to a project network with crisp duration time for each activity and apply 
forward pass method as well as backward pass method to find the critical path. Let F; and L; 
denote the earliest occurrence time and latest allowable time corresponding to the i*” event. 

Forward pass method: 

starting time #£y; = O, fo = O+ ty = 8.54, Bg = 04+ t13 = 9.52, By = 
max {Bo + toa, £3 + t34} = 15.06. 

Similarly, Hs = 19.5, Bg = max {£3 + t3.6, ka + tae, Bs + t5,6} = 23.23. 

Backward pass method: 

Le = Ee = 23.23, Ls = Lg — th6 = 19.5, Lg = min {Le6 — tae, L5 — ta5} = 15.06, similarly, 
D3 = 9.52, Lo = 9.81, Ly = 0. 

So, the critical path is 1 -3—4—5-—6 (as Fy = Ij, E3 = D3, Ey, = [4, Es = Ls, Eg = Le) 


and corresponding project completion time 23.23. 


7. Conclusion and future scope 


We discuss a deneutrosophication method for both the continuous and discrete cases, es- 
tablishing a relation among neutrosophic fuzzy set, fuzzy set and probability density function. 
A well defined similarity measure function is formulated which meaningfully transform neu- 
trosophic data to fuzzy data. ‘he comparative study proves the consistency and effectiveness 
of the proposed algorithm. The method can be applied in any kinds of problem to deal with 
neutrosophic information. Various types of decision making methods to get the optimum so- 
lution is introduced in different researches but deneutrosophication not only measure the best 


among several informations but also can evaluate the crisp value of the universe of discourse. 
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In future our objective is to use this method on transformed neutrosophic covid 19 data of 


an area and comment on the infected and infective so that corrective measures can be taken 


to reduce the impact of the epidemic of the area. 
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Abstract. In this paper, the idea of T-MBJ neutrosophic set is introduced in which MBJ-neutrosophic set is 
used to present this new set called T-MBJ neutrosophic set. furthermore the notion of T-MBJ neutrosophic M- 
subalgebra on G-algebra is also introduced and provide the conditions for T-MBJ neutrosophic M-subalgebra. 
The word M in the term M-subalgebra, represents the initial of author’s first name Mohsin. We study the 
T-MBJ neutrosophic set through different characteristics and also prove some results for better understanding 


of newly define T-MBJ neutrosophic set. 


Keywords: G-algebra; T-MBJ neutrosophic set; T-MBJ neutrosophic M-subalgebra. 


1. Introduction 


Smarandacha extented the intuitionistic fuzzy set to neutrosophic set. Barbhuiya 
wrote in detailed about t-intuitionistic fuzzy using the concept of subalgebra and different other 
characterstics. Takallo et al. extensively explained the BMBJ-neutrosophic subalgebra. 
Senapati et al. used cubic set and applied it to subalgebras, ideals and closed ideals of 
B-algebra. Imai and Iseki defined the BC K-algebra and BC J-algebra. Bandaru et 
al. first time introdued the G-algebra. Zadeh [8}/9] introduced unique sets called fuzzy set 
and interval-valued fuzzy set. Saeid |1] studied interval-valued fuzzy subalgebra of B-algebra. 
Khalid et al. defined ‘I’-neutrosophic cubic set and explained this set with important results. 
Senapati et al. studied L-fuzzy G-subalgebra of G-algebra. Lots of work on BG-algebras 
have been done by the researchers (26). Khalid et al. investigated neutrosophic soft cubic 
subalgebra. Khalid et al. studied translation and multiplication of intuitionistic fuzzy set 
through some theorems. Khalid et al. first time done the magnification of translation of 
set MBJ-neutrosophic and proved the results to explain the magnification. Khalid et al. 
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studied MBJ-neutrosophic ‘T-ideal on B-algebra. Khalid et al. wrote the extensively 
important results for multiplicative interpretation of neutrosophic cubic set. ‘Takallo et al. 
discussed the application of MBJ-neutrosophic set. Neggers et al. (6) studied the fundamental 
theorem of B-homomorphism for B-algebra. Biswas investigated the membership function 
of interval valued fuzzy set. Ahn proved different results for fuzzy subalgebra. Jun 
et al. deeply studied neutrosophic cubic set with different characteristics. Basset et. 
al done the detailed study on hybrid neutrosophic multiple criteria group decision making 
approach for project selection. Hemavati et. al investigated the 6-subalgebra using the 
interval valed fuzzy set. Surya et. al worked on MBJ neutrsophic 6-subalgebra. Basset et. 
al worked on novel group decision making model based on neutrsophic set for the heart 
disease. 

This paper is presented to define the T-MBJ neutrosophic set and provide the condition 
for T-MBJ neutrosophic set |T-MBJ NS] to be a T-MBJ neutrosophic M-subalgebra on G- 
algebra. We also investigate some properties and proved some results for ‘IT-MBJ neutrosophic 


M-subalgebra [T-MBJ NMSU}. 


2. Preliminaries 


Here, some basic definitions are written that are helpful to present this paper. 


Definition 2.1. A nonempty set Y with a constant 0 and a binary operation x is said to be 
G-algebra if it fulfills these axioms: 

G1: t, *t, =0 

G2: t, * (t, * te) = te, for all t1,te EY. 


A G-algebra is denoted by (Y, x, 0). 


Definition 2.2. A nonempty set Y with a constant 0 and a binary operation x is said to be 
B-algebra (6) if it fulfills these axioms: 

Bl: t) *t; =0 

B2:t, * 0 = t; B2: (t; * to) * t3 = ty * (t3(0 * ta), for all t1, to,t3 € Y. 


Definition 2.3. Let S be a subset of G-algebra is called a subalgebra of Y if tj *to € S 
VY t1,to € So: 


Definition 2.4. Function f | Y — X of B-algebra is called homomorphic (6) if f(t, * to) = 
f(ti) * f(te) Vt, te © Y. If f | Y ~ X is a B—homomorphic, then f(0) = 0. 


Definition 2.5. Let C be a fuzzy set |8] in Y is defined as C = {< t1,Vc(ti) >| ti € Y}, 
where YJc(t,) is called the existence ship value of t; in C and Vc(t1) € [0, 1]. 
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For a fuzzy set’s family Ci = {< t1,Vc,(t1) >| ti € Y} in Y, where i € A and H is index 
set, Join (V) and meet (A) are defined as follow: 


Vien Ci = (Vien Vo,)(t1) = sup{vo, | 1 € A}, 
and 
Mico Ci = (Aico Vc, ) (1) = inf{vc, | 1 € H} 


respectively, Vt, € Y. 


Definition 2.6. Let two elements D,,D2 € D(0,1). If Dy; = [(t1);,(t1){] and 
Dz = [(t1)5, (t1)3], then rmax(D,, D2) = [max((ty)], (t1)5 ), max((t1)}, (t1)3)] which is de- 
noted by D, V" Dz and rmin(D,, D2) = [min((t1)7, (t1)> ), min((t1)7, (t1)F)] which is de- 
noted by D; A" Do. Thus, if D; = [((t1)1);, ((t1)2)*] € D[0,1] for ¢ = 1,2,3,..., then 
they defined rsup;(D;i) = [sup;(((t1)1); ), supi(((t1)1) 7D), te, VED: = [Vi((ta)a)z» Vi((ta)1)7T.- 
In the same way they defined rinfi(Di) = [infi(((t1)1);),infi(((t1)1)7)], te, ATDi = 
[Ai((t1)1); » Ac((t1)1);']. Now they called D} > D2 <= > (t1)y > (t1)g and (t1)7 > (t1)g. 
Similarly they defined the relations D, < D2 and D; = Daz. 


Ahn et al. defined fuzzy subalgebra, which is defined below. 


Definition 2.7. A nonempty set C = {(t1, Vc(t1)) | #1 € Y} is called a fuzzy subalgebra 
of Y if Uo(t, * te) > min{Va(t1), Vo(te)} V ti, te EY. 


Definition 2.8. For any C; = (pi, Ai) where pj = {(t1; pin(ti), pir(t1), pin (ti)) | tr € 
Y3,A; = { (t1; Age (tr), Air (ti), Ain (41)) | C1 = Y} for 7 € HA, P-union, P-inersection, R- 


union and R-intersection is defined respectively by P-unionUpC; = (U p;, V_A;), P- 
iCcH 1CH 1CH 
intersection MpC; = (pj, A.»;), R-union URC; = (U p;, A_A;), R-intersection: 
CH icH icH icH icH icH 


i 
ORC; = ‘ () pi, V Vi), where 
iCcH 1CH 1CH 

U pi = {(t1; Vien pix) (th), 
1CH 


(Uren pir) (ti), (User pin) (t1)) | t1 € 4, 
VienrXi = {(t1; (Vien) (t1), 

) 

) 


(Vien Aar)(t1), (View Ain) (t1)) | tr © Y}, 
(Nien pir) (t1), (MeHpin)(t1)) | 1 € YF}, 
(Aico Air) (t1), (Aten Ain) (t1)) | t1 © Y}- 


Nien pi = {(h1; (Nien Piz) (tr), 
Mico Xi = {(t13 (Aten XE) (t1), 


Definition 2.9. Let B = (¥g,vg) be an IFS of BG-algebra Y and ¢ € [0,1], then the IFS 
B* is said to be t-intuitionistic fuzzy subset of Y w.r.t B and is defined as B’ = {< 
t1, Upe(ti), vet(t1) >| tr © Y} =< Vet, vpe >, where UVpt(t1) = min{Vp(t1), t} and Upt(t1) = 
max{vp(ty),1—-t}Vt,eEY. 


Definition 2.10. Let B’ = (Wp:,vpgt) be a t-IFS of BG-algebra Y and ¢ € [0,1] then B° is 
said to be t-IFSU of Y if it fulfills these axioms. 
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(i) V pt (ty - t) 2 min{Y pt (t1), V pt (to) } and 
(ii)v pe (ty * t) — MAXL{V pt (t1), VY pt (to) } V t,t EY. 


Definition 2.11. A MBJ-neutrosophic set in Y is a structure of the form C = 
{(Mot1, Bot, Jot1) | t; € Y}, where Mo and Jo are fuzzy sets in Y and Mc is a truth 
membership function, Jo is a false membership function and B is an indeterminate interval 


valued membership function. 


3. T-MBJ Neutrosophic M-Subalgebras 


Definition 3.1. A nonempty set of the from C’ = (M*, B’, J*) is called a T-MBJ neutro- 
sophic set (T-MBJ NS) of Y, where C’ = {< t,,M*(t,), BY(t)), J¢*(t)) >| th e Y} =< 
M', Bt, J' > with two independent components is defined as M*(t,;) = {min(M,t)(t1)}, 
Bt = {rmin(B,t’)(t1)} and J‘(t,;) = {max(J,2 —¢—?t)(t,)} V t,t/,2 —t—t’ © [0,1], where 
M' is truth membership function, B is an indeterminate interval valued membership function 


and J* is a false membership function. 


Definition 3.2. Let C’ = (M*, B, Jt) be a T-MBJ neutrosophic set. Then C’ is T-MBJ NMSU 
under binary operation *, where 11, to,t,t’,2 —t —t’/,&,R © [0,1] if it satisfies the following 
three conditions: N1: 
min(M ((ty * &) * (to * R)),t) = M*((ty * &) * (to * R)) = min{ M*(t, *&), M*(te * R)} 
min(B((t, * &) * (to * R)), t!) = BY((t, *&) * (to * R)) > rmin{ B'(t, *®), BY(te * R)} 
min(J((t, *&) * (to * R)),2—t—t’) = J*((ty * N) * (to * R)) KX mar{I* (ty *N), I (to * RI. 


For our simplicity we replace the 2—t—?t with S. 


Example 3.3. Let Y = {0,t, * NX, t2* R} be a G-algebra with the following Cayley table. 


x 0 ty *X tox 

0 0 ty *N to*xR 
ty *N | ty *X 0 to «FR 
tox RR} tox R t1*® 0 





A T-MBJ neutrosophic set C’ = (M*, B, J') of X is defined by 


0 ty *& to* ®R 0 ty *& to* R 0 ty *& to* R 
Mtr |04 06 0.6 Bt | [0.1,0.2]  [0.3,0.5] [0.6,0.9) J¢/02 04 O08 © 


It is the routine work to check that set is T-MBJ neutrosophic M-subalgebra. 





Proposition 3.4. Let C’ = {(t,, M*(t), B’(t1), J*(t1))} be a T-MBJ NMSU of Y, then V 
tr © Y, M*(0*N) > M(t, *), BY(O*N) > BY(t, *®) and J4(0*®) X J*(t) * 8). Thus, 
M'(0x®), BY(O*N) and J'(0*X) are the upper bounds and lower bounds of M'(t,*®), BY (ty *®) 
and J'(t, *&) respectively. 
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Proof. V ty © Y, we have M*((0 * &)) = min(M((0 *X)), t) = min(M((t, * &) * (t1 *&)),t) = 
min{min(M ((t1 *&)), t), min( M(t, *),t)} = cae NEE t)=M*((ty*®)) > M*((O*)) = 
M'*((t,*)), BY(Ox®) = rmin(B(0*N), t!) = rmin(B((t,*®)*(t1)), t) = rmin{rmin(B(t * 
N), t'), rmin(B(t, *&),t/)} = rmin(B(t, *),t’) = BY(t; *X) > BY(O*®) > B(t, * XN) and 
max(J(0*«®), 3S) = max(J((ty *&) * (t1 *&)), S) = max{mar( J (ty *&), S), max(J (ty *&), S)} 
= max( J (ty *k N), t) = J* (ty k N) => J*(0 *k N) < J (ty *k N). oO 


Theorem 3.5. Let C'={((t,), M'(t,), B’(t1), J¢(t1))} be a T-MBJ NMSU of Y. If there exists 
a sequence {(t1 *X)n} of Y such that lim M'((t1 *8)n) = 0, lim Bt((t) *8)n) = [1,1] and 
lim J'((t1 *X)n) =0. Then M‘(0) = 0, Bt(0) = [1,1] and J*(0) =0. 


Proof. Using Proposition 3.4, M*(0*®) = M°(t, *&) Vt, € Y, then M"(O0*®) = M*((t, *®)n) 
for n € Z*. Consider, 0 = M*(0*) = Jim M‘((ti * X8)n) = 0. Hence, M‘(0 * 8) = 0. Using 
Proposition 3.4, B'(0*) > B*(t; *&) V ti € Y, so therefore BY(0 * 8) > BY((t1 *&)n) for 
n € Z*. Consider, [1,1] > B’(0*X) > Jim B*((t *8)n) = [1,1]. Hence, BY(0 * 8) = [1, 1]. 
Again, using Proposition 3.4, J°(0*) < J°(t1*®) Vt, € Y, so therefore J’(0*) < J°((t1*N)n) 
for n € Zt. Consider, 0 < J¢#(0*&) X dim J’ ((t1 *&8)n) = 0. Hence, J‘(0* 8) =0. 4 


Theorem 3.6. The R-intersection of any set of T-MBJ NMSU of Y 1s also a T-MBJ NMSU 
of Y. 


Proof. Let C! = {(t,, M!, Bt, Jt) | t; © Y} where i € k, be a set of T-MBJ NMSU of Y and 
t1,t2 EY andt,X RE 10, 1]. Then 


(V(M*);)((t, * &) * (to * R)) = V(min(.Mj;, t)((t1 * &) * (t2 * R))) 
= sup(min(M;, t)((t1 * &) * (te * R))) 
- sup{min{ (min(M,;, t)(t1 * &)), (min(M;, t)(t1 * R))}} 
= min{sup(min( M,, t)(t1 * &)), sup(min(M;, t)(t, * R))} 
= min{sup(M})(t, * 8), sup(M;)(t1 * R)} 
= min{v(M!)(ty * X), V(M!)(t, * R)} 

=> V(M?)((t1 * 8) * (t2 * R)) = min{V(M})(ty * &), VM) (t1 * RY} 
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and 


(A(B*);)((t1 * &) * (to * R)) = A(rmin(B;, t’)((t * X) * (to *R))) 
= rinf (rmin(B;,t’)((t1 * X) * (t2 * R))) 


LY 


rinf {rmin{ (rmin(B,, t')(t1 * &)), (rmin(B,, t')(t1 * R))}} 
= rminfrinf (rmin( Bi, t’)(t *&)), rinf (rmin(B,, t’)(t * R))} 
= rminfrinf (B‘)(t *&), rinf (Bt) (t1 * R)} 

Bi) (ty *X), O(Bi)(t * R)} 

Bi) (ty *N), (Bi) (t * R)}, 


= rmintn( 


=> (Bt) ((t) *X) * (to * R)) > rmin{r( 


and 


(V(J");)((t1 * &) * (to * R)) = V(max( Jj, S)((t1 * &) * (te * R))) 
= sup(max( Ji, S)((t1 * &) * (t2 * R))) 
< sup{max{(max(J;, S)(t1 *&)), (max(J;, S)(t1 * R))}} 
= max{ sup(max(J;, S)(t1 * &)), sup(max( Ji, S)(t1 * R))} 
= max{sup(J;)(t, * &), sup(J;)(t1 * R)} 
= max{V(Jt)(t, *&), V(Jt) (tr * RY} 

=> V(Jz) (tr * &) * (t2 * R)) X max{V(J;)(t1 *&), V(J7) (tr * Rf, 


which show that R-intersection of Cj is a T-MBJ NMSU of Y. g 


Theorem 3.7. Let Ci = {(t,,(M!),(B!),(J!)) | t: © Y} be a set of T-MBJ NMSU of Y, 
wherei € k andt € [0,1]. If inf{min{(Mf)(t1 * &), (Mj)(t1 * &)}} = min{inf (Mj) (ti * 
X), inf (ME) (t148)} and inf {mar{(J!) (t14), (J!) (t4X)}} = maxing (J) td), inf (I(t 
N)} V ti © Y, then P-intersection of Ci is also a T-MBJ NMSU of Y. 


Proof. Suppose that C! = {(t,, (M!), (B!), (J!)) | t. € Y} where i € k, is a family of sets 
of T-MBJ NMSU of Y such that inf {min{(M?)(t) *&), (Mi)(t1 * &)}} = min{inf(M}) (ti * 
8), in f (ME) (t1#8)} and in f {mac {(J!)(t1#8), (JP) (f4)}} = marlin g (dP) (tr), inf IP) (t+ 
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N)} V ti,te © Y and t € [0,1]. Then 
(A(M*);)((t1 * ®) * (to * R)) = A(min( Mj, t)((tr * &) * (to * R))) 
= inf (min(Mj,t)((t1 * &) * (to * R))) 
> inf {min{ (min(Mj, t)(tr * &)), (min( Mj, t) (tr * R))}} 
= minfinf (min( Mj, t)(t1 * X)), inf (min(Mj, t)(tr * R))} 
= min{inf (Mj) (tr *&), inf (Mj )(t1 * R)} 
= minf{A(M!) (ty * &), A(M!)(ty * )} 
=> A(M;)((t1 * 8) * (to * R)) = minf{A(M})(t * 8), ACM) (ty * RY} 
and 
(7A(B*);)((t * 8) * (to * R)) = A(rmin(B,, t')((t1 *&) * (t2 * R))) 
= rinf (rmin(B;, t’)((t1 *&) * (to * R))) 
> rinf {rmin{ (rmin(B;, t’) (t1 * &)), (rmin(B;, t') (t1 * R))}} 
= rmin{rinf (rmin(B,,t')(t, *&)), rinf (rmin(B,, t')(t1 * R))} 
= rminfrinf (B‘)(t1 * &), rinf (Bt) (t1 * R)} 
= rmin{n(B!) (ty *&), A( Bt) (t, * R)} 
= (Bt) ((t, *X) * (te * R)) = rmin{N( Bi) (t1 * &), ABS) (t, * ®)}, 
and 
(A(J*);)((t1 * &) * (to * R)) = A(max( Jj, S)( (tr * 8) * (to * R))) 
= inf (max(J;, &)((t1 * X) * (t2 * R))) 
X inf {max{(max(Jj;, &) (ty *®)), (max(J;, 8) (tr * R))}} 
= max{inf (max(J;,&)(t, *&)), inf (max(J;, S(t * R))} 
= max{inf (J;)(t, * &), inf (J;)(t * R)} 
= max{A(J;)(t1 *&), (Jj) (ta * R)} 
=> \(Jj)((t *®) * (te * R)) X max{A(J;) (ti *&), (G7) (th * RYH, 


which show that P-intersection of C} is a T-MBJ NMSU of Y. g 


Theorem 3.8. Let C'; = {(t,, (M!), (B*), (J!)) | t1 © Y} where i € k, be a family of sets of T- 
MBJ NMSU of Y. If sup{min{(M})(t1*&), (M?)(t*)}} = min{sup(M7) (tye), inf (Mf) (ti 
R)} and rsup{rmin{(B!) (ty * &), (B!)(t1 * R)}} = rmin{rsup(B!) (ty *&), rsup(Bl)(t, * R)} 
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and sup{max{(J})(t1 *&), (J7)(t * R$} = mar{sup(Ji)(t * &), sup(J7) (tr * R)} Ver, te © Y, 
then P-union of Ci is also a T-MBJ NMSU of Y. 


Proof. Let Ci = {(t,, (B‘), (J!)) | t) € Y} where i € k, be a family of sets of T-MBJ NMSU of 
Y such that sup{min{(M!)(ty *®), (M!(t * R)}} = min{ sup(M!)(t * ®), sup(ME)(t * R)} 
and rsup{rmin{(B‘)(t, * &), (BY) (t. * R)}} = rmin{rsup(B!)(t, * X), rsup(B!)(t1 * R)} and 
sup{max{ (Ji) (t *&), (J?) (t1 * Rb} = max{sup(J/)(t1*&), sup(J7)(t * R)} V ty, te € Y. Then 
for t1,t2 € Y, and t € [0,1]. 


(V(M*);)((t) * &) * (to * R)) = V(min( Mj, t)((t1 * &) * (te * R))) 


= sup(min(M;, t)((t1 * &) * (to * R))) 


LY 


sup{min{ (min(M,j, t)(ty * &)), (min( Mj, t)(t1 * R))}} 
= min{ sup(min( Mj, t)(t1 * X)), sup(min(Mj, t)(t1 * R))} 
= min{sup(M;)(t1 * &), sup(M;)(t * R)} 
= min{V(M;)(t1 *&), VM; )(t1 * R)} 

=> V(Mj)((t1 * 8) * (to * R)) & min{V(MF)(t1 * 8), V(MF) (41 * RY} 
and 
(U(B*);)((t1 * 8) * (to * R)) = U(rmin(B,, t')((t1 * &) * (t2 * R))) 
= rsup(rmin(B;, t')((t1 *&) * (to * R))) 


LY 


rsup{rmin{ (rmin(B,,t')(t1 * &)), (rmin(B;, t’) (t1 * R))}} 
= rmin{rsup(rmin(B,, t')(t, * &)), rsup(rmin(B,, t')(t1 * R))} 
= rmin{rsup(B‘) (ty * &), rsup(B!) (ty * R)} 
= rmin{U(B?)(t, * &), U( BE) (t, * R)} 
=> U(B)((t, * &) * (te * R)) > rmin{U(Bi)(t, * &), U( BE) (t1 * R)} 
and 
(V(J");)((t1 * &) * (to * R)) = V(max( Jj, S)((tr * 8) * (to * R))) 
= sup(maa(J;, &)((t1 * X) * (to * R))) 
< sup{max{(max(Jj;, S)(ty *&)), (max(J;, )(t1 * R))}} 
= max{sup(max(J;,&)(t, *&)), sup(max(J;, S)(ty * R))} 
= max{sup(J;)(t, * &), sup(J;)(t1 * R)} 
= max{V(J})(t, *&), V(Jt)(t1 * RY} 
=> V(Jj)((t1 * &) * (t2 * R)) X max{V(F;)(t1 *®), VTi) (4 * WF, 
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which show that P-union of C} is a T-MBJ NMSU of Y. g 


Theorem 3.9. Let C! = { (ti, (Bt), (J!)) | t) © Y} where i ck, be a family of sets of T-MBJ 
NMSU of Y. If inf {min{(M})(t1 * &), (M?)(t * R)}} = min{inf (M7) (t * &), inf (MF) (t * 
R)} and inf{max{(J})(t1 *&), (J) (t * Dh} = marlinf (J) (tr * ®), inf (JP) (tr * R)} and 
rsup{rmin{(B!)(t, * 8), (BY) (t. * R)}} = rmin{rsup(B!) (ty * 8), rsup(B!)(t, * R)} V t1 € Y, 
and t € [0,1] then R-union of C} is also a T-MBJ NMSU of Y. 


Proof. Let C’ = {(t,, (M?), (BY), (J')) | t1 € Y} where i € k, and t € [0,1] be a family of sets 
of T-MBJ NMSU of Y such that inf {min{(M})(t1 * &), (47) (t * RF} = minfinf (M7) (ti * 
N), inf (ME) (t14R)} and inf {mac{ (J!) (tr), (J!) (te R)}} = mac {inf (J) (tre), in f(T) (ts 
R)} and rsup{rmin{(Bt)(t, *&), (B!)(t, * R)}} = rmin{rsup(B!) (ty * &),rsup(B!) (ty * R)} V 
ty € Y, and t € [0,1]. Then for t1,t2 € Y and t € (0, 1]. 


(A(M?))((t1 * 8) * (to * R)) = (A(min(Mj;, t)((tr * 8) * (to * R))) 
= inf {(min(M,j, t)((t, * &) * (to * R)))} 
= inf{min{min( Mj, t)(t1 * &), min Mj, t)(t1 * R)}F 
= min{inf ((M!)(t1 *&)), inf (MP) (ti * R))} 


} 
=> A(Mj)((t1 *&) * (to * R)) & min{A(M})(t1 * 8), ACM) (ty * RY}, 


) 

( 
= minting (min(M;, t)(t, *&)), inf(min( Mj, t)(t1 * R))} 

) 

= min{A(M};) (ty * &), A(M;)(t1 * 8) 

) 


and 


(U(Bt;))((ty * &) « (to * R)) = (U(rmin(B;, t’)) ((tr * ) * (to * R)) 
= rsup{rmin(B;, t’)((t1 *&) * (to *R))} 


LY 


rsup{rmin{rmin(B;, t’)(ti *X), rmin( Bi, t')(t * R)}} 

= rmin{rsup(rmin(B,, t')(t, * &)), rsup(rmin(B,, t')(t1 * R))} 
= rmin{rsup((Bj)(t1 * &)), rsup((Bj)(t1 * R))} 

= rmin{U(B!) (ty * X), U(Bt)(t1 * R)} 

(t1 * N), U( Bi) (tr * RY}, 
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and 


(A(J?))((t1 * &) * (to * R)) = (A(max(J;, S))((t1 * 8) * (te * R)) 
= inf {max(J;, S)((t1 * &) * (to * R))} 


| . 


inf{max{mazx(J;, S)(t, * &), max(J;, S)(t1 * R)}F 


maa{inf (max(J;, 3) (t *&)), inf (max(J;,3)(t1 * R))} 
= maa{inf ((J;)(ti *&)), inf (Fj) (4 * ®))} 
= max{A( Jf) (ti *®), (FP) (tr * R)} 

(J; )(t * RF, 


which show that R-union of C} is a T-MBJ NMSU of Y. 5 


ek 
=> A(J;)((t1 *&) * (to * R)) X mar{A( Jj) (t * 8), A(FF 


Proposition 3.10. If a T-MBJ neutrosophic set C’ = (Mt, Bt, J°) of Y is a TMBJ- 
netrosophic M-subalgebra, then V ty © Y, M*(0*t,) > M*(t, *&) and Bt(0 *t;) > Bt(t, *&) 
and J'(0*t,) X J°(t, *X). 


Proof. V ty € Y, M*(0 * t1)=min(M(0 * t1),t) = min{min(M(0),t), min(M(t, * &),t)} 
= min{min( M(t, * t1),t),min( M(t, * &),t)$ = min{min{min( M(t, * &),t),min( M(t, * 
N), t)}, min(M (ty *&), t)} = min(M(t, *&),t) = M(t; *€) and BY (0 *t;)=rmin(B(0 ty), t’) 
rmin{rmin(B(0),t!), rmin(B(t, *&),t’)} = rmin{rmin(B(t, * t1), t!), rmin(B(ty * 8), t/)} 
rmin{rmin{rmin(B(t, * &),t'), rmin(B(t, * &), t!/)}, rmin(B(t, * &),tU/)} = rmin(B(t, * 
N),t’) = Be(t, *N) and J*(0 «t1)=maz(J(0 * t1), 3) ~ mar{max(J(0), 3), max(J (ty *&), 3)} 
= max{max(J(t, * t1), 3), max(J(t, * &),S)} ~ mar{mar{max(J(t, * &),S), max(J (ty * 
NS) naa J ee), SS) Star 8), S) HT Ge) a 


a 
as 


Lemma 3.11. Jf a T-MBJ neutrosophic set C’ = (M'*, Bt, J°) of Y is a T-MBJ neutrosophic 
M-subalgebra, then C*((t, * &) * (to * R)) = C’((ty *N) * (0 * (0 * (to * R)))) V ty, te EY. 


Proof. Let Y be a G-algebra and t1,t2 € Y. Then we know by lemma that tg * kt = 0 (0 x (ta * 
R)). Hence, M*((t *X) * (to *R)) = M"((t, *®) * (Ox (Ox (to * R)))) and BY((t, *N) * (to *R)) = 
Bt((ty * &) * (0 * (0 * (tg ¥ R))) and J*((ty *N) * (to * R)) = J*((t1 * N) * (0 * (0 * (to * R))). 
Therefore, C'((t, * &) * (to * R)) = C"((t1 *N) * (0 *« (0 * (t2* R)))) q 


Proposition 3.12. If T-MBJ neutrosophic set C’ = (Mt, Bt, J*) of Y is a T-MBJ NMSU, 
then t1,t2 © Y, M'*((t1*X)*(O*(to*R))) = min{ M'(t)*X), M'(t,*R)} and BY ((t1*X) «(O*(tox 
R))) > rmin{ BY(t, *®), BY(t *R)} and J*((ty *®) * (Ox (to*R))) X max{ J" (ty *X), Jé(t, *R)}. 
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Proof. Let ty, t2 € Y. Then we have M‘*((t,*N)*(0«(to*R))) = min(M ((tr*®)*(O«(te*!))), t) 
min{min( M(t, *&), t), min(M (0x (to* R)), £)} = min{min(M (ty *&), t), min(M (to *R), t)} 
min{ M'(t,*®), M*(to*®)} and BY((t, *X)*(0*(to*R))) = rmin(B((t1*X) *(0*(t2*R))), t/) 
rmin{rmin(B(t, * &),t'), rmin(B(0 « (to * R)),t)} > rminf{rmin(B(ty *&), t), rmin(B(te * 
R), t’)} = rmin{ Bt(t, *X), BY(to*R)} and J*((t, *N) * (O* (to*R))) = max(J((t *X) * (O* (to 
R))), S) X maxr{max( J (t1*), S), max(J (Ox (tox R)), S)} ~ maxr{max(J(t1*X), t), max( J (tox 
RK), S)} = mar{ J*(ty *&), J*(t2 * R)} by Definition and Proposition. 5 


Il IY 


LY 


Proposition 3.13. If T-MBJ neutrosophic set C’ = (Mt, Bt, J*) of Y fulfills the following 
statements, then C* refers to a T-MBJ NMSU of Y. 
(1) M*(Ox«t,) > M*(t, *N) and B'(O*t,) > BY(ty *) and J*(O*t,) ~ J*(t) *®) Vt € Y. 
(2) M*(t, * (0 * t2)) > min{M*(t, *&), M*(t) * R)} and B'(t, * (0 * t2)) > rmin{B"(t, + 
N), BY(t, * R)} and J'(t, * (0 * t2)) X mar{J* (ty *®), J'(t, * R)} V tite © Y and 
t € [0,1]. 


Proof. Let T-MBJ neutrosophic set C' = (M*, Bt, J‘) of Y fulfills the above statements (1 and 
2). Then by Lemma 3.11, we have M‘((t, * &) * (to * R)) = {min(M((ty * &) * (to * R)), t)} 
= {min(M (t1*(0*«(Ox*t2))), t)} = min{min(M (t1*), t), min(M (Oxt2), t)} = min{min(M (t1* 
N), t), min(M (Oxt2), t)}=min{ M*(t; *®), M*(t,*®)} and BY((t,*X) *(to*R)) = {rmin(B((t,* 
N) «(to !)), t’)} = {rmin(B(t,*(0«(O*t2))), /)} > rmin{rmin(B(t,*), t), rmin(B(Oxt2), t’)} 
> rmin{rmin(B(ty *&),t), rmin(B(0 * ta), t') }=rmin{ B'(t, *&), BY(t, * R)} and J*((t, *X) * 
(to * R)) = {max( J ((t1 *N) * (t2 *R)), S)} = {max(J(t, * (O* (0 * t2))), S)} X max{max(J (ty * 
N),t), max(J(0* te), S)} < maxr{maz(J (ty *&), S), max(J(0 * tz), S)}=mar{ J" (ty *&), I(t * 
R)\ V t1, te € Y. Hence, C’ is T-MBJ NMSU of Y. g 


Theorem 3.14. The T-MBJ neutrosophic set C’ = (Mt, Bt, J°) of Y is a T-MBJ NMSU of 
Y = M' and Bt-, Bit and J* are fuzzy subalgebra of Y. 


Proof. Suppose Mt, Bt-, B+ and J* are fuzzy subalgebra of Y and t,t € Y and t,t’, € 
(0,1). Then M*((t, * &) * (to * R)) = {min(M((ty * &) * (to * RK)),t)} = min{min(M (ty * 
N),t), min(M (ty * R),t)} = min{M*(t, * &), M(t, * R)} and B-((t, * X) * (to * R)) = 
{rmin(B—((t, * &) * (to * R)),t)} = rmin{rmin(B(t, * ®),t!),rmin(B(t, * ®),t)} 

rmin{ BY (t) *&), BY (t) *R)} and B+ ((t, *) * (to *R)) = {rmin(B((t, *X) *(to*R)), t)} & 
rmin{rmin(B+(t, * &),t’), rmin(B+(t, * ®),t)} = rmin{B*(t, * &), BY (t, * R)} and 
J*((t1 *&) * (to * R)) = {max(J((ty *&) * (to * R)), S)} X mar{max(J (ty * &), S), max(J (ty * 
RK), S)} = max{I'(ty *), J*(ty * R)}. Now, BY((ty * &) * (to * R)) = [BI“((ty * &) * (to * 
R)), BY ((ty *N) «(to *R))] = [rmin(B—((t, *N) *(to*R)), U'), rmin(B+((t, *X) *(to*R)), |X 
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Irmin{rmin(B—(t, * &),t’), rmin(B—(t, * R), t/)}, rmin{rmin(B+(t, *), t’), rmin(B+(ty * 
R), t’)}] = [rmin{ BY (t, *X), BY (ty * R)}, rmin{ BM (t, *), BY*(t, *R)}] = rmin{ [BX (t * 
N), B+ (t, * R)],[BY (4, * 8), BY (t * K)]} = rmin{ Be (t, *®), BY(t, * R)}. Therefore, C’ is 
T-MBJ NMSU of Y. 

Conversely, assume that C’ is a T-MBJ NMSU of Y. For any t1,t2 © Y, M‘((t, *&) x (to * 
R)) = {min(M ((t,*®) *(to*R)), t)} = min{min(M (ty *), t), min(M(t,**), t)}=min{M* (ty x 
N), Mt(t; * R)} and [B’((t, * &) * (to * R)), BY (ty * N) * (to * R))] = Be((ty * &) * (to * 
R)) = {rmin(B((t, *®) * (to * K)),t)} = rmin{rmin(B(t, * &),t), rmin(B(ty * R),t/)} = 
rmin{ [rmin(B—(t, *&), t’), rmin(B+(t, *&), t’), rmin(B—(t; * 8), t!), rmin(B+(t, *R), t)]}= 
Irmin{rmin(B—(t, * ),t'), rmin(B—(t * R),t/)}, rmin{rmin(B+(t, *&), t’), rmin(B+(ty * 
R), ') }=[rmin{ BY (t, *&), BY (t) *R)}, rmin{ B"* (t, *&), BY (t *R)}]. Thus, BY ((t, *X) * 
(t2*R)) > min{ BY (ty *), BY (t1 *R)}, BY+((t, *N) *(to*R)) > min{ B+ (t, *®), B+ (t,*R)} 
and J'((t,*)*(to*R)) = {max(J((t, *&) *(t2*R)), S)} X mar{max( J (ty *&), S), max( J (ty x 
KR), S)}=max{ J'(t, * NX), J*(t, * R)}. Hence M* and B+, BY and J* are fuzzy subalgebra of 
Y.q 


Theorem 3.15. Let C’ = (Mt, Bt, J’) be a T-MBJ NMSU of Y. Then the sets Inge, Ij, and 
Ize which are defined as Iye = {t1 € Y | M'(t, *8) = M"(0)}, Ip: = {tr € Y | Bt(ty kN) = 
Bt(0)} and Lye ={ty € Y | J*(t, *®) = J*(0)} are T-MBJ neutrosophic M-subalgebra of Y. 


Proof. Let t,,tg € Iygt. Then M"(ty *®) = M*(0) = M°(t, *R®) and so, M"((ty *&) *(to*R)) = 
{min(M ((t,*X)*(to*R)), t)} = min{(min(M (t1*), t)), (min(M (t1*«R), t))} =M"(0). By using 
Proposition 3.4, as we know that M*((t, *&) * (t2*R)) = M“(0) or equivalently (t1 *&) * (to * ®) 
ee 

Now we let t1,t2 € If. Then B*(t, *®) = BY(O) = Bt(ty * R) and so, Be((ty * &) * (te * 
R))={rmin(B((t, * X) * (to * R)),t)} = rmin{(rmin(B(t, * &),t’)), (rmin(B(t, * R),t'))} 
=rmin{ B'(t, * &), BY(t, * ®)} = Bt(O). By using Proposition 3.4, as we know that 
BY ((ty * X) * (to * R)) = B*(0) or equivalently (t; * X) * (to * RK) € 1 Be. 

Again we let t1,t2 € Ij. Then J’(t; * 8) = J‘(0) = J*(t, * R) and so, J*((ty * &) * (to * R)) = 
{max(J((t1 *&) * (to * R)),t)} = max{(max(J(ty *&),t)), (max(J (ty * RK), t))} =J*(0). Again 
by using Proposition 3.4, as we know that J‘((t, * &) * (tg * R)) = J°(0) or equivalently 





ty *&) * (to * RR) € Ijt. Hence the sets Iyyt In, and Ij+ are subalgebra of Y. 
B L 


Definition 3.16. Let C’ = {M*, Bt, J‘} be a T-MBJ neutrosophic set of Y. For [s1, 89] 
€ D0, 1] and t;,t2 € [0,1], the set U(M* | t)={t, © Y | M*(t, * 8) = ¢ is called upper ty-level 
of C’ and the set U(B" | [s1, s2]) ={s1, 82 € Y | B*(t, *&) > [s1, 89] is called upper [s1, s9]-level 
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of C’ and L(J* | t) ={t, © Y | J¢(t1 * 8) =X t is called lower (t; * 8)-level of C*. 


Theorem 3.17. If C’ = (Mt, Bt, J*) is T-MBJ NMSU of Y, then the upper t-level, upper 


[s1, 82]-level and lower t-level of C‘ are subalgebra of Y. 


Proof. Let t1,tg € U(M* | t). Then M*(t; *&) > t and M'(to *®) > ft. It follows that 
M'((t, *&) * (to * R)) = {min(M ((t1 *N) * (t2* R)), t)} = min{min(M (t, *&), M(te*R), t)} = 
min{min(M (t,*), t), min(M(to*®), t)} = minf M*(ty*®), M*(to*R)} = t > (t, *R) * (to *R) 
€ U(M' | £). Hence U(M* | f) is a subalgebra of Y. Let t1,t2 € U(B* | [s1,s2]). Then 
Bt (t,*N) > [s1, 52] and B’(t2*R) > [s1, 82]. It follows that BY((t)*®)*(to*R)) = {rmin(B((t1* 
N) «(to*R)), t)} > rminf{rmin(B(t*®), B(tox®R), ’)} = rmin{rmin(B(t,*), t!), rmin(B(te* 
R), t’)} = rmin{ Bt(t, *&), BY(te * R)} > [81, 82] > (t1 *N) * (to * R) € U(B" | [s1, 2]). Hence, 
U (Bt | [s1, s2] isa subalgebra of Y. Let t),t2 € L(J* | t;). Then J¢(t,*X) < fand J*(to*®) = f. 
It follows that J*((t, * &) * (to * R)) = {max(J((t, * &) * (to * R)),S)} ~ mar{max(J (ty * 
N), J(to * RK), S)} = max{max(J (ty *®), t), max(J(to*R), t)} = max{ J*(t, *®), I'(to*R)} <t 
=> (t1 *N) * (t2*R) € L(J* | t). Hence L(J* | ¢) is a subalgebra of Y. p 


Theorem 3.18. Any subalgebra of Y can be considered as upper t-level, upper 1S1, S2]-level 
and lower t-level of some T-MBJ NMSU of Y. 


Proof. Let D’ be a T-MBJ NMSU of Y, and C° be a T-MBJ neutrosophic set on Y defined by 


vt — 1u] ift, € D? Bt Z (ae [2 ift, € Dy? yt a IV] ift; € D' 


1, otherwise. 10, 0] otherwise. 0, otherwise. 

V [u1, H2] € D[O, 1) and v € [0,1]. Now we discuss the following cases. 

Case 1. If V ty,t2 € D’ then M'(t, * &) = v, Bt(ty *N) = [uy pel, J*(t1 * 8) = v and 
M'*(to*R) = v,Bt(toxR) = [1, pa], J¢(toxR) = v. Thus M*((t*X)*(to*R)) = v = min{v, v} = 
min{M*(ty * 8), M* (tg * R)} and BY(t, *X) * (to * R)) = [wr we] = rmin{[u, we], (11, H2]} 
= rmin{ BY(t, * &), BY(to * R)} and J*((t; * &) * (to * R)) = v = mar{v,v} = max{ J*(t, * 
N), J’ (to * R)}. 

Case 2. If ty © FR and to ¢ KR’, then M'(ty *N) = v, Bt(ty EN) = [ia fio|, PU EN) Sv 
and M'(t2 * R) = 0, BY(t2 * R) = [0,0], J#(to * RK) = 1. Thus M*((t, * ) * (to * R)) > O= 
min{u,0} = min{ M*(t, *X), M*(to *R)}, BY((t) *N) * (to * R)) = [0,0] = rmin{ [1,2], [0, 0)} 
= rmin{ B*(t, * &), BY(to * R)} and J*((t; * 8) * (to * R)) X 1 = mar{v,1} = macx{J'(t, * 
N), J’ (to * R)}. 

Case 3. If t; € ® and ty € RY, then M*(t, «&) = 0,B¢(t; * 8) = [0,0], J#*(t; * 8) = 1 and 
M'(t2 * R) = v, BY(te * KR) = [p1, po], J’(te * R) = v. Thus M*((t, *X) * (t2 * R)) > 0 = 
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min{0,v} = min{ M*(t, *X), M'(te *R)}, BY((t) *N) * (to *R)) = [0,0] = rmin{ (0, 0], [i1, 2] } 
= rmin{ Bt (t, * &), BY(to * R)} and J*((t, *&) * (to * R)) ~ 1 = mae{l1,v} = macr{J*(t, * 
N), J’ (to * R)}. 

Case 4. If ty) ¢ R* and to ¢ RK’, then M*(t; *X) = 0, BY(t; « 8) = [0,0], J¢(t) * NX) = 1 and 
M'*(t2*R) = 0, BY(to*®) = [0,0], J*(to*R) = 1. Thus M*((t)*N) *(t2*R)) & 1 = min{0,0} = 
min{ M# (ty *®), M*(to*®)}, BY((t *X) * (to*®)) > [0,0] = rmin{[0, 0], [0, 0]} = rmin{ Bt (ty x 
N), BY(t. * R)} and J*((t; * N) * (to * R)) X 1 = mar{1,1} = mar{J* (ty * &), J*(to * R)}. 
Therefore, C’ is a T-MBJ NMSU of Y. p 


Theorem 3.19. Let C’ be a subset of Y and C’ be a T-MBJ neutrosophic set on Y which is 
given in the proof of above Theorem. If C* is considered as lower level subalgebra and upper 
level subalgebra of some T-MBJ NMSU of Y, then C’ is a T-MBJ neutrosophic cubic one of 
Y. 


Proof. Let C’ be a T-MBJ NMSU of Y, and t),t2 € C’. Then M'(t; * 8) = M*(to * R) = 4, 
BY(t; * 8) = Bt(tg * R) = [ay,ag] and J'(t; *&) = J'(tg * R) = B. Thus M*((t, * X) * 
(to * R)) = {min( M((t, * &) * (to * R)),t)} = min{min( M(t, * &),t), min(M (te * R),t)} = 
min{ M*(t, *), M'(to*®), } = minfy,y} = 7, => (t1*N) *(to¥R) © C, BY((t, *N) *(to#R)) = 
{rmin(B((ty * &) * (to * R)), t!)} = rmin{rmin(B(t *®), B(to * RK), t!)} = rmin{rmin(B(ty * 
N), t’), rmin(B(t2 *R),t')} = rmin{ BY(t, *®), BY(to * R)} = rmin{lar, ag], lar, a2]} = far, ag] 
and J°((t1*N)*(to*R)) = {max(M ((ty*®)*(to*®)), S)} X mar{max(M(ty*), S), max(M (tox 
KR), S)} = mar{M'*(t, *&), M*(to * KR), } = mar{B, B} = B, => (tr *&) * (to * R) © C*. Hence, 


proof is completed. 5 


4. Conclusions 


In this paper, ‘T-MBJ neutrosophic set is defined and notion of T-MBJ neutrosophic M- 
subalgebra is also introduced by set of conditions on G-algebra. T-MBJ neutrosophic M- 
subalgebra of G-algebra has investigated by p-union, P-intersection, R-union, R-intersection 
and some results. For future work this study will be use to discuss the normal ideals, multi- 


plication, translation and magnification of T-MBJ neutrosophic set. 
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Abstract. In this paper, the notions of N5* gq-continuous and N5«gq-irresolute functions in neutrosophic topo- 





logical spaces are given. Furthermore, we analyze their characterizations and investigate their properties. 
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homeomorphism. 


1. Introduction 


The notion of fuzzy set (FS) and its logic are investigated and discussed by Zadeh [12]. 
Next, Chang [3] studied the conception of fuzzy topological space (F'7'S). After that, Atanas- 
sav [8] investigated the intuitionistic fuzzy set (JF'S) in 1986. Neutrosophy has extend the 
erounds for a total family of new mathematical estimations. It is one of the non-classical 
sets, like fuzzy, nano, soft, permutation sets and so on, see (|17]-[39]). The neutrosophic set 
(N'S') was presented by Smarandache|6]and expounded, (NS) is a popularization of (I F'S) 
in intuitionistic fuzzy topological space (IF'T'S) by coker [4]. In 2012 [1], the conception 
of neutrosophic topological space (NT7'S) is presented. Further the fundamental sets like 





semi/pre/a-open sets are presented in neutrosophic topological spaces (NT'S's), see ([13]-[16]). 
The neutrosophic closed sets (NC'Ss) and neutrosophic continuous functions (NC'F's) were 
presented by Salama et al.{2] in 2014. Arokiarani et al.|7] presented the neutrosophic a-closed 
set (NaCS) in (NT'Ss). The concepts of d-closure are auxiliary tools in standard topology in 
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the study of H-closed spaces. Damodharan et al.|9,10| presente the idea of Ns -closure and N5 





-Interior in (N7'Ss). Further, Ns -continuous and Neutrosophic almost continuous in (NT'Ss) 
were presented and established some of their related attributes. Recently Damodharan and 
Vigneshwaran [11] presented the conception of N5«gq-closed sets in (NT'S's)and studied some 


of its characteristics. In 2020, some applications of (N.S) are applied by Abdel-Basset and 





others, see ((40]) In this work, we presented the N5+,jq-continuous functions and N5*gq- 


irresolute functions in (VT7'S's). Furthermore, the conceptions of Ns*gq — homeomorphism and 





N6*gac-homeomorphism are presented and investigate their characteristics. 


2. Preliminaries 


In this section, we mention some pertinent basic preliminaries about neutrosophic sets 


(NSs)and its operations. 


2.1. Definition [1] 


Assume $ is a non-empty fixed set. A neutrosophic set (NS) P is an object having the 
form: 
P = {(8, Um (P (s)), 0; (P (S)) ,Unm (P (s))) Vs € S}, where 4 (P (s)) represents the degree of 


membership, o; (P (s)) represents the degree of indeterminacy and Vpm (P(s)) represents the 








degree of nonmembership Ys € S' to P. 


2.2. Remark [1] 


A (NS) P = {(8, Um (P (s)) , 0:4 (P (s)) , mm (P (s))) Vs € S} can be identified to an ordered 
triple (tm (P (s)),0; (P (s)),Unm (P (s))) in }~0,17[ on S. 


2.3. Definition [1] 


In (NTS) We have: 


On may is defined as Vs € S 1y may be defined as Vs € S 


On = (s,0,0, 1) ly = (s,1,0,0) 
On = (s,0,1,1) ly = (s,1,0,1) 
On = (s,0,1,0) 1pG,1,1,0) 
On = (s,0,0,0) ig= (Gi 
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2.4. Definition [1] 


Assume P is (NS) of the form: 
P = {(s, lm (P (s)),0; (P (s)) , Umm (P (s))) Vs € S$, Then the complement of P [P°] may be 
defined as 
P® = 1(8,Unm (P (8), 0% (P (8)) 5 Mm (P (8))) Vs € Sf 


2.5. Definition [1] 


Assume P and Q are two (NSs)of the form, 
P= {(s, Um (P(s)), 0; (P (s)), Umm (P (s))) Vs € S} and 
Q = 18; Mm (Q (s)) 74 (Q (8) s Yum (Q (s))) Vs € Sf. Then, 
(1) Subsets P C Q may be defined as follows 
PCOQS bm (P(s)) S Um (Q (s)) 0% (P (8)) 2 0% (Q (8)) Unm (P (8) 2 Yam (Q (8) 
(2) Subsets P=Q = PCQandQCP 
(3) Union of subsets P UQ may be defined as follows 
PUQ={s,max {Mm (P (8), Mm (Q (s)))} min {oi (P (s)) , 0% (Q (s))}, 
min {Umm (P (8), Ynm (Q (s)) 5 V8 € Sf, 
(4) Intersection of subsets PM @Q may be defined as follows 
PAQ = 4s, min {Lm (P (s) 5 Mm (Q (s))) fF ,maa {oi (P (s)) , 4 (Q (8) 5; 
max {Unm (P (s)) Umm (Q (s)) V5 € Sf, 


2.6. Proposition [9] 


For any two (NSs) P and Q the following condition holds 
i): (PNQ) = PPUQ®, 
ije(PUO) HPO, 


2.7. Definition [1] 
A neutrosophic topology (NT) on a non-empty set 5S is a family 7 of neutrosophic subsets 
in § satisfying the following axioms: 
i): Ov, ln ET, 
ii): GyN G2 € 7 for any G1, G2 € T, 
iii): UG; ETV{G;:1E€ J} Cr 


Then the pair (S,7) is named a neutroscopic topological space(NT'S). 


2.8. Definition [1] 


Assume P is a (NS) ina (NTS) (S,7). Then 
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i): Nint(P) = U{Q/Qis a neutrosophic open set (NOS) in(s,7) andQ C P} is named 
the neutrosophic interior of P; 
ii): Ncl(P) = (){Q/Qis a neutrosophic closed set (NC'S)in (s,7) andQ D P} is named 


the neutrosophic closure of P; 


2.9. Definition [7] 
A subset A of (5,7) is named 
i): neutrosophic semi-open set (NSOS)if P C Nel(Nint(P)). 
ii): neutrosophic pre-open set (NPOS)if P C Nint(Ncl(P)). 
iii): neutrosophic semi-preopenset (NSPOS)if P C Ncl( Nint(Ncl(P))). 
iv): neutrosophic a-open set (NaOS)if P C Nint(Nel(Nint(P))). 
v): neutrosophic regular open set (NROS)if P = Nint(Ncl(P)). 
The complement of a (NSOS) (resp. (NPOS), (NSPOS), (NaOS), (NROS)) set is named 
(NSCS) (resp. (NPCS), (NSPCS), (NaCS, (NRCS)). 


2.10. Definition [9] 


Assume a, 2, € [0,1] anda+6+2A <3. A neutrosophic point 8(q,8,4)Ol 5 is a neutrosophic 
point (NP) of S which is clarified by 


(a,6,r) when y= s, 


Sle es 
(a8,9) Y) (0,0,1) wheny#s. 


Here, S is named the support of s(q,,,) and a, and 4, respectively. A (NP) 8(a,,)) is 
named belong to a (NS) 
P = (Um (P(s)),01(P (8)),’mm (P (s))) in 8, denoted by s(a,8.,) € P ifa < lm (P(s)),8 = 
o;(P(s)) and A > Upm (P (s)) Clearly a (NP) can be represented by an ordered triple of (NP) 





as follows : 8/46.) = (Sa, 88, 8). 


2.11. Definition [9] 


Assume (5,7) is a (NTS). Assume P is a (NS) and Assume 8(q,¢,y) is a (NP). 8(a,8,) 
is named neutrosophic quasi coincident with P [denoted by s(qg,)qP] if a + lm(P(s)) > 
1;8 +0;(P(s)) <1 and A+ pm(P(s)) < 1. 


2.12. Definition [9] 


Assume P and Q are two (NSs). P is named neutrosophic quasi coincident with Q [denoted 


by PqQ] if lm (P(s)) + Mm (Q(s)) > 1; o1(P(s)) +0%(Q(s)) < Land Ynm(P(s)) +Ynm(Q(s)) < I. 
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2.13. Definition [9] 


Assume (5,7) is an (NTS). An (NP) 8(q,g,,) is named an neutroscopic d-cluster point of 
an (NS) P if AqP for each neutrosophic regular open q-neighborhood A of s(q,g,). The set of 
all neutroscopic 0-cluster points of P is named the neutrosophic 0-closure of Pand denoted by 
Nels (P). An (NS) P is named an N5-closed set (N5-CS) if P = Nels (P). The complement 
of an (N5-CS) is named an N5-open set (N5-OS). 


3. N5*eq-continuous functions 


Here, some new conceptions are given by the authors. 


3.1. Definition 


A map T : (S,7) —> (Y,¢c) is named a Neutrosophic delta star generalized alpha-continuous 


map(briefly N5*ga-CM) if T~'(K) is Ng«ga-CS in (8,7) for any (NCS) in (Y,¢). 


3.2. Theorem 


Any N6*go-CM is Ngs-CM.(resp Nag-CM, Ngsp-CM, Ngy-CM). Also converse part is not 
true as shown through the following examples. 

Proof. Assume K is a (NCS) in (Y,c). Since T is Ny*gq-CM. T~*(K) is N5*ga-CS in ($,7). 
Since any N5*gqCS is Ngs-CS (resp Nag-CS, Ngsp-CS, Ngp-CS), therefore T~*(K) is Ngs-CS 
(resp Nog-CS, Ngsp-CS, Ngp-CS) in (S,7). Hence T’ is Ngs-CM.(resp Nag-CM, Nogsp-CM, 
Ngp-CM). 


3.3. example 





Assume S = {p,q,r}. Define the (NSs)D,, D2, D3, D4 and G1, G2, G3, G4 as follows: 


Dy = (a5) 05> 03) > (G5 03: 03) > (oa oe? 0.8)? 

Do = (gras 96> 0.6) + (G5 oF: Ga) > (OSs 5 03)? 

Ds = (gras 06> 0.6) (93> 031 0.3) » (5+ 05> 03)? 

Da = (9551 05> 03) + (G5 om oa) > (Oa GE? 0.8) 

and Gi = (ga) 09) oa) + (o5> ot» Ot) > (O05 03)? 

Go = (a3) 05> 03) > (da 05> o3) > (da oe o8)) 

Ga = (ga 04 04) > (da 0 O3) > (og 0 0.3) 

Ga = (a5 of 03) > (a5 09 oa) > (Fa o's 38)? 

Then the families 7 = {Oy,1y,D1, D2, D3, D4} and € = {0n,1n, G1, Go, G3, G4} are neutro- 


sophic topologies (NTs) on S. Thus, (S,7) and (S,€) are (NTSs). Define T : (S,7) — (S,&) 
as T' (p) = p,T (¢q) =¢,T (r) =r. Then T is Njs-CM but not N5*gq-CM. Hence in (5,7), 


N6*ga-CS is (ie 10.5? mee to 05 a) Gz ‘ee aa)? and 
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Ngs-CS is (03, a'3> 02) > (a3 0: 


CS. 


5 


5), (FG, Tee wa) ): Here T—* (G9) is Ngs-CS but not N5*ga- 


© 


3.4. example 





Assume S = {p,q,r}. Define the (NSs)D ,, D2, D3, D4 and Hy, H2, H3, H4 as follows: 


Dy = (3+ 05> 03) » (a5 0 3) + (a> a8 O18) 

Do = (( oa» 6? O06) » (5+ Oa Ba) + (G3 05 73)? 

D3 = (( ea» 6° 006) » (or 05 3) + (a> 5+ 73)? 

Da = (3: 05> 03) » (05+ 04 Oa) + (a> a8 O18)? 

and Hy = (93, 03> 03) > (da 03: 03) > (a3) a Oa) 

Hy = (( ga» 05> 16) » (or 0 03) » (3+ OS 05)? 

Hz = (( 93> 05> 03) > (da o> 03) > (3+ 05> 05)? 

Ha = (ga 0508)» (a5, oo 03) (as%o area) 

Then the families 7 = {0y,1n, D1, Do, D3, D4} and € = {0n,1n, M1, Ho, H3,H4} are (NTs) 


on S. Thus, ($,7) and (S,w) are (NTSs). Define T : (S,7) > (S,w) as T(p) = p,T(q) = 
q, T(r) =r. Then T is Ngg-CM but not N5«ga-CM. Hence in (5,7), 


No*go-C8 is ((ga 05> 05)» (é. 05:05)> (oa 047 03)) and 
Nag-CS is (4, ck, ce). (4, SS). (SS G)). Here T7'(H$) is Nog-CS but not 
N5*ga-CS 


3.0. example 





Assume Y = {u,v,w}. Define the (NSs) F}, Fo, F3, Fy and J, Ie, Iz, [4 as follows: 


= 


Fy = (a3: 03+ 03) > (Ga 0a oa) + (Ga oe a8) 
Fo = (ain 016 0.6) > (G5) 0 a) > (Ga O03) 
F3 = ((ga> 06> 06) > (a 04 o) > (a 0a 33) 
Fa = ((3> 05> 03) > (d5> 04 04) » (Ga 06 8)? 
and Ty = ((ga> 05> 06) > (d5> 06? 06) > (Ga 05 03) 
In = (oar 05 03) (os: on oa) + (oa 05+ 08)? 
Ts = ((dia- 05> 06) + (os: oa oa)» (as 05+ 03)? 
[4 = (Gre 5 aa)» Cae 06? ae)» (ja 5 a6)) 


Then the families ? = {On, lyn, FP, Fo, Fs, Fy} and C _ {On, ly, th, Lo, Is, I4} are (NTs) on Y. 
Thus, (Y, 7) and (Y,¢) are (NTSs). Define g: (Y,V7) > (Y,¢) asg(u) =u, g(v) =v,g(w) = w. 
Then g is Ngp-CM but not N5*gq-CM. Hence in (Y, ¥), 
Norga-CS is ((oa) 05> a5) > (o> 05> 05) > (oa aa a3)) and 

Nogp-CS is (4, qos (4% Tee (2 a wa) ). Here g~' (I§) is Ngp-CS but not N5«ga- 
CS. 
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3.6. example 





Assume Y = {u,v,w}. Define the (NSs) Fi, Fo, F3, Fy and J1, Jo, J3, J4 as follows: 


03:03) 03) (04> 04> 04)» (a> 06 8) 
Fo = (ga 06> 06) > (o5> 04 O) > (Ga 0a 33) 
Fs = ((ga> 06° 06) » (a> 4 04) » (Ga 0a 03) 
Fa = (933: 05> 03) + (5 om oa) + (Ga 0 8) 
and Ji = ((ga 06> 05) > (og oa 03) (oa oa 05)? 
Jo = (eas 0 oa) > (G3 05 03) > (Ga 8 05)? 
Js = (gas 0 oa) > (G3 04 03) > (Ga Fe O85)? 
Ta = (oa 06: us) (da a8: a2) aeahigl 


aC = {On, lyn, Jl Jo, J3, Ja} are (NTs) on Y. 
0) > (Y,y) as g(u) =u, g(v) = w,g(w) = 


KE 
5 
= 
TM 
< 
ee 
© 
5 
av 
Be 
aS 
© 
ar) 
@ 
Z, 
Ke 
op 
— 
a 
@ 
=n 
= 
@ 
< 
vas 


a ( 
Nowgo-CS is ((ga> 05> 05)» (bs a) ‘(ga aa a3) 


) and 
NowrrCS is. (cE af os) » (Pas or da) » (Pap in a))- Here g7! (J) is NoaprCS but not 
N6*ga-C8. 
3.7. Theorem 


The composition of two N5*gq-CMs is also a N5*gq-CM. Proof. Assume T': (S,7) —> (Y,c) 
and g: (Y,a) —>+ (Z,7) are two N5*gq-CMs. Assume | is a NCS in (2,77). Since g is a N5*ga- 
CM, g-' (1) is Ng*ga-CS in (Y,o). Since any N5gq-CS is NCS, g7* (1) is NCSSin(Y, 0c). 
Since T is a Nj*gq-CM, T~* (g~* (1)) = goT (1) is N5xgo-CS in (S,7), therefore goT is also 
No«ga-CM. 


4. N5*eq-Irresolute functions 


Here, some new conceptions are given by the authors. 


4.1. Definition 


A map T': (S,7) —> (Y,¢c) is named a Neutrosophic delta star generalized alpha-Irresolute 
map (briefly Ng*go-IMM) if T~'(K) is Ns*ga-CS in (S,7) for any N5*ga-CS in (Y,c). 


A.2. Theorem 


Assume T’ : (S,7) —> (Y,a) and g: (Y,a0) — (Z,7) are any two functions, then 

(i) gol: (S (Z,7) is N5*gq-CM if g is N-CM and T is N5*gq-CM. 
(ii) gol’: (S,T (Z,7) is N5*gq-IM if both g and T’ N5*sgq-IM. 

(iii) goT’: (S,7) —> (Z,) is N5*gq-CM if g is N5*ga-CM and T is N5*xgq-IM. 


,T) — 
)— 





N5*ga-Continuous and Irresolute Functions in Neutrosophic Topological Spacese 


Neutrosophic Sets and Systems, Vol. 38,2020 ; 


ES 


Proof. 

(i) Assume K is a(NCS) in (Z,n). Since g is N-CM, g~! (K) is NCS in (Y,c). Since 
T is Ng*ga-CM, T* (g* (i) = (goT)* (Ic) is N5*ga-CS in (S,7), Therefore goT is 
N5*ga-CM. 

(ii) Assume K is a Ng«ga-CS in (Z,7). Since g is No*xgoa-IM, g~' (K) is N5*ga-CS in (Y,c). 
Since T is N5*sgo-IM, T~! (g7! (K)) = (goT)~* (K) is Noxga-CS in (S,7), Therefore 
gol’ 1s N6**gq-IM. 

(iii) Assume K is a(NC'S) in (Z,7). Since g is N5*ga-CM, g7' (K) is Ng*ga-CS in (Y,¢). 
Since T is N5«sgo-IM, T~! (g7! (K)) = (goT)~* (K) is Noxgo-CS in (S,7), Therefore 
goT’ is N5*go-CM. 


4.3. Theorem 


Assume T': (S,7) —> (Y,¢) is No*ga-CM (Ngs-CM, Nag-CM, Ng-CM). If (S,7) is an 
Nas Tj" ga-Space (Neer, -space, NV, r*«-space, N,r=*-space) then T’ is contiuous. 

Proof. Assume K is a(NC'S) of (Y,o). Since Tis N5*gq-CM (Ngs-CM, Nog-CM, N,-CM), 
then T~' (K) is N5xga-CS (Ngs-CS, Nag-CS, Ng-CS) in (S,7). Since (S,7) is Ni sTs*ga-Space 
(N32.7, “space, N,,T**-Space, N,7x«-space), then T~'(K) is N5-CS in (S,7). Any N;-CS is 
(NC'S) in (S,7). Therefore T is continuous. 


4.4. Theorem 


Assume T’: (S,7) —> (Y,o) is a surjective, N«go-IM and N5-CM. Then T(A) is Ng«ga-CS 
of (Y,o) for any N5*gq-CS A of (S,7). 

Proof. Assume A is a N5*go-CS of (5,7). Assume U is a Nxgq-OS of (Y,o). such 
that T(A) C U. Since T is surjective and Nesgo-IM, T~' (U) is Ngq-OS in (S,7). Since 
A © T'(U) and A is N5*ga-CS of (S,7), Nely(A) C T7'(U). Then T [Nels (A)] © 
T|T~'(U)| = U, since T is N5-CS, T[Ncls(A)] = Nels [T [Nels (A)]]. This implies 
Nels |T (A)| © Nels [IT [Nels (A)|| = T [Nels (A)| C U, Therefore T(A) is a N5*gq-CS of (Y,c) 


A.5. Theorem 


Assume T : (S,7) — (Y,a) is a surjective, N5*gq-IM and N5-CM. If (S,7) is an No Ts*ga- 
space, then (Y,c) is also an Ny 7s*go-Space. , 

Proof. Assume A is a No«ga-CS of (Y,c). Since T is Ng*sga-IM, T~' (A) is No*ga-CS in 
(S,r). Since ($,7) is N ,r*ga-space, T~* (A) is Ns-CS of (S,7). Since T is N5-CM and 
surjective, T|T~' (A)| = A : N5-CS in (Y,o). Thus A is N5-CS in (Y,o), Therefore (Y,c) is 


an N. sTs*ga7Space. 
4 
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3. N5*gq7-Homeomorphism 


Here, some new conceptions are given by the authors. 
5.1. Definition 


A map T : (S,rT) — (Y,c) is named a neutrosophic delta star generalized alpha- 
homeomorphism (briefly Ng*gq-H) if T is bijective, Ng*go-CM and No5*gq-OM. 
5.2. Theorem 

Any N65*go-H is Ngs-H. 


Proof. Let f : (X,7) —> (Y,o) be N6«gq-H then f is bijective, N5*gq-continuous and N%5*gq- 
OM. Let V be N-CS in (Y,c), then f~'(V) is N5*ga-CS in (X,7). Since every N5*gq-CS 
is Ns-CS, then f~!(V) is Nj.-CS in (X,7), Therefore f is N,,-continuous. Let U be N-OS 
n (X,7), then f (U) is N5*gq-OS in (Y,a). Since every N5*gq-OS is Ngs-OS, then f (U) is 
Ngs-OS in (Y,a), Therefore f is Ngs-OM. Hence f is Ng.-H. 


5.3. example 
Assume S = {p,q,r}. Define the (NSs)D ,, D2, D3, D4 and G1, G2, G3, G4 as follows: 





Dy = (( 5s ys da) » (Bas oh da) » (Bes oh ds) 
Do = (Eas ds de) » (es oh da) » (Be oh) 
Ds = (is ds da) » (Bas os ds) » (Be dh de) 
Da = (ys ds de) » (Be oh de)» (Ee oh a) 
and G1 = (Pr, oh oa) (Bes ah a) (Be oh a) 
Go = (Bas es a) » (Pas a)» (Ea he a) 
Gs = (dp de Ga) (Ge oo te) (Go) 
Ga = (Pes da)» (Pe da)» (Ee he a) 


Then the families 7 = {On,1n,D1, D2, D3, Da} and a = {On,1n, G1, Go, G3, Ga} are (NTs) 
on S. Thus, ($,7) and (S,€) are (NTSs). Define T : (S,7) > (S,€) as T(p) = p,T (q) = 
q, T(r) =r. Then T is Ngs-H but not N5*gq-H. Hence in (5,7), 

Norga-CS is (ag 05> 05) > (o5- 05° 05) (Ga ag» a3)? and 


0 0 0.3 
Ngs-CS is (3, 5.5). (4.4.5). (4, we wa) ): Here T—' (G9) is Ngs-CS but not N5*ga- 


Norgo-OS is (dig 0147 03) > (O57 05> 05) > (Garo o5)) and 
Ngs-OS is ((gas aa» oa) > (a3 03> 02) > (GB 02> a2)? 18 Ngs-OS but not N5«ga-OS. 


5.4. Theorem 


For any bijective map T' : (S,7) —> (Y,c) the following statement are equivalent. 
(i) T7*: (¥,7) — (S,0) is Ng*go-CM. 

(ii) T is an N5*gq-OM. 

(iii) T is an N5*gq-CM. 
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Proof. 

(i) > (ti) Assume U is an (NOS)in (S,7), then S-U is (NCS) in (S,7) Since T~* is N5«gq-CM, 
then (ah (U) is Ns*ga-CS in (Y,a). that is T(S —U) is Ng*gq-CS in (Y,c), that 
is Y-T'(U) is No*ga-CS in (Y,o). This implies that T’'(U) is N5*gq-OS in (Y,o). Thus 
T is N5*go-OM. 

(12) = (a2) Assume F is an (NC'S) in (5,7), then S-F is N-OS in (S,7). Since T is N5*gq-OM, 
then T'S — F’) is Ng*gq-OS in (Y,a). That is Y-T'(F’) is N5*gq-OS in (Y,c). This 
implies that T’(F’) is Ng*go-CS in (Y,a). hence T is N5*gq-CM. 

(722) = (2) Assume K is an (NCS) in (S,7), Since T is N5*gq-CM, then T (4) is No5*goa-CS in 
(Y,o). That is [T~"]~* (K) is No«ga-CS in (Y,c). hence T~* is Ng*ga-CM. 


5.5. Theorem 


Assume T’: (5,7) —> (Y,¢) is bijective and N5«gq-CM. then the following statement are 
equivalent. 
(i) T is an N5*gq-OM. 
(ii) T is an N5*gq-H. 
(iii) T is an N5*gq-CM. 
Proof. 
(2) = (21) Assume T is an N5*gq-OM. Since T is bijective and N5*gq-CM, T is No*gq-H. 
(12) = (422) Assume T is an No5«gq-H. Then T is Ng*gq-OM. If F is (NCS) in S, then T'(S — F)) is 
N5*ga-OS in (Y,o). That is Y-T'(F’) is N5*gq-OS in (Y,o). This implies that T (F’) is 
N5*ga7-CS in (Y,a). hence T is N5*gq-CM. 
(7277) = (2) Assume U is an (NOS) in (S,7), Then S-U is (NCS) in (S,7). Since T is Ng«go-CS, 
then T'S — U) is N5*gq-CS in (Y,o). That is Y —T(U) is N5*gq-CS in (Y,o). Hence 
T (U) is Ns«ga-OS in (Y, 0). 


5.6. Theorem 


The composition of two N5*gq-Hs is also a N5«gq-H. 

Proof. Assume T’: (S,7) —> (Y,a) and g: (Y,a0) —> (Z,7) are two N5*gq-CM. Assume U 
is a (NCS) in (Z,7). Since g is a N5*ga-CM, g~* (U) is N5*ga-CS in (Y,o). Since any N5«go- 
CS is (NCS), g~' (U) is (NCS) in (Y,c). Since T is a Nj*ga-CM, T~' (g~' (U)) = goT (U) 
is N5*gq-CS in (S,7), therefore goT is also Ng*gq-CM. 


Assume A is a (NCS) in (S,7) then S-A is a (NOS)in (S,7). Since T’ is N5*gq-H, then 
T (S — A) is a N5*gq-OS in (Y, a), implies T'(A) is Ngxgq-CS in (Y,o). Since any N5*gq-CS is 
(NCS), then T (A) is (NCS) in (Y,o), then Y — T'(A) is N-OS in (Y,o). Since g is N5*gq-H. 
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g(Y — T(A)) is N5*gq-OS in (Z,7), implies g (T’(A)) = goT (A) is N5*gq-CS in (Z, 7) therefore 
gol’ is N5*gq-CM and N5*gq-OM, implies goT is N5«gq-H. 


5.7. Definition 


A map T: ($,7) —> (Y,c) is named N>5«,qc-H if T is bijective, T and T~! are N5*xgo-IM. 


5.8. Theorem 


The composition of two N5* g.c-Hs is also a N5*gq.c-H. 

Proof. Assume T’: (S,7) —>+ (Y,o) and g: (Y,a) —> (Z,7) are two N5*gqc-Hs. Assume 

U is a N5*ga-CS in (Z,7). Since g is a N5*go-IM, g7' (U) is Noxga-CS in (Y,c). Since U 
is N5*xga-IM, T~! (g-! (U)) is N5*go-CS in (S,7). that is (goT)~*(T) is N5*go-CS in (S,7), 
therefore gol’: (Y,a) —> (Z,) is N5*gq-IM. 
Assume G is a N5*gq-CS in (S,7), since T~* is a N5«ga-IM, (a (G) is N5*ga-CS in (Y,o), 
that is T(G) is N5*ga-CS in (Y,c). Since g™! is No5*xga-IM, (g-1)* (T (G)) is N5*ga-CS in 
(Z,7), that is g(T'(G)) is Ns*ga-CS in (Z,7), therefore (goT’) (G) is Ng«go-CS in (Z,7). This 
implies that ((gor)*) (G) is a N5*gq-CS in (Z,7). This shows that (goT)* : (Y,0) > 
(Z,7) is N5*xgq-IM. Hence (goT’) is a N65«gqc-H. 


5.9. Theorem 


Any N5*go-H from a N, 5T*ga7Space into another N sT%*ga-Space is a homeomorphism 

Proof. , , 

Assume T’: (S,7) —> (Y,a@) is a Ng*gq-H. Then T is bijective, N5*gq-OM and N5*gq-CM. 
Assume U is an (NOS)in (S,7). Since T is Ng*gg-OM and since (Y,a) is N.3Ts*ga-space, 
T (U) is (NOS)in (Y,a). This implies that T is N-open map. Assume K is a (NCS) in (Y,o), 
since T is N5*gq-CM and since (S,7) is N,,rs*ga-space, T~* (KX) is (NCS) in (S,r). Therefore 

4 


T’ is continuous. Hence J’ is a homeomorphism. 


5.10. Theorem 


Assume (Y,o) is N ;Tz*ga-space. If T : (S,r) —> (Y,o) and g : (Y,o) — (Z,”) are 
N5*ga-H then (goT’) is Noe ga-H. 

Proof. Assume T': (S,7) —> (Y,o) and g: (Y,o) —> (Z,) are two N5*go-H. Assume 
U is an (NOS)in (S,7). Since T is Ng*gg-OM, T'(U) is No5xgo-OS in (Y,o). Since (Y,c) 
is N;Ts*ga-Space, T’'(U) is N-OS in (Y,a). Also since g is Ng*ga-OM, g(T'(U)) is N5*ga- 
OS in (Z, n). Hence goT’ is N5*gq-OM. Assume v is a (NCS) in (Z,7). Since g is N5*ga- 
CM and since (Y,o) is N,;7z*ga-space, g' (V) is (NCS) in (Y,c). Since T is N5*gq-CM, 
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T-' (gt (V)) = (goT) * (V) is N5*ga-CS in ($,7). That is (goT) is N5*jo-contnuous. Hence 
goT) is N6*go-H. 


5.11. Theorem 


Any N5*go-H from (N s7s*ga-S)into another (N,,7x*go-5)is a No«gqc-H. 

Proof. Assume T': (S, 7) 5 (Y, a) is N5*gq-H. Assume U be N5*gq-CS in (Y,o). Then U is 
(NCS) in (Y,c). Since T is Ngxga-CM, T~! (U) is Ny«ga-C$ in (S,7). Then T is a N5gq-IM. 
Let kK be N5*gq-OS in (S,7). Then K is (NOS) in (S,7). Since T’ is N5*gq-OM, T (XK) is 
N5ega-OS in (Y,c). That is (T~?)~* (K) is Ng-go-OS in (Y,o) and hence T~? is N5«xgo-IM. 
Thus T’ is N5*gq¢-H. 


6. Conclusion 


The notions of N5*gq-continuous and N5+gq-irresolute functions in (NTS) are given in this 
work. Next, their characterizations and investigate their properties are analyzed. In future 
work, we will use the soft sets theory to investigate new classes of neutrosophic soft maps and 


then we can study these new classes of (NTS)in soft setting. 
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Abstract: There are various mathematical tools available to measure the level of accuracy such as 
Crisp, Fuzzy, Intuitionistic fuzzy sets and Neutosophic set. Further, Plithogenic set is a 
generalization of these four sets. This paper aims to test whether Plithogenic aggregation operation 
is more effective than other sets in its accuracy, while decision making. In order to obtain a better 
accuracy, the Plithogenic aggregation operation such as Fuzzy set [FS], Intuitionistic fuzzy set [IFS] 
and Neutrosophic set [NS] used tnorm and tconorm. An illustration is examined in this paper to 


prove the result of better accuracy using plithogenic aggregation operators in decision making. 


Keywords: Plithogenic operators, tnorm, tconorm, fuzzy union and intersection operators. 


1. Introduction 


In real life, there may be an uncertainty about any degree of membership in the variable 
assumption. In that situation, fuzzy sets and fuzzy logic formulated by Zadesh,1965 (1) will become 
the proper mathematical tool to describe the conditions which are ambiguous. Fuzzy sets is an 
extension of Crisp set. That is why, fuzzy set theory has been developed for inexactness and 
vagueness. In mathematics, fuzzy setelements have degrees of membership functions. The 
membership of elements in a set is assessed by binary terms. According to adouble fold 
condition an element either belongs or does not belong to the set in the interval [0, 1]. Fuzzy can be 
represented by a set of ordered pair A = {x,Uq(x)] .The contradiction of fuzzy set degree is 0. Fuzzy 


set is characterized by a single variable and its membership value is 1. t-norm of fuzzy constraints 
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the truth function of conjunction, whereas t-conorm of fuzzy constraints the truth functions 
of disjunction. The aggregative operators of fuzzy set are union (Vf), intersection (Ag )and 
complement . However, in the computational aspects, membership is not enough. So we need an 


extension. 


Intuitionistic fuzzy set [IFS], is an extension of fuzzy set and fuzzy logic, introduced by 
Atanassov and Baruah[9] to have a better accuracy level. Atanassov has given the definition for 
some operations on Intuitionistic fuzzy set and its properties [7]. IFS is based on only the 


membership and non-membership function. But it does not exist in the indeterminacy. 


Then the next evaluation of Intuitionistic fuzzy set i.e Neutrosophic set have been developed by 
Smarandache [15]. It is a generalization of fuzzy sets and intuitionistic fuzzy set. It is a powerful 
tool to manipulate with some indeterminacy, inconsistency and incomplete information which are 
applied in day to day life. Neutrosophic sets deal with three components such as membership (M), 
indeterminacy (I) and non-membership (N) functions. It is a very helpful application to handle real 
life problems. But it is applicable only on three attribute values. In the stage of advanced research it 
is felt that the measurement of uncertainty of data needs to be handled with more attribute value so 


as to raise the accuracy level. 


A precise level is one of the most important factors of decision making in day to day real life 
[30]. To, increase the preciseness, Smaranandache[21] introduced plithogenic. Plithogenic is a 
powerful tool which is generic of crisp set, fuzzy set, intuitionistic fuzzy set and neutrosophic set is 
collectively called as Plithogenic. Plithogenic is the base for all the plithogenic functions 
(plithogenic set, plithogenic probability, plithogenic statistics and plithgenic logic). These sets are 
characterized by a single appurtenance is plithogenic set. An element of Crisp set is characterized 
by one value (membership), fuzzy set is characterized by two values (membership, non- 
membership) and intuitionistic and Neutrosophic set is characterized by three values (membership, 
indeterminate, non- membership) but plithogenic sets are characterized by four or more values. 
Plithogenic is a set whose components are described by atleast one trait and each attribute may 
have numerous elements [30]. The linear combination of fuzzy operators are tnorm and tconorm 
are called as plithogenic aggregation operators (union and intersection). The aggregation operators 


of plithogenic set is related on contradiction degree to maximize the accuracy level. 


2. Review of Literature 


First study related to fuzzy combined operations based on conjugate pairs of t-norm and t- 
conorms [5]. In this paper M. J. Liberatore.et.al [11] analysed fuzzy logic as an alternative approach 


for modeling uncertainty in project schedule analysis. To solve a real-world problem by Fuzzy sets 
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of decision making on the basis of aggregation of experts opinions expressed in form of Z-valued t- 
norm and t-conormoperators [20]. Huchanget. al.[18] proposed some new hybrid hesitant fuzzy 
weighted aggregation operators, such as the hesitant fuzzy hybrid arithmetical averaging operator, 
the hesitant fuzzy hybrid arithmetical geometric operator and their properties satisfying the 
property named idempotency and used to multi-criteria single person decision making and multi- 
criteria group decision making respectively. Grabisch .et.al [8] represent an aggregation operator 
exhibits a set of mathematical properties, which depends on imposed axiomatic assumptions. 
MamoniDhar[16] introduced a new definition of cardinality of fuzzy sets on the basis of 


membership value. 


Atanassov[4] introduced intuitionistic fuzzy set and its aggregative operations. 
Supriya.et.al[10] Kumar De, defined some operators (CON; DIL; NORM) with example, it is useful 
in intuitionistic fuzzy enviorment. Glad Deschrijver .et.al. [13] introduced the notion of 
intuitionistic fuzzy t-norm and t-conorm, and investigate under which conditions a similar 
theorem obtained. Monoranjan.et.al.[14] defined some new operations on_ intuitionistic 
neutrosophic set with examples for the implementation of the operations problems. 

Neutrosophic set were introduced by FlorentinSmarandache [12], Neutrosophic set is an 
extension of intuitionistic fuzzy set. Hong-yu .et.al. [19] defined Interval Neutrosophic Sets and 
Their Application in Multicriteria Decision Making Problems.Wang.et.al [15] presented an instance 
of neutrosophic set called single valued neutrosophic set. Said Broumi.et.al [17] defined the 
distance between neutrosophic sets (NS) on the basis of the Hausdorff distance such a new distance 
called "extended Hausdorff distance for neutrosophic sets" or "neutrosophicHausdorff distance". 
Nagarajan.et.al[24] presented , Blockchain network has been used in terms of Bitcoin transaction 
ans also the degree, total degree, minimum and maximum degree have been found using 
Blockchain single valued Neutrosophic graph. Nagarajan.et.al [25] proposed under triangular 
interval type-2 fuzzy and interval neutrosophic environments verified with the numerical 
example.Preethi.et.al.[23] verified the hyperstructure properties using the single valued 
neutrosophic set model through several hyperalgebraic structures .such as hyperrings and 
hyperideals. R.Jansi.et.al[26] defined the correlation measure of Pythagorean neutrosophic set with 
T and F are neutrosophic components and their properties . Abdel Nasser .et.al.[27] suggested 
Multi-Objective Optimization based on Ratio Analysis (MOORA) is the most suitable machine tools 
on the basis of Neutrosophic set. Smarandache, F [21,22] introduced Plithogenic, show that it is an 
extension of crisp set, fuzzy set, intuitionistic fuzzy set and neutrosophic set and it is applicable for 
many scientific experiments. Said Broumi.et.al. [28] proposed a new distance measure for the 
trapezoidal fuzzy neutrosophic number based on centroid with the graphical representation and its 
properties also proved. Nivetha et.al.[29] introduced the new concept of combined plithogenic 


hypersoft set and its application in multi attribute decision making 
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3. Preliminaries 


In this section, preliminaries of the proposed concept are given 
3.1. Fuzzy Set [1] 


Fuzzy can be represented by an set ordered pair A = {x,u,4(x)]where j,(x)is called the 
membership function such that u4(x):X > [0,1] . 


3.1.1. Fuzzy set aggregative operators [1] 


Let X be anon empty set in the unit interval [0, 1]. A fuzzy sets A and B are of the form. 
A = {x,u, (x)/x € X] and B= (x,t, (x)/x € X] 


1.AVeB = min{u, (x), u,(x) } (where (Vp) Union) 
2.AApB = max {u, (x), U,(x)} (where (Ag ) Intersection ) 
3. L(x) =1- LL, (x) (Complement) 


3. 2. Intuitionistic fuzzy set [4, 7] 
A Intuitionistic fuzzy set defined by ordered triplets A={x,u,(x),Q,(x)/ x € 


X}  wu,(x):X > [0,1] is the degree of membership function of xEX , Q,(x) :X — [0,1] is the 
degree non membership function of x € X where Q,(x)=1-u,(x) and 0<u, (x) +Q,(«) S$ 1. y,(%) 


= 1-1, (x) - Q, (x) is called of hesitancy. Its membership degree is 2. 

3.2.2 Intuitionistic fuzzy set[IFS] aggregative operators: 

Let X be anon empty set in the unit interval [0,1]. A IFS A and B are of the form 
A= {X, Ha), Pa@)/ X © X} B= {X, Ha), pa(x)/ x € X} 


1.AVipB = {x, max ( U(X), Up oo), min (o,(), Q, (x) )} where (V;y) union 


2.AArrp B = {x, min ( us(x), Up (x)), max (o,@), Q, (x) )} where ( Ajp ) intersection 
4. Proposed Methodology 
Plithogenic operator laws [23]: 


Plithogenic aggregation operators are the linear combination of the fuzzy tyorm (Ag ) and 


Econorm (Vn) 


Fuzzy operators: 


Let P be a plithogenic set and w is an attribute value, wEW, where W is a attribute value. 
The contradiction degree c(wg, Ww) = Co E [0,1] between dominant attribute element and the attribute 
element Co . The two expert, X and Y, each assigning single element fuzzy degree of attribute 


element w of x to the set P with respect to some given criteria: 
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dy(W) = x € [0,1] 
dy (W) = y € [0,1] 


If \p be a fuzzy t-norm and Vt - conorm respectively and the contradiction degree 


C(Wg,W) = Co € [0,1] 
Fuzzy set Union with Plithogenic : 
xVp y= (1- Co) [xVey] + Co[xAry] ........- (a) 


Proper Plithogenic intersection set means, C(Wg,W) = Co € [0,0.5)then tconorm (x,y) = x Vp y 


assigned more weight age than onto tnorm (x,y) = x Ag y 


Improper Plithogenic intersection set means, C(Wqg,W) = Cg € (0.5, 1] then tconorm (x,y) = 


x Vr yassigned less weight age than onto tnorm (x,y) = xAr y 


If c(Wg, W) = Co € 0.5 then the same weight {0.5} is assigned onto the tconorm (x,y) = x Ag y and 


tnorm (x,y) = x Vp y 
Fuzzy set Intersection with Plithogenic : 
x Apy = (1- Co)[xAgy] + Co [XVFy] .......... (b) 


Proper Plithogenic intersection set means, cC(Wg,W) = Co € [0,0.5) then tnorm (x,y) = x Ag y 


assigned more weight age than onto tconorm (x,y) = x Vg y 


Improper Plithogenic intersection set means, c(Wg,W) = Co € (0.5, 1] then tnorm (x,y) = x Ag y 


assigned less weight age than onto tconorm (x,y) = x Vr y 


If c(Wqg, W) = Co € 0.5 then the same weight {0.5} is assigned onto the tnorm (x,y) = x Ag y and 


tconorm (x,y) = x Vr y 
Intuitionistic Fuzzy set operators: 


The intuitionistic fuzzy set degree of a single attribute value w of x to the Plithogenic set with some 


conditions — 
dy (w) = (x1,x2) € [0, 1]? 
dy (w) = (1, ¥2) € [0,1]? 
Intuitionistic Fuzzy set Union with Plithogenic : 


unre) Vine) = OAV in Ne), sinseectns (c) 


Intuitionistic Fuzzy set intersection with Plithogenic : 
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(X41, X2)Ap (V1) y2) = Caeee X2Vp¥2 ) ceeeeceuss (d) 


Neutrosophic set operators: 


The Neutrosophic set degree of a single attribute value w of x to the plithogenic set with some 


conditions — 
dy (w) = (x1,%2 X3) € [0, 1]° 
dy (w) = (v1, y2 y3) € [0, 1]° 
Neutrosophic set Union with Plithogenic : 

we X3)Vp (yi 2 y3) = (%1Vp¥1,0.5 (X2ApY2 + X2VpV2) X3NpVz) ceeeeeeeee (e) 
Neutrosophic set intersection with Plithogenic : 

(x1, 2X3 )Ap(¥1,¥2,¥3) = (XiApy1,0.5 (K2VpY2 + X2Ap¥2) »X3Vp¥3) verceeeeee (f) 
Theorems based on Plithogenic single attribute fuzzy set Unions and Intersections [21,22]: 
Theorem 1: 

c(Wg, W) = 0, then 

Result 1: If on Wg one applies the tnorm, on w one also applies the tnorm. 

Result 2: If on Wg one applies the tcnorm, on w one also applies the tconorm. 
Theorem 2: 

c(W,, W) = 1, then 


Result 1: If on Wg one applies the tnorm, on w one also applies the tconorm. 
Result 2: If on Wg one applies the tconorm, on w one also applies the tnorm. 


Theorem 3: 
If 0< c(wg, W) <1,then on w one applies a linear combination of tnorm and tconorm. 
Theorem 4: 


Let x,y be fuzzy degrees of appurtenance of the attribute value with respect to Experts X and 
Y then, 


x Apy+ x Vpy=xApy+xVepy 


Theorem 5: 
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Let x,y be fuzzy degrees of appurtenance of the attribute value with respect to Experts X and 


Y . If the degree of contradiction of x and y equal to 0.5 then 


x Apy = X Ve y 


5. Application: 


In this phase to apply plithogenic operations, it takes four doctors and their reports so as obtain the 
accuracy of Plithogenic sets. There may be variation of information of the medical reports from 
different doctors. This may lead to uncertainties, hence an advanced operation is to be applied for 
higher accuracy. There is a possibility of various accuracy levels in each report. The proposed 


plithogenic operations that are given appurtenance will prove the increased level of accuracy. 


Numerical Example of Plithogenic single valued set 

Let U be the whole set then P € U a plithogenic set. 

For example, the Expert values between “Doctor” and “Report”, 
Doctor = {doctor1, doctor2, doctor3, doctor4} and 
Report = {report1, report 2, report 3, report 4} 

Then the objects elements are characterized by the Cartesian product 


Doctor x Report = 


(doctor1, report1), (doctor1, report2), (doctor1, report3), (doctor1, report4), 
(doctor2, report1), (doctor2, report2), (doctor2, report3), (doctor2, report4) 
(doctor3, report1), (doctor3, report2), (doctor3, report3), (doctor3, report4) 
(doctor4, report1), (doctor4, report2), (doctor4, report3), (doctor4, report4) 


Let us consider the dominant value of attribute “Doctor” be “doctor1” and of attribute 


“Report” be “report 1”. 
The attribute value contradiction fuzzy degrees are: 


c(doctor1,doctor1) = 0 
1 
c(doctor1,doctor2) =7 


2 
c(doctor1,doctor3) = 7 


> | bo 


c(doctor1, doctor4) = 
c(report1, report 1) = 0 


c(report 1,report2) = : 


c(report 1,report3) = - 
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c(report 1,report4) = — 


We have two plithogenic sets X and Y. Next, we consider the Fuzzy, Intuitionistic, or 


Neutrosophic degrees of attribute value to a plithogenic set with respect to some experts condition. 


Single valued fuzzy set degrees appurtenance 


Let dy (x, w;) be the appurtenance degree of the attribute value w, of the element x to the set X and 
dy(x,W;) be the appurtenance degree of the attribute value w; of the element x to the set Y. Then 


w; is a uni-attribute and its contradiction degree depends on uni-attribute Wg be c(Wg, Wj) = C; . 
Let us consider the fuzzy t-norm - XApY=XY —_—___eeaeeecececscsessceeeeeesens (I) 
The fuzzy t-conorm - XVpy=Xt+Y—-XY — ccccccccecscececscecsceceees (II) 


According to expert X: 


dy : { doctor1, doctor2, doctor3, doctor4; report, report 2,report 3, report 4} — [0,1] 


Contradiction 
degrees 1 9 3 3 
4 4 4 4 4 4 


Attribute’s 
Values 
doctor 1 | doctor 2 _ doctor 4 ial ‘oa = report 4 


According to expert Y: 





dy : { doctor1, doctor2, doctor3, doctor4; report1, report 2,report 3, report 4} — [0,1] 


Contradiction 
degrees 


Attribute’s 
Values 
doctor 1 | doctor2 | doctor3 | doctor4 report 1 | report 2 | report 3 | report 4 
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Single attribute value fuzzy set union with Plithogenic 
Let us calculate all attribute value separately 
dy(x, doctor 1) ) V,dy (x,doctor1)) = 0.8V, 0.7 (Contradiction degree is 0) 


Using the equation (a) 
= (1— 0) [0.8V;,0.7] + 0[0.8 A; 0.7] 
Using the equation (I) and (II) 
= 0.8+ 0.7- 0.56 
= 0.94 


dx (x, doctor 2) ) V,dy (x, doctor 2) ) =0.2 V, 0.3(Contradiction degree is-) 


- (1 -=) [0.2 V0.3] + =[0.2 Ap 0.3] 


4 


= (=) (0.2 + 0.3-0.2x 0.3] + =[0.2 x 0.3) 


2 
4 
= 0.35 (Using the equation (a) ,(I) and (II)) 
Similarly, the calculation of the union of the experts results tabulated as follows. 
Single valued fuzzy set intersection with Plithogenic 


Let us calculate all attribute value separately 


dx (x, doctor 1) ) Apd? (x, doctor 1) ) =0.8 Ap 0.7 (Contradiction degree is 0) 

Using the equation (b) 
= (1- 0) [0.8 A; 0.7] + 0[0.8 V; 0.7] (Using the equation (I) and (II)) 
= 0.56 


dy (x, doctor 2) ) Apd? (x, doctor 2) ) = 0.2 Ap 0.3(Contradiction degree is-) 


= (1 -+)[0.2 Ap 0.3] + 10.2 Vp 0.3] 


= 0.16 (Using the equation (b) ,(I) and (ID) 


Contradiction 
degrees 9 3 1 9 3 
4 4 4 4 4 4 





Attribute’s doctor | doctor | doctor doctor 4 report 1 | report 2 | report3 | report 4 
Values 1 2 3 
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me eee 
of Expert X 
Fl al 
of Expert Y 


Fuzzy Degrees of 


XV pX 
——_ 0.94 0.35 0.45 0.43 [ 0.88 0.47 0.55 0.38 


Fuzzy Degrees of 
XyApXy 





Similarly, the calculation of the intersection of the expert’s results tabulated as follows 


The above table calculation is the linear combination of tnorm and tconorm using the equations (a), 


(b), (I) and (ID) 


Single valued Intuitionistic fuzzy set degrees of appurtenance 





According to expert X: 
Contradiction 1 2 3 
degrees 4 4 4 
Attribute’s doctor 1 doctor 2 doctor 3 doctor 
Values 4 


Intuitionistic (0.6,0.5) 0.2,0.4) 0.1,0.3) (0.0.1) 
Fuzzy Degree 


1 Z 5 

4 4 4 

i ie 

i 0.7,0.4) | (0.4,0.5) | (0.5,0.2) | (0.2,0.3) 
According to expert Y : 

Contradiction 1 2 3 1 2 3 

degrees 4 4 4 4 4 4 
ee ee ee 





Attribute’s doctor 1 
Values 

Intuitionistic (0.8,0.7) 0.3,0.6) 0.1,0.4) (0.6,0.5) (0.5,0.3) (0.3,0.3) 0.3,0.1) 
Fuzzy Degree 


Single attribute value Intuitionistic Fuzzy set union with Plithogenic; 





dy (x,doctor1)Vpdy' (x,doctor1) = (0.6, 0.5) Vp (0.8, 0.7) (contradiction degree is 0) 
Using the equation (c ) 
= (0.6 Vp 0.8, 0.5 Ap 0.7) 
Using the equation (a and b) 
= ((1- 0) [0.6 V; 0.8] + O[0.6 Ap 0.8] , (1- 0) [0.5 Ag 0.7] + 0[0.5 Vz 0.7] ) 
Using the equation (I and ID) 
= (0.48,0.85) 
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dy (x,doctor3)Vpdy (x,doctor3) = (0.1, 0.3) Vp (0.3, 0.6) (contradiction degree is -) 


= (0.1 Vp 0.3, 0.3 Ap 0.6) 


= ((1 — =)[0.1 Vp 0.3] + =[0.1 Ap 0.3], (1 —=)[0.3 Ap 0.6] + =10.3 Vz 0.61) 


= (0.20, 0.45) 
Single attribute value Intuitionistic Fuzzy set intersection with Plithogenic; 


dy (x,doctor1)Apdy (x,doctor1) = (0.6, 0.5) Ap (0.8, 0.7) (contradiction degree is 0) 


Using the equation (d ) 
= (0.6 Ap 0.8, 0.5 Vp 0.7) 


Using the equation (a and b) 
= ((1- 0) [0.6 Ag 0.8] + 0[0.6 V; 0.8] , (1- 0) [0.5V_ 0.7] + 0[0.5 Ag 0.7] ) 


Using the equation (I and ID) 
= (0.92, 0.35) 


dy (x,doctor3)Apdy (x,doctor3) = (0.1, 0.3) Ap (0.3,0.6) (contradiction degree is -) 


Using the equation (d ) 
= (0.1 Ap 0.3, 0.3 Vp 0.6) 


Using the equation (a and b) 
=((1 —=)[0.1 Ap 0.3] +=[0.1 Vp 0.31, (1 — =)[0.3 Vp 0.6] + =[0.3 Ap 0.6)) 


Using the equation (I and ID) 
= (0.20, 0.45) 


Similarly, the calculation of the union and intersection of the expert’s intuitionistic fuzzy results 


tabulated as follows. 


Contradiction 1 2 3 1 2 3 
degrees 4 4 4 4 4 4 
vals ad ed ed ee ee ee ee 
Values 





Intuitionistic 
fuzzy degrees 
(0.6,0.5) (0.2,0.4) (0.1,0.3) (0,0.1) (0.7,0.4) (0.4,0.5) (0.5,0.2) (0.2,0.3) 
Expert X 
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Intuitionistic 
fuzzy degrees 

(0.8,0.7) (0.4,0.5) (0.3,0.6) (0.1,0.4) (0.6,0.5) (0.5,0.3) (0.3,0.3) (0.3,0.1) 
Expert Y 


Intuitionistic 
Fuzzy Degrees 

0.92,0.35 0.41,0.33 0.20,45 0.03,0.36 0.88,0.2 0.58,0.28 0.4,0.25 0.16,0.29 
of XyV pXy 
Intuitionistic 
Fuzzy Degrees 

0.48,0.85 0.19,0.58 0.2,0.45 0.08,0.15 0.42,0.7 0.33,0.53 0.4,0.25 0.35,0.12 
of Xy/\pXy 


The above table calculation is the linear combination of tnorm and tconorm using the equations (c), 


(d), (I) and (ID 





Single valued Neutrosophic set degrees of appurtenance : 


According to expert X: 


Contradiction 1 2 3 a a ad 

Attribute’s doctor1 | doctor2 | doctor3 | doctor4 report1 | report2 | report3 | report 4 
fiance | | SS | et et | eee [eee ee ee 

Neutrosophic 0.4,0.2, 0.2,0.4, 0.4,0.1, 0.5,0.2, 0.6,0.2, 0.4,0.1, 0.5,0.3 0.3,0.1, 


According to expert Y: 
Contradicti 
on degrees 1 2 3 1 > 3 
4 4 4 4 4 4 
3 








Attribute’s | doctor1 | doctor2 | doctor3 | doctor 4 report 1 | report2 | report3 | report 4 
Values 
Neutrosop | 0.6,0.1,0. 0.4,0.3 

hic Degree 3 


Single attribute value Neutrosophic set union with Plithogenic; 


dy (x,doctor1)Vpdy (x, doctor1) = (0.4, 0.2, 0.6)Vp (0.6,0.1,0.3) (contradiction degree is 0 
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Using the equation (e) 
= (0.4 Vp 0.6, 0.5(0.2 A, 0.1+ 0.2 V0.1), 0.6 Ap 0.3) 


Using the equation (a) and (b) 
= ((1- 0) [0.4 V; 0.6] + O[0.4 A; 0.6] , 0.5(([(1- 0) [0.2A, 0.1] + O[0.2 Vp 0.1})( 


((1- 0) [0.2 Vp 0.1] + O[0.2 Ay 0.11 )),(1- 0) [0.6 Ap 0.3] + 010.6 Vz 0.3] ) 
Using the equation (I and ID) 
= (0.76,0.15,0.18) 
dy (x, doctor3)Vpdy (x, doctor3) = (0.4, 0.1, 0.5)Vp(0.4, 0.3, 0.3) (contradiction degree is -) 


= (0.4 Vp 0.4, 0.5(0.1 A, 0.3+ 0.1 Vp0.3), 0.5 Ap 0.3) 


= ((1 —=)[0.4 V_ 0.4] + =10.4 Ay 0.41, 0.5((1 — =)[0.1Ag 0.3] + =[0.1 Vp 0.3] 


+(1 —=)[0.1 Vp 0.3] + “10.1 Ag 0.30), (1 — =)10.5/, 0.3] + “10.5 Ve 0.31) 


= (0.40, 0.20,40) 
Single attribute value Neutrosophic set intersection with Plithogenic; 
d¥ (x, doctor1)Ap d}’ (x, doctor1) = (0.4,0.2,0.6) Ap (0.6, 0.1, 0.3) (contradiction degree is 0) 


Using the equation (f) 
= (0.4A, 0.6, 0.5 (0.2 Ap 0.1 + 0.2 Vp0.1), 0.6 Vp 0.3) 


Using the equation (a) and (b) 
= ((1— 0) [0.4 A; 0.6] + 0 [0.4 V; 0.6] ,0.5(({[(1 — 0) [0.2 V; 0.1] 


+ 0[0.2 A,;0.1]) (((1— 0) [0.2 V; 0.1] + O[0.2 A, 0.1] )),(1— 0) 
[0.6 V; 0.3] + 0[0.6 A; 0.3]) 


Using the equation (I and ID) 
= (0.24 ,0.15, 0.72) 


d(x, doctor3)Ap d(x, doctor3) = (0.4, 0.1, 0.5) Ap (0.4, 0.3, 0.3)(contradiction degree is ; 


Using the equation (f) 
= (0.4 Ap 0.4,0.5 (0.1 A, 0.3 + 0.1 Vp 0.3), 0.5 Vp 0.3) 
Using the equation (a) and (b) 
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= ((1 —=)[0.4 Ap 0.4] + “10.4 Vp 0.41, 0.5((1 — =)[0.1Ag 0.31 + =[0.1 Vp 0.3] 


+(1 —=)[0.1 V> 0.3] + [0.1 Ag 0.3), (1 — =)[0.5V; 0.3] + 10.5 Ap 0.31) 


Using the equation (I and ID) 
= (0.40, 0.20, 40) 


Similarly, the calculation of the union and intersection of the experts, intuitionistic fuzzy results 


tabulated as follows. 


Contradiction 
degrees 1 9 3 1 9 3 
4. 4. 4. 4. 4. 4. 


Expert X | 0.4,0.2,0. | 0.2,0.4,0.5 | 0.4,0.1,0. | 0.5,0.2,0. 0.6,0.2,0. | 0.4,0.1,0. | 0.5,0.3,0. 
6 5 3 5 5 4 
Neutros 
ophic / 


~ Expert Y 0.4,0.3, 
0.3 
0.4 

Experts 

XxVpXy | 0.76,0.15 | 0.48,0.3,0. | 0.4,0.2,0. | 0.45,0.15, 
,0.18 33 4 0.59 

Experts 

XyApXy 
0.24,0.15 | 0.23,0.3, 0.73,0.15, 0.3,0.15, | 0.28,0.15. 0.47,0.1, 
0.72 0.58 : 0.32 0.65 0.58 0.28 


The above table calculation is the linear combination of tnorm and tconorm using the equations (e), 


(f), (I) and (II) 


0.8,0.15, | 0.52,0.15, | 0.55,0.3, | 0.24,0.1, 
0.15 0.33 0.45 0.53 





6. Conclusion 


The objective of this paper is to enhance the accuracy level of decision making, since the 
decision making level in the existing approaches Fuzzy, Intuitionistic fuzzy set and Neutrosophic 


set is less accurate. In this paper, it is an attempt to get more accurate value in the Plithogenic set 
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using ageregative operation tnorm and tconorm. This method can be applied in Multiple. 
Regression to get higher accurate level of evaluation. An example is given in this paper to find the 
level of accuracy for decision making using Plithogenic set with Fuzzy set, Intuitionistic fuzzy set 
and Neutrosophic set and it is proved practicaly how accurate the result is and its effectiveness. 
Hence from the above example, it is proved that Plithogenic set is a reliable and valuable tool for 


making decision. 
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Abstract: In this age of information, the industrial sectors are embedding its functioning principles 
with the components of Industry 4.0. This article proposes a production inventory model discussing 
the paradigm shift towards smart production process involving many new cost parameters in 
addition to the conventional inventory costs. The proposed Industry 4.0 production inventory model 
is discoursed and compared in both deterministic and neutrosophic environments. The trapezoidal 
neutrosophic number representation of the parameters enhances the efficiency of the model in 
determining the optimal order time that minimizes the total costs. The model is highly 
comprehensive in nature and it is validated with a numerical example. 
Keywords: Neutrosophic sets, Industry 4.0, production inventory model, optimization, decision 
making. 
1. Introduction 

Presently the industrial sectors are incorporating the techniques of digitalization to meet the 
requirements of the customer’s demands at all ends. The production sectors practice new production 
methods to ease the process of production that comprises of several sequential steps and new cost 
parameters. The optimizing principle of manufacturing companies is costs minimization and profit 
maximization and the inventory models are utilized to make optimal decisions on order time and 
quantity. The Economic Production Quantity (EPQ) model proposed by Taft [1], a basic production 
inventory model to manage the levels of inventory by the production sectors. This model is the 
underlying model and it was developed and extended based on decision-making situations. The 
fundamental EPQ model was further modified with the integration of the cost parameters of 
shortages, trade discount, imperfect items, supply chain, deteriorating items, remanufacturing, waste 
disposal and so on. The production inventory models are extended to cater the requirements of the 
production sectors. Presently, the fourth industrial revolution is gaining significance amidst the 
developed and developing nations. Industry 4.0 will certainly bring a paradigm transition at all the 
levels of organization and control over the different stages of the product’s life. The entire process of 


product production beginning from product conception, product design, product development, 
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initialization of product production, manufacturing of the product, product delivery and ending with 
product rework, recycle and disposal will get into the digitalized mode based on customer- centric 
approach. 

The elements of Industry 4.0 are stepping into the production sectors of large, medium and small- 
sized and at all phases of production processes. Christian Decker et al [2] introduced a cost-benefit 
model for smart items in the supply chain which is an initial initiative in calculating the advantages 
of introducing smart items into the network of the supply chain. Andrew Kusiak [3] presented the 
benefits of smart manufacturing; its core components and the production pattern in future. Fei et al 
[4] developed IT -driven assistance arranged shrewd assembling with its structure and attributes. 
Sameer et al [5] introduced a basic audit on keen assembling and Industry 4.0 development models 
and the suggestions for the entrance of medium and little enterprises. Xiulong et al [6] developed 
CPS-based smart production system for Industry 4.0 based on the review of the existing literature on 
smart production systems. Pietro et al [7] built up a digital flexibly chain through the powerful stock 
and smart agreements. Marc Wins[8] introduced a wide depiction of the highlights of a smart stock 
administration framework. Souvik et al [9] investigated the savvy stock administration framework 
dependent on the web of things (lot). Poti et al [10] introduced the prerequisite examination for 
shrewd flexibly chain the board for SMEs. Ghadge et al [11] tended to the effect of Industry 4.0 
execution on flexibly chains; introduced the benefits and confinements of industry 4.0 in supply chain 
arrange alongside its cutting-edge headings; clarified the core Industry 4.0 innovations and their 
business applications and investigated the ramifications of Industry 4.0 with regards to operational 
and gainful proficiency. Iqra Asghar et al [12] presented a digitalized smart EPQ-based stock model 
for innovation subordinate items under stochastic failure and fix rate. The above examined stock 
models are deterministic in nature and the costs boundaries are traditional in nature and they don't 
mirror the real costs boundaries identified with industry 4.0 components. 

In this paper, manufacturing inventory model incorporating a new range of smart costs is formulated, 
also in this industry 4.0 model, the cost parameters are characterized as neutrosophic sets. This is the 
novelty of this research work and as for as the literature is concerned, industry 4.0 neutrosophic 
production inventory models have not been discussed so far and related literature does not exist. 
Smarandache [13] introduced neutrosophic sets that deal with truth, indeterminacy and falsity 
membership functions. Neutrosophic sets are widely applied to handle the situations of 
indeterminacy and it has extensive applications in diverse fields. Sahidul et al [14] developed 
neutrosophic goal programming for choosing the optimal green supplier, Abdel Nasser [15] used an 
integrated neutrosophic approach for supplier selection, Lyzbeth [16] constructed neutrosophic 
decision- making model to determine the operational risks in financial management, Ranjan Kumar 
et al [17,18] developed neutrosophic multi-objective programming for finding the solution to 


shortest path problem, Vakkas et al [19] proposed MADM method with bipolar neutrosophic sets. 
Abdel-Basst, Mohamed et al [20] has developed neutrosophic decision-making models for effective 


identification of COVID-19; constructed bipolar neutrosophic MCDM for professional selection [21]; 


formulated a model to solve supply chain problem using best-worst method [22]and to measure the 
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financial performance of the manufacturing industries [23]. Also, Abdel-Basset proposed presented 
a new framework for evaluating the innovativeness of the smart product — service systems [24]. As 
neutrosophic sets are highly viable, neutrosophic inventory models are formulated by many 
researchers. Chaitali Kar et al[25] developed inventory model with neutrosophic geometric 
programming approach. Mullai and Broumi[26] discussed neutrosophic inventory model without 
shortages, Mullai [27] developed neutrosophic model with price breaks. Mullai et al [28] constructed 


neutrosophic inventory model dealing with single-valued neutrosophic representation. 


In all these neutrosophic inventory models, the cost parameters of the conventional inventory models 
are represented as neutrosophic sets or numbers, but these models did not discuss any new kind of 
cost parameters reflecting the transitions in the production processes. But the proposed model reflects 
the paradigm shift towards smart production process and incorporates new kinds of costs to cater 
the requirements of smart production inventory model. The industry 4.0 neutrosophic production 
inventory model with the inclusion of the respective costs to the core elements of smart production 
systems is highly essential as the existing production sectors are adapting to the environment of smart 
production set up, but to the best of our knowledge such models are still uncovered. This model 
primarily focuses on increase productivity and high quality of the product within low investment of 
finance. The composition of several components of industry 4.0 production inventory model result 
in diverse costs parameters such as smart ordering cost , internet connectivity initialization cost, 
holding costs ,smart product design cost, data management cost, customer data analysis cost, 
supplier data analysis cost, smart technology cost, production monitoring cost, reworking cost, smart 
training work personnel cost, smart tools purchase cost, smart disposal costs, smart environmental 
costs, holding cost. The term smart refers to the costs incurred with the integration of digital gadgets 
to the respective production departments. 

The article is structured into the following sections: section 2 consists of the preliminary definitions 
of neutrosophic sets and its arithmetic operation; section 3 presents the industry 4.0 production 
inventory model; section 4 validates the proposed model with neutrosophic parameters; section 5 
discusses the results and the last section concludes the paper. 

2. Basics of Neutrosophic sets and operations 

This section presents the fundamentals of neutrosophic sets, arithmetic operations and 
defuzzification 

2.1 Neutrosophic set [13] 

A neutrosophic set is characterized independently by a truth-membership function a(x), an 
indeterminacy-membership function #(x), and a falsity-membership functiony(x) and each of the 
function is defined from X — [0,1] 

2.2Single valued Trapezoidal Neutrosophic Number 

A single valued trapezoidal neutrosophic number A = ((a,b,c,d):p%,0q,Tq) iS a special 
neutrosophic set on the real number set R, whose truth -membership, indeterminacy-membership, 


and a falsity -membership is given as follows. 
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pig(x) = (z—a)pz/\(b—a) (a= x<b) 
Pa (b= xc) 
(d—x)pz(d—c) (c<x=d) 


0 otherwise 


my(x) = (b —x+o,(x—a)))/ (b—a) (a= x<b) 


Ca (b= x<=c) 
(x—ct+ 05 (d—x)l(d—c) feces a 
1 otherwise 


ex(x)=| (b-xtty (—a)))/(b-a) (ax x <b) 


3 \(bex<c) 
(—crTz (d—x))(d—c) (c<x= d) 
1 otherwise 


2.3. Operations on Single valued Trapezoidal Neutrosophic Numbers 


Let A= ((a,,b,,¢,.d,): pz,04,Tz) and B =((a,,b,,¢5,d,): pg,ag, Tz) be two single valued 
trapezoidal neutrosophic numbers and yu + 0, then 


1. A+B =((a, + a,b, + by,c, +¢z,d, + dz): py A py.Cq V Og. Tq V Tz) 


2. A—B=((ay— dz,b, — ¢y,€, — by, dy — az): pz A PZ, 0% V Tz, Tz V Tz) 


((ayaz,b,b,,c,C2,d,d,): pz Npg,0qVFRTGVTZ) (dy >0,d, >0) 
3. AB=4((a,d3,b,¢3,0,b3,d,a5): pz Apz.0qV0G.TZVIZ) (dy <0,d, > 0) 

((d,d5,c,¢>,b,b,,a,a,): pg A pz, OGVIz-TYVTs) (ad, <0,d, <0) 
4. A/B= 


((a,/d,,b,/cz,c,/b,,d,/a): pg Npg,0gVo5,TZV TZ) (dy >0,d, > 0) 
((d,/d5,¢,/c>,b,/bz,a,/az): pz AN pz, 0G VOqTZV TZ) (dy <0,d, >0) 
((d,/az,¢,/bz, by /cz,a,/d,): pz Npz.0zVG5%.T Vt) (dy <0,d, < 0) 


((ya,,ub,, uc,,ud,): pz, 0%,Tz) (u > 0) 
WA = 4 ((ud,,pcy, by, ua,):pz,05,T) (<0) 


wi 


o 


A~* =((1/d,,1/ce,,1/b,,1/a,): pg,05,T3) (A #0). 


2.4 Defuzzification of Neutrosophic set 


A single valued trapezoidal neutrosophic numbers of the form A = ((a,b,c,d); p,o,t)can be 


defuzzified by finding its respective score value K(A) 


K (A) = —[at+b+c+d]x(2+ bp 1G = Oz.) 


3. Model Development 


3.1 Assumptions 
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Shortages are not allowed. 

Demand is not deterministic in nature. 
The products are not of deteriorating type. 
Planning horizon is infinite. 

3.2 Notations 

The below notations are used throughout this paper. 
P — Smart production rate per cycle 

D > Uniform demand rate per cycle 
General Costs 

Os — Smart Ordering cost 

[Internet Connectivity Initialization Cost 
Costs for time period O0<t<ti 

PDs — Smart Product design cost 

DM - Data management Cost 

CD — Customer Data Analysis cost 

SD - Supplier Data Analysis cost 

Ts- Smart Technology Cost 

M - Production Monitoring cost 

r - defective rate 

R — Reworking Cost 

TRs — Smart training work personnel cost 
TOs — Smart tools purchase cost 

Costs for time period ti<t<T 

s — disposal rate 

D;— Smart disposal costs 

Es- Smart Environmental costs 

Costs common for both the time periods 


H - Holding costs 


q(t) 





D+ @ DI 


t=0 t=t t=T 
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If q(t) represents the inventory level at time te [0, T], so the differential equation for the instantaneous 


inventory q(t) at any time t over [0, T] is 


a =P-D O<t<ti> (1) 


= —[D-+rs(P-D)] ti<t<T (2) 
With initial condition q(0) =0 and 
Boundary condition q(T) =0 


m0 ~p_p 
dt 


dq(t) = (P - D) dt 
q(t) =(P-—D)t+c 
with initial condition q(0) =0 
q(0) =(P —D) 0+c 
O=c 
q(t) =(P -D) t0<t<ti> (3) 


solving equation (3) 


“2 = — [D+rs(P-D)] ti<t<T 


dq(t) = — [D+rs (P-D)] dt 
q(t)= —[D +rs (P-D)] t+¢ 
With boundary condition q(T) = 0 
q(T) = — [D+1s(P-D)] T+ 
0= — [D+rs(P-D)] T+c 
c=[D + rs(P—D)] T 
q(t) = —[D + rs (P-D)] t+ [D +rs (P-D)] T > (4) 
using equation (3),(4), we get 
Imax = (P—D) ti 
Imax =[ D+ rs (P—D)] (T- t1) 





ti= Imax 
P—D 


T-t = man 
D+rs (P—D) 


We adding ,we get 


1 1 
tit T — ti = Imax (P=D) D+rs(P—D) 


1 1 
To = Ima (P—b) > D+rs(P—D) 


P+(P-D)rs 


T= Lmax apace ny) 
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P-—D[D+rs(P-D) 
P+(P-D)rs 


Imax=[ ] T 


Smart product design cost = PDsf ie q(t) dt 
= PDsf-(P — D)tdt 
_ PDs : D+rs(P—D) 2 
“9 Parere y] 
Data management cost =DM f i q(t) dt 
=DM f-"(P — D)tdt 


= — P-D ( 


2 


D+rs(P—D) )7] 
P+(P-D)rs 
Customer data analysis cost=CD f i q(t)dt 

=CD f-'(P — D)tdt 


= | P-D ( D+rs(P—-D) T)?] 


2 P+(P-D)rs 


Supplier data analysis cost =SD f{ . q(t)dt 
=SD ['(P — D)tdt 


D+rs(P—D) 


= POF 2 
7 Fee NS papers )] 


Smart Technology cost = Tsf i q(t)dt 
=T:f-1(P — D)tdt 


et ils : D+rs(P—-D) 2 
7 ZL P-D ( P+(P—D)rs ye 
Production Monitoring cost=M f i q(t)dt 

=M f(P — D)tdt 


M 


2 EE ry GE SO) a7 
7 al ( P+(P—D)rs y| 
Reworking cost=R f te q(t)dt 
=R ['1(P — D)tdt 
_R i D+rs(P—-D) 2 
7 gL P D ( P+(P—D)rs )] 
Smart training work personal cost = TRsf q(t)dt 
= TR f(P — D)tdt 
TRs : D+rs(P—D) 2 
ae, [ P-D ( P+(P—D)rs ie 
Smart tools purchase cost = TOsf = q(t)dt 
= TOsf(P — D)tdt 
_ TOs : D+rs(P—D) 2 
~ 2 ( P+(P—D)rs )] 


Smart disposal cost = Dsf s q(t)dt 


= Def, D + rs(P — D)tdt 
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(P—D) 2 
P+(P—-D)rs ) 


Nn |S 


[D+rs(P—D) ( 
Smart Environmental cost = Esf : q(t)dt 


= Esf. D+rs(P — D)tdt 


Es 
2 


(P—D) 2 
P+(P-D)rs ) 


[D+rs(P—D) ( 
Holding cost =C:i [J q(t)dt + i q(t)dt] 


=Ci [(P-D) a +[ D+rs(P - py) F | 


Cy 


-2 


2 


P-—D[D+rs(P—D)| 
P+(P—-D)rs 


| 1 


-. Total Cost = Smart Ordering cost + Internet Connectivity Initialization Cost+ Holding Costs +Smart 
Product design cost+ Data management Cost+ Customer Data Analysis cost+ Supplier Data Analysis 
costt Smart Technology Cost+ Production Monitoring cost+ Reworking Cost+ Smart training work 


personnel cost+ Smart tools purchase cost + Smart disposal costs + Smart Environmental costs 


~ Oe + [eel PPD ID rs(P-D)) Tees P-D( D+rs(P—D) 2] 4 
2 P+(P-D)rs Z P+(P-D)rs 

DM D+rs(P—D) CD D+rs(P—D) 

el P-D ( P+(P—D)rs Ds “5. [P-D( P+(P—D)rs yes 

Gree NEO le 


“I P-D ( +t++4(+-v) +] i + [ P-D ( +t++(+-v) +)"] a 


+t+(+-+¥)e2 2 +t+(+-+)e2 


be eee vrtyy(y—y BS a vrtyy(y- yr 
—=[p-p( Se y+ ppp eS] + 


+t+(+-+)e2 +t+(+-+)e2 


= [-tee(e-y) (SS SY’) + a [-+ee(-y) (SS 


+t+(+-+)e2 +t+(+-+)e2 


4 


= Os Tet qcee Absa nae Ay +[P-D( SEE yy 


vt(+-¥)re +t+(+-+)e2 Zz 2 ie es 


rr, 


(+--+) ey 
re ari 


Ys 4 Xr 


J+ [> +++(-7¥) ( ; ; 


+t+(+-+)e2 


=Os+ Tet PR ee 2 PD ( SE)? (PD tet eat vot Tot +++ TR TOS) 


+t(+-¥)e2 +t+(+-+)e2 


(P—D) 
P+(P-D)rs 


T)*] (Ds Es)] 


[> +++(+ —- +)/( 


P-—D[D+rs(P-D)| ] T2 4+ - [P-D ( D+rs(P—-D) T 
P+(P-D)rs 2 


P+(P-D)rs 


Total Average cost= = [Os + I+ )2(PDs+ DM+ CD+ 


(P—D) 
P+(P-D)rs 


SD+Ts+ M+ R+TRst+TOs)+ [D+ rs(P—D) ( T)*] (Ds + Es) ] 
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a2: 4 ley & Pepi es@=P sy te 2 pep (¢ SSE Tea DM+CD+ SD+ Tt M# RETR: #10.)+ 
T T Z P+(P-D)rs 2 P+(P-D)rs 
= (sD): -_.39 
[D+rs(P—D) ( ree, T |(Ds+Es)] 


So the Classical EPO model is 


Min TAC (T) = 2+%+4 eee ] T+ = [P-D ( eae (PD.+ DM+ CD+ SD+ 
T.+ M+ R+TR:+TOs)+[D+rs(P—D) ( ae )2T|(Ds + Es) ] 


Such that T > 0 
We can show that TAC(T) will be minimum for 






2(Os+Ic) 
P-—D[D+rs(P-D) 


| D+rs(P-D) 
7 P+(P-D)rs |+[P-D ( 


P+(P-D)rs 


)2(PD,+ DM+ CD+ SD+T,+ M+ R+TR,+TO,)+ [D+rs(P—D)( a PIDs + Es)] 





TAC(T’) = 





P-D[D+rs(P-D)]| 
P+(P-D)rs 


D+rs(P-D) 
P+(P-D)rs 


2(0, +1.) + C, | |+[P-D( )2(PD, + DM +CD +SD + 


(P—D) 2 
eee ](Ds + Es)] 





T, +M+R+TR, +TO,) + [D+rs(P —D)( 


4.Illustration 

To validate the developed model, an inventory system with the below characteristics is taken into 
consideration 

Smart production rate per cycle = Rs.500unit/per month , Uniform demand rate per cycle = 
Rs.250/month, Smart Ordering cost =Rs.310/run, Internet Connectivity Initialization Cost = 
Rs.370/year, Smart Product design cost = Rs.25/unit, Data management Cost = Rs.50/unit, Customer 
Data Analysis cost = Rs.45/unit, Supplier Data Analysis cost = Rs.25/unit, Smart Technology Cost = 
Rs.15/unit, Production Monitoring cost = Rs.45/unit, defective rate = Rs.1, Reworking Cost = 
Rs.22/run, Smart training work personnel cost = Rs.30/unit, Smart tools purchase cost= Rs.10/unit, 
disposal rate = Rs. 3/unit, Smart disposal costs = Rs. 5/unit, Smart Environmental costs = Rs.7/unit, 
Holding costs = Rs.1/unit/year. Find the time interval and find the total average cost. 

The value of T* and TAC(I™) is 0.179 and Rs.208.39 respectively 

This model can be validated with the single valued neutrosophic trapezoidal fuzzy value 
representations as follows, 

D= ((250,350,450,550):0.7,0.2,0.1) 

Os= ((350,450,550,650):0.9,0.3,0.1) 

Ic= ((550,650,750,850):0.8,0.3,0.4) 

PDs = ((25,35,45,55):0.7,0.3,0.2) 

DM = ((65,75,85,95):0.9,0.3,0.4) 

CD= ((55,65,75,85):0.8,0.1,0.2) 

SD = ((20,30,40,50):0.8,0.3,0.2) 

Ts = ((15,18,22,24):0.7,0.1,0.2) 
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M= ((60,70,80,90):0.7,0.2,0.4) 
r= ((1,1.5,2.5,3):0.9,0.1,0.2) 
R = ((20,25,35,40):0.8,0.2,0.1) 
TRs =((35,45,55,65):0.7,0.1,0.3) 
TOs= ((8,12,16,20):0.7,0.1,0.4) 
S= ((3,4,6,8):0.8,0.1,0.4) 
Ds= ((5,7,9,11):0.7,0.2,0.3) 
Es= ((6,9,12,15):0.8,0.2,0.3) 
Ci= ((1,1.5,2.5,3):0.9,0.3,0.2) 
The value of T* = 0.178 and TAC*(T*) = 210.29 
5. Discussion 

A neutrosophic production inventory model incorporating the costs parameters of industry 4.0 
is developed together with the presentation of its conceptual framework. Several key benefits of 
neutrosophic production inventory model have been emphasized in this paper, together with the 
additional cost parameters. Another point of discussion is the usage of the production inventory 
model to find the feasible time to place orders that confines the total expenses. The representation of 
these costs parameters as single valued trapezoidal neutrosophic number tackles the conditions of 
uncertainty. 
The constructed manufacturing inventory model is validated with deterministic parameters and 
neutrosophic parameters. The optimal time that yields minimum costs is nearly equal in both the 
cases of deterministic and neutrosophic validation. The neutrosophic representation makes this 
model more comprehensive. In this paper shortages are not allowed, the products are not of 
deteriorating type, planning horizon is infinite. The developed model can be extended to 
neutrosophic production inventory model with shortages and deteriorating items. This model 
primarily focuses on increases productivity of high-quality products within low investment of 
finance. The discussion is summarized as follows, a novel neutrosophic production inventory model 
is developed with the cost parameters pertaining to the fourth industrial revolution. This proposed 
model will certainly assist the production sectors to incorporate new types of costs. A deeper 


investigation on the effects of our decision making is clearly an obligation for upcoming work. 


6. Conclusion 

The proposed industry 4.0 inventory model is a novel approach integrating the concept of smart 
production principles, and neutrosophic representations of cost parameters. This model is an 
underlying smart production model and this model can be further developed based on the needs of 
the production sectors. The proposed model is pragmatic in nature and it can be extended by 
including the concepts of customer acquisition and product propagation with additional cost 
parameters. These models will certainly unveil the new requirements of production scenario to meet 
the demands of the customers of this information age. The model constructed in this paper presents 


the present need of the production environment and it will certainly assist the decision makers to 
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optimize profit. The cost parameters of this model can be scaled to the requirements of small and 


medium sized enterprises which could be the future work. 
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Abstract : The goal of this paper is to study and discuss the neutrosophic soft set theory by 
introducing, new family of neutrosophic soft sets and because the concept of topological spaces is 
one of the most powerful concepts in system analysis, we introduced the concept of neutrosophic 
soft topological spaces depending on this the new family. Furthermore, we introduced new 
definitions, properties, concerning the neutrosophic soft closuer, the neutrosophic soft interior, the 


neutrosophic soft exterior and the neutrosophic soft boundary in details. 


Keywords : neutrosophic soft set theory, of neutrosophic soft topological spaces , new operations for 
neutrosophic soft sets. families of neutrosophic soft sets. 


1. Introduction 


D Moloasov[1] introdueced the notion of soft set in 1999 . In the same year F Smarndache firstly 
introduced the neutrosophic set theory [2]. Which is the generalization of the class set conventional 
fuzz set [3] and intuitionistic set fuzz [4]. The soft set theory and the neutrosophic set theory have 
been applied to many different fields, ( see for example [5-64]) . 


In 2012 Maji[65] combined the concept of soft set and neutrosophic set together by introducing 
the current mathematical framework called neutrosophic soft set and later this concept has been 
modified by S.Bromi[66] . Faruk[67] redefied neutrosophic soft set, and their operations, also 
presented an application of neutrosohpic soft set, in decision making . In 2017 Bera[68] introduced 
neutrosohpic soft topological spaces using different subsets of the parameters set for each soft 
set . In 2019 and In 2020 Taha[69] and Evanzalin[70] introduced the neutrosohpic soft topological 
spaces differently from the study[58] . More works on the concept, of neutrosohpic soft set can be 
found in [71, 72, 73, 74, 75, 76, 77, 78, 79, 80,81,82 ] . 


In this research , we studied and discussed the neutrosophic soft set theory by introducing, new 
family of neutrosophic soft sets, new operations for neutrosophic soft sets and we also we introduce 
the theory of neutrosophic soft topological spaces depending on this the new family. 


The research is organized as follows: In section2, we first recall the necessary definitions needed 
in this work we then recall two families of neutrosohpic soft sets with explaining the properties of 
each family. In section3, the neutrosophic soft set theory is studied and discussed by introducing, 
new family of neutrosophic soft sets [namely third family], new operations for neutrosophic soft 
sets, comparison between the new family and other families, new definitions and examples. In 
section4, the theory of neutrosophic soft topological spaces is investigated depending on the new 
family and also, new definitions, characterization, the neutrosophic soft closure, the neutrosophic 
soft interior, the neutrosophic soft exterior and the neutrosophic soft boundary are introduced in 


details . 
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2. Preliminaries 


In this section, we will recall the necessary definitions needed in this work, we then recall two 


families of neutrosohpic soft sets with explaining the properties of each family. 


2.1. Definition [83] 
If K is the initial universe then the neutrosohpic set A is defined as follows: 
A= {<k, T,(k), I, Ck), Va(k) >, kK EK} 
where, the functions T,LV:K—> ]—0,+1[ and 
-O< Ty Ck) + Ink) + Va Ck) S43 
For any two neutrosohpic sets: 
A={<k, Tak), In(k), Valk) > KEK } 
B={<k, Tg(k), Ip(k), Vg(k) > kE K } 


“# ACB © Talk) < Tg(k), In(k) < Ip(k), Va(k) = Ve(k) , forall, kEK. 
= AUB= {<k,T,(k) V Tg(k), IA(K) V Ip (k), Vak) A Vg(k) > KEK }. 
% AN B= {<k,T,(k) A Tg(&), Ia (kK) A Ip Ck), Va) V Ve (kK) > KE K }. 
+ A=B @ACBandBGA. 
“+ The complement of A denoted by A‘ is defined as: 

(A)® = {< k,1— Ty(k),1 —- yk), 1 — Valk) > KEK f. 
2.2. Definition [1] 


Let K be an initial universe set and E be a set of parameters. Consider a set A# @, ACE. A pair 
(F,A)is called a soft set (over K ) if and only if F is amapping from A into the set of all the 
subsets of K . 


First family [65] 


Let K be an initial universe set and Ex be aset of parameters . Consider a set D# 6, DE Ex. A 
pair (F,D) is called a neutrosohpic soft set (over K) if and only if F is amapping from A into the 
set of all the neutrosohpic sets over K . 


Note that , we will denote simply by Fp of the pair (F,D) and the set of all the neutrosohpic sets 
over K with respect to this family will be denoted by N,(K) . 


Let Fy, .Fop © Ni(K). Then: 


1) The union between them( Fp LU Gg) is defined by H = Fp U Gg as follows: 


Trp) CK ) if pe D\B 
Typ) Ck ) = Tey (kK ) if pEB\D 
max {Trp (kK ), Tey (Ck J} if p € DNB 
Ie(p) Ck ) if peD\B 
lucpy(k ) = Ig(p) CK ) if pe B\D 


I k )+I k : 
Crp) * G(p) Ck) if pe DNB 
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Vecpy CK ) if pEeD\B 
min{Vpp) ( k ), Verpy k )} if pe DNB . 
2) The interstation between them( Fp lM Gg) is defined by H = Fp MN Gg as follows: 
Tu) (k ) = min {Tpq)(K ), Tey Ck ) } 


IR yCk )+1¢( y(k) 
IneyCe) = Settee) : : : ) 


Vucpy(k ) = max {Vem (K ), Vecpy Ck ) } - 
3) Fp & Gg if and only if 
1) DCB 
2) Tr@y(K ) S Tey CK ) Tey CK) S Ieqy CK)  Veq@y (kK ) 2 Vem (k ) ,forallpeD ,keK. 
4) The complement of Fp is defined as: 
(Fp)° = {(p, {< k Trp) CK ), legpy CK ), Vey (k ) > Kk EK }),p € D}. 
2.3. Definition [70] 
A neutrosohpic soft set Fp over the universe K is called a null neutrosohpic soft set and 
denoted by Oy if TppyCk ) = 0, Ip) K ) = 0, Veqy (Ck ) = 1, forallp ED ,keEK. 
2.4. Definition [70] 


A neutrosohpic soft set Fp over the universe K is called an absolute is called an absolute 
neutrosohpics soft set and denoted by Ky if Tpg)(K ) = 1, Ing) (x) = 1, Veg (k ) = 0, for all p € 
D kEK. 

Second family [66] 
Let K be an initial universe set and E bea set of parameters , P(Y) be the set of all the subsets of 
K and V bea neutosohpic set over E . Then a neutrosohpic parameterized soft sets . 
Qy = {(< p, Ty(p), Iv(p), Wy(), fy(p) >), pe E} 
where , the functions Ty, Iy,Wy:E- [0,1] and fy: E> P(K) 
and fy(p) = @ if Ty(p) = 0,ly(@) = 1 and Wy(p) = 1. 
Here, the functions Ty,Iy,Wy are called membership function, indeterminacy function and 
non-membership function of parameterized soft set (for short, Np_soft set ), respectively . 

Let Qy ,O; € Np_soft set . 

Now : If fy(p) =K, Ty(Q)=0, IvQ)=0 and Wy (p)=1, VpeEE, then Qy is called a V_empty 
Np_soft set (for short Q9,) . If V =@, then the V_empty Np_soft set is called anempty Np_soft 
set (for short Qg) . If fy(p) =K, TyQ=1 Iv(p)=0 and Wy(p)=0, VpeEE, then, Ny is calleda 
V_universal Np_soft set (for short Oy, ),if V=E, then the V_universal Np_soft set is called an 
V_universal Np_soft set (for short Nx ) . 

Ay EU, © Ty(p) S$ TL), Iv) 2 IL(p), Wp) 2 Wi (p), fv) Ss fL.0p) , PEE . 

Oy UU, = {(< p,max{Ty(p), T.(p)}, min {Iy(p), 1,(p)}, min {Wy(p), W.(p)3, fy(p) U fL(p) >), p © E} . 

O NU, = {(< p,min {Ty(p), TL(p)}, max {Iy(p), I, (p)}, max {Wy(p), W,(p)}. fv(p) 9 fL(p) >), p € E} 

The complement of Qy is defined as: 
Oy* = {(< p, Wy(p), Iv(p), Ly(p), fye(p) > ) p € E}, where, fyc(p) =K- fy(p) . 
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3. Third family (New family) 


In this section, we will study and discuss the neutrosophic soft set theory giving new definitions, 
example, new family of neutrosophic soft sets, new operations for neutrosophic soft sets and 
comparison between the new family and first family. 


3.1. Definition 


A neutrosohpic soft set Fp on the universe K is denoted by the set of ordered pairs 
Fp = {(p, fo(p)), p € Ex} - 
It can be written as: Fp = {(p.{< qT rote) 64)’ lrp(p) (4)! Vip) CQ) ),p E Ex }. 
Where, 
fp iS amapping such that 


D — P(K) 


Do < qo s "45 _ 


fo: 
Ex 1s the set of all possible paramerers under consideration with respect to K , DGEx. 
P(K) is the set of all the neutrosohpic sets over K . 


Form now on, the set of all the neutrosohpic sets over K with respect to this family (Third family) 


will be denoted by N3(K). 
3.2. Example 


Let K= {q1,42,93,44} and D CE, = { 1, P2,P3,P4} , such that D= {p,,pz} . 
Suppose that : 


hip (p1) — { <q (0,67 0,37 O72). q,6°? 10,47 0,5) ga 67! 0,47 0,3 : da (0,8/0,470,3) 1. 
hip (p>) — { <q (0,71 0,37 0,5) qs (0,67 0,77 0,3) qa (0,77 0,37 0,5) 4 (0,6 0,3/0,6) x 1, 
Prag, Og, OO) ig, Os cg, Coe), 


hep j)=1 <q, (0,77 0,67 0,6) qo (0,87 0,47 0,5) qs (0,77 0,47 0,6) q4 (0,67 0,370,5) x 7 


Then, we can view the neutrosophic soft sets F,,,F2p) as: 


(pi, {<q ( 0,67 0,37 0,7) q> (0,57 0,47 0,5) q3 (0,77 0,47 0,3) Qs (0,87 0,4/0,3) x }) 


Fay a (po, { <q1 (0,77 0,37 0,5) qs (0,67 0,77 0,3) q3 (0,77 0,37 0,5 ). da (0,67 0,37 0,6 ) > } ) 
(p1, f <q, (0,670,417 0,5) qs (0,670,57 0,4) q3 (0,77 0,47 0,5) da (0,77 0,57 0,6) > ) 
Fyp = (p2,{ <q, (0,77 0,67 0,6) qo (0,87 0,47 0,5) q3 (0,77 0,47 0,6) da (0,67 0,37 0,5) > }) 


Note that, if fp (p) =< q°°'°’” >, for all p € E,q € K, the element ( p, fp (p)) is not appeared in 


neutrosohpic soft set Fp . 
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3.3. Definition 
The neutrosohpic soft complement F°p of Fp is defined by the mapping 
foc (Pp) = f*y (Pp) , where f°, (p) is the complement of the set fp (p) . 
That is : 
Fo, = {(p, f< gh Trp pW) "A= Trp wy) "AV pw) >) ,p € Ex}. 
3.4. Definition 


Let Fp € N3(K), if fp (p) =< q’9'Y >, Vp € Ex, q EK, then Fp is called the null neutrosohpic 
soft set and denoted by @p. 
3.5. Definition 
Let Fp € N3(K) if fp (p) =< q*'1'% >, Vp €D,q EK, thenFp is called the absolute neutrosohpic 
soft set and denoted by Kp. 
3.6. Definition 


Let F,, € N3(K), then F,, is called a neutrosohpic soft subset of F,,, and denoted by 


Fup = Fon if hip (p) = fen (p), ,Vp E Ex . 
3.7. Definition 


Let Fy, ,F2, € N3(K),then, the neutrosohpic soft intersection (F,,) 1 F2,) and the neutrosohpic 
soft union (F,, U F2,) are defined by the mappings . 
hip (p) M fap (p) 
fip (p) u fap (p) 
3.8. Example 


Let us consider neutrosohpic soft sets F,,, F, 


Then , 


p inexample . 


(pi, {<< qy (0:67 0,410.5) g., (0,61 0,5' 0,4) gq, (0,77 0,410,3) q | (0,8! 0,57 0,3) >}) 
1) Fy, U Fop= (Po, F< qy (0:77 0:67 055), gq, (0,81 0,7/0,3) (0,71 0,4 0,5) gq , (0,61 0,3" 0,5) >}) 


(p1, f< gy (06103107) gq, (05104105) g, (0.710,470,5) g (0,77 0,410,6) >}) 
2) Fy, Fop= (Po, F< gy (007103105) g, (06105104) Gg, (0,7 10,31 0,6) q , (06 /0,3 1 0,6) >}) 


(pi, {< qy (0,41 0,6 10,5) qo (0,41 0,51 0,6) qs (0,37 0,67 0,5) q4 (0,37 0,57 0,4) >}) 

C (os {< Qi we ie ), Q2 od ne) Q3 oe a mie), C4 Ca eo oP) >}) 
3) (F2,) a (p; f< qi (1/170) ,. Gs (1/17 0) qt’ 1 0) q,@ 1170) >}) 
(Dy ) {< qi (1/170) qo’ 1 0) as" mas 0) q.0 1110) >}) 
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3.9. Proposition 
Let F,, € N3(K), then: 
ee ee ee ee 
© FL NF, =Fip- 
© Fi) U@p =F,,. 
e Fy, Fy - 
e Op E Fiy- 
e FiyF Kp . 
e Fay n Bp = Bp ; 
e Fy, u Ka = Ka 
e Fi, NKp =Fyy - 
Proof : The proof of the remark is direct from the definition 
3.10. Proposition 
Let F,, € N3(K), then: 
° (Dp )° =Kp 
e (Kp )°= Op 
© (Rip) =Fip 
Proof : Straightforward . 
3.11. Proposition 
Let F,,, Fz, and F3,, € N3(K),then : 
¢ FL) UF.) =Fop UFiy - 
SP Po Si eae 
e (Fp u F,,)° = (Fi,)* M (F2,)° ; 
* (Fig Fo) = Gig) BGs) : 
e (Fi) F2p)) UF3, = (Fip UF3,) 9 (Fop U Fs,) - 


(Fip u Fy») NF3, = (Fi, 1 F3,) U (Fo) 1F 3p) - 


Proof : Straightforward . 
Comparison 


Next ,we will compare (new family) with the first family . 


1- Dentition of neutrosohpic soft sets 


First family Third family(new family) 


Fp = {(p, fo(p)), p € D, DE Ex} Fp = {(p, fo(p)), p € Ex DEE} 


Where, F: D — P(K) ( D— P(kK) 
Where, F : ie sc gro s ,qGeEK 
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2- Intersection of neutrosohpic soft sets 


First family Third family(new family) 
Fig Fog = Fs cans) Fin Foy = Fap 
F3: (ANB) — P(K) 


D — P(K) 
Fy: ,GEK 


Cc (07071) 
F3(p)= F,(p) or F2(p) Df <q > 


F3(p)= Fi(p) F2(p) 


3- Union of neutrosohpic soft sets 


First family Third family(new family) 


Puy U Fon = F3caupy Fi U Foy = Fan 


F,: (ANB) — P(K) 


»>KEK 


E. : D — P(K) 
e  (pe Sc KOO DS 


F,, if pe A\B 


Pop if pe B\A F3(p)= Fi(p) U F2(p) 
F.(p)UF,(p) if p€ ANB 


4- Complement of neutrosohpic soft sets 


First family Third family(new family) 
(Fp)© = F%p (Fp)° = Fp 


Where F°:]D — P(K)" D — P(K) 


C ize q (0101S ,qeK 


C . 
Where, F a 


Where, ‘k isnot k and |D ={ 'k:keED } 
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4. Neutrosohpic Soft Topology 

In this section, we will investigate the theory of neutrosophic soft topological spaces depending 
on the new family (N3(K)) and we present new definitions, characterization and properties 
concerning the neutrosophic soft closure, the neutrosophic soft interior, the neutrosophic soft 
exterior, the neutrosophic soft boundary . 
4.1. Definition 

Let K be the initial universe Ex be set of parameters ,D © Ex and pw €& N3(K), we say that wis a 
neutrosophic soft topology on K, if it satisfies the following conditions : 

1) Oy, Kp eu. 
2) Fi, A Fo © UE pV Fi Pon © Le 


3) UF, El] Ep, VF, © tt . 


The pair (K, ) (or simply K) is a neutrosophic soft topological spaces or ((N3 — Top) for short) . 


\ 


“*  Theelements of pare called aneutrosohpic open the family sets . 

“* A neutrosohpic soft F,, is called a neutrosohpic soft closed set,if its complement is a 
neutros ohpic soft open set . 

4.2. Proposition 
Let (K,u) be (N; — Top) , then the family of neutrosohpic soft closed sets (C(Kp) for short ) has 

the following properties : 

1) @p,Kp € C(Kp) . 

2) Fip UFop En WV Fup, Fop € C(Kp) - 


3) N{Fip,i€ Be C(Kp),VFip € C(Kp) . 


Proof : Straightforward. 


4.3. Example 
Let K= {q1,q2} , D SEx , such that D= {p,} and F,,,F2, €N3(K) , 


such that : 


Kip = {Pu { gy 8 OA) qa OM 08108) a 
po {(Pn {< 1 aaa ciac a 


Then, # ={ Op,Kp, F,,F2p } is a neutrosohpic soft topology on K and (K, 1) is a neutrosohpic 
soft topological space . 


4.4. Proposition 


Let (K,yH,) and (K,u2) be two neutrosohpic soft topological spaces on K, then ( K,H, N Hz) is a 
neutrosohpic soft topological spaces on K. 


Poof: 


Let (K,u,) and (K,u2) be two neutrosohpic soft topological spaces on K. It can be seen clearly that 
Op, Kp El, Ny. Ie Fry Foy € Wa Ne, then Fy, Fo) € by and Fy), Foy) Eby. It is given that 
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Fin Fop Ea, Fip MFop © be. Thus Fy, NF,, € uN. Let {Fip,ie€ Yeu, u., then Fip € 
Uy Viel and Fi, Eu, ,Wiel.Then Fi, € uj Nw, ,WiEl .So, wehave U {Fip,i€ TE WN by 
4.5. Remark 


Let (K,u,) and (K,p,) be two neutrosohpic soft topological spaces on K , then (K,p, U p2) may 
not be correct . It can be seen from the following example . 


4.6. Example 
Let K= {q1,q2} , D SEx , such that D= {p,} and F,,,F2, €N3(K) , 
such that : 


Kip = {en {< eine °C calles a 
Map = {(Pn { ee ge a 


Then, w, ={ p,Kp,Fip}and p, ={ Op,Kp,F 2p} are two neutrosohpic soft topology on K. But 


u, Uno ={ Op,Kp, F,,Fap} } is not neutrosohpic soft topology on K. 
4.7. Definition 
Let Fp € N3(K). The interior of Fp is union of all neutrosohpic soft open sets contained in Fp, 
denoted by int(Fp). That is 
int(Fp) =U{ Fy, : Fy 
4.8. Definition 


p is neutrosohpic soft open set, F,,& (Fp) } . 


Let Fp € N3(K). The interior of Fp is intersection of all neutrosohpic soft closed sets containing 
in Fp, denoted by cl(Fp). That is 
4.9. Proposition 


p is neutrosohpic soft closed set, F,,= (Fp) } . 


Let (K,u) be (Nz — Top), Fp € N3(K). Then: 
1) Fp is aneutrosohpic soft open (closed) set if and only if Fp =int(Fp) (Fp =cl(Fp)) . 
2) cl((Fp)*)= Cint(Fp))* . 
3) int((Fp)")= (cl(Fp))* . 
4.10. Proposition 
Let Fy), Fep € N3(K) Then : 
int(Fip) & Fi, - 
int(int(F, ))) = int(F,,). 
int(F,,,) & int(F2,), whenever Fi, © Fo, . 


int(Fy yp NF2,) = int(Fip) 1 int(F2,) . 


Fi, Ecl(Fip). 


cl(cl(F,,,)) = cl(Fip) - 


1 

2 

3 

4 

5. int(F, )pUF2,) 3 int(F,p) U int(F2p) . 

6 

i 

8. cl(Fip) & cl(F2,), whenever F,,& Fp . 
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9. cl(Fi,) A F25) © l(F,p) M9 cl(F2p) - 
10. cl(Fy) U F25) =cl(F,,) U cl(F2,)- 


4.11. Remark 
The converse of (property (1,3,6,9 )) in above theorem is not true in general. It can be seen from 
the following examples. 
4.12.Example 
Let K= {q1,q2} , D SEx , such that D= {p,} and Fy), Fo) € N3(K) , 
such that : 


Fin = {(P, {< a alta qo" apres >}) 
1p 


J 


J 


(p1, f{< qi (0,57 0,57 0,6) G0 0,3/ 0,4) >}) 


J 


2p {(P{< gy 07 61 8), gy (0.808108) >} 
Fan =| 
Pap = {(Pn fs Gye rs nigae ee Ns >} 


Then, n ={ @p,Kp, F154) Foy, F3p, Fap } is a neutrosohpic soft topology on K . 
Note that : 
1) int(Fyp U F2p)E int(F,)) U int(F2,) . 
2) Fip¥ int(F,p) 


4.13. Example 


Let K= {q1,q2} , D SEx , such that D= {p,} and Fi), Fo.) € N3(K) , 
such that : 
_ (pi, F< gy (011011 0,9) Gg, (0,21 0,2" 0,8) >}) 
Fiy 


F, ((P {< gy, (091 0,97 0.1) gq, (0,81 0,87 0,2) “Dt 
Then, n ={ @p,Kp, F,,,F2p} is aneutrosohpic soft topology on K . 
Note that : 

1) clh(Fy,) U cl(Fop)  cl(Fi, U F2p) . 

2) cl(Fi,)F Fipy - 


4.14. Definition 
Let Fp € N3(K). The neutrosohpic soft exterior of Fp is denoted by ext(Fp) and is defined as: 
ext (Fp) = int ((Fp)°). 
4.15. Definition 
Let Fp € N3(K). The neutrosohpic soft boundary of Fp is denoted by br(Fp) and is defined as: 


br (Fp) = cl ((Fp)*) H (cl (Fp) . It must be notion that br (Fp) = br ((Fp)°. 
4.16. Proposition 
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Let (K,n) be (Nz — Top), Fp € N3(K). Then: 
1) br((Fp)°) = ext(Fp)Uint(Fp) . 

2) cl(Fp) = br(Fp)Uint(Fp) . 

3) br(Fp)Mint(Fp) =Op . 

4) br(int(Fp)) &br(Fp) . 


Proof : Straightforward . 
4.17. Proposition 


Let (K,n) be (Nz — Top), Fp € N3(K). Then: 
1) Fp is aneutrosohpic soft open set © br(Fp)M(Fp) =p . 


2) Fp is aneutrosohpic soft closed set < br(Fp) © (Fp) . 


Proof : Straightforward . 


Conclusion 

-The neutrosophic soft set theory is studied and discussed by introducing, new family of 
neutrosophic soft sets, new operations for neutrosophic soft set . 

-The neutrosophic soft set theory is studied and discussed by introducing, new family of 
neutrosophic soft sets [namely third family], new operations for neutrosophic soft sets, comparison 


between the new family and other families, new definitions and examples. 


- New definitions, characterization, the neutrosophic soft closure, the neutrosophic soft interior, the 
neutrosophic soft exterior and the neutrosophic soft boundary are introduced in details . 


-We expect this research will promote the future study on theory of neutrosohpic soft sets, the 


theory of neutrosophic soft topological spaces and many other general frameworks . 
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Abstract. Convexity plays an imperative role in optimization, pattern classification and recognition, image 
processing and many other relating topics in different fields of mathematical sciences like operation research, 
numerical analysis etc. The concept of soft sets was first formulated by Molodtsov as a completely new math- 
ematical tool for solving problems dealing with uncertainties. Smarandache conceptualized hypersoft set as a 
generalization of soft set (hs, FE) as it transforms the function hs into a multi-attribute function hag. Deli 
introduced the concept of convexity cum concavity on soft sets to cover above topics under uncertain scenario. 


In this study, a theoretic and analytical approach is employed to develop a conceptual framework of convexity 





cum concavity on hypersoft set which is generalized and more effective concept to deal with optimization relat- 
ing problems. Moreover, some generalized properties like 6-inclusion, intersection and union, are established. 
The novelty of this work is maintained with the help of illustrative examples and pictorial version first time in 


literature. 


Keywords: Convex Soft Set; Concave Soft Set; hypersoft Set; convex hypersoft set; concave hypersoft set. 


1. Introduction 





The theories like theory of probability, theory of fuzzy sets, and the interval mathematics, 
are considered as mathematical means to tackle many Intricate problems involving various 


uncertainties in different fields of mathematical sciences. These theories have their own com- 





plexities which restrain them to solve these problems successfully. ‘he reason for these hurdles 
is, possibly, the inadequacy of the parametrization tool. A mathematical tool is needed for 
dealing with uncertainties which should be free of all such Impediments. In 1999, Molodtsov 


has the honor to introduce the such mathematical tool called soft sets in literature as a new 
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parameterized family of subsets of the universe of discourse. In 2003, Maji et al. extended 
the concept and introduced some fundamental terminologies and operations like equality of 
two soft sets, subset and super set of a soft set, complement of a soft set, null soft set, absolute 
soft set, AND, OR and also the operations of union and intersection. They verified De Mor- 
gan’s laws and a number of other results too. In 2005, Pei et al. discussed the relationship 
between soft sets and information systems. ‘hey showed the soft sets as a class of special 
information systems. In 2009, Ali et al. |4) pointed several assertions in previous work of Maji 
et al. and defined new notions such as the restricted intersection, the restricted union, the 


restricted difference and the extended intersection of two soft sets. In 2010, 2011, Babitha et 





al. [5\(6| introduced the concepts of soft set relations as a sub soft set of the Cartesian product 
of the soft sets and also discussed many related concepts such as equivalent soft set relation, 
partition, composition and function. In 2011, Sezgin et al. [7], Ge et al. (8), Full [9] gave 
some modifications in the work of Maji et al. and also established some new results. Many 


researchers [10}- developed certain hybrids with soft sets to get more generalized results 





for implementation in decision making and other related disciplines. 


In 2013, Deli defined soft covex and soft concave sets with some properties. In 2016, 





Majeed investigated some more properties of convex soft sets. She developed the convex 
hull and the cone of a soft set with their generalized results. In 2018, Salih et al. defined 
strictly soft convex and strictly soft concave sets and they discussed their properties. 

In 2018, Smarandache introduced the concept of hypersoft set and in 2020, M. Saeed et 
al. extended the concept and discussed the fundamentals of hypersoft set such as hypersoft 
subset, complement, not hypersoft set, aggregation operators along with hypersoft set relation, 
sub relation,complement relation, function, matrices and operations on hypersoft matrices. 
Convexity is an essential concept in optimization, recognition and classification of certain 


patterns, processing and decomposition of images, antismatroids, discrete event simulation, 





duality problems and many other related topics in operation research, mathematical econom- 
ics, numerical analysis and other mathematical sciences. Deli provided a mathematical tool to 
tackle all such problems under soft set environment. Hypersoft set theory is more generalized 
than soft set theory so it’s the need of the literature to carve out a conceptual framework for 
solving such kind of problems under more generalized version i.e. hypersoft set. Therefore, to 
meet this demand, an abstract and analytical approach is utilized to develop a basic framework 


of convexity and concavity on hypersoft sets along with some important results. Examples 





and pictorial version of convexity and concavity on hypersoft sets are presented first time in 
literature. 
The rest of this article is structured as follows: Section 2 recalls some basic definitions and 


terms from literature to support main results. Section 3 discusses the main results i.e. convex 
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and concave hypersoft sets along with some generalized results. Section 4 concludes the paper 


and describes future directions. Throughout the paper, G , J*, I] and P(LI), will play the role 





of R”, unit interval, universal set and power set respectively. 


2. Preliminaries 


In this section, some fundamental terms regarding soft set, hypersoft set and their convexity- 





cum-concavity are presented. 


Definition 2.1. [1] (Soft Set) 

Let I be an initial universe set and let E be a set of parameters. A pair (hg, E) is called a 
soft set over LI, where hg is a mapping given by hg : E + P(U). In other words, a soft set 
(hg, E) over LI is a parameterized family of subsets of Il. For w € E,hg(w) may be considered 


as the set of w-elements or w-approximate elements of the soft set (hg, EF). 


Definition 2.2. 
Let (fs, A) and (gs, B) be two soft sets over a common universe I, 
(1) we say that (fs, A) is a soft subset of (gs, B) denoted by (fs, A) C (gg, B) if 
i ACB, and 
ii Vw € A, fg(w) and gs(w) are identical approximations. 
(2) the union of (fs, A) and (gs, B), denoted by (fs, A) U (gs, B), is a soft set (hg,C), 
where C= AUB andw€C, 
fs(w), weEA-—B 
hg(w) = 4 gs(w), weEB—A 
fs(w) Ugsw), we ANB 
(3) the intersection of (fs, A) and (gs,B) denoted by (fs, A)M (gs, B), is a soft set 
(hg,C), where C = ANB andw € C,hgs(w) = fs(w) or gs(w) (as both are same set). 


Definition 2.3. [2] (Complement of Soft Set) 
The complement of a soft set (hg, A), denoted by (hg, A)*°, is defined as (hg, A)° = (hg°, =A) 
where 
hg© : nA > P(I) 
is a mapping given by 


hg“(w) = T- hg(-w)Vw E AA. 


Definition 2.4. [23] (Hypersoft Set) 

Let Il be a universe of discourse, P(II) the power set of Hl. Let aj, a2,a3,.....,an, for n > 
1 , be n distinct attributes, whose corresponding attribute values are respectively the sets 
Aj, Ag, Az,.....,An, with A; A; = 0, for i # 7, and i,7 € {1,2,3,...,n}. Then the pair 
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(hits, G), where G = A, x Ag x Az X ..... x A, and hys : G > P(LI) is called a hypersoft Set 


over LI. 


Definition 2.5. (Union of Hypersoft Sets) 
Let (®,G1) and (W, G2) be two hypersoft sets over the same universal set LI, then their union 
(6, G,)U(W, Go) is hypersoft set (hag,C), where C = GyUG2 ; Gy = A, x Ag x Ag X..... x A, 
, Go = Bi x Bo x B3X ..... x B, and Ve € C with 

P(e), e€ Gy — Go 
his(e) = 4 W(e),e€Gg—-Gy 

P(e) UV(e), e€ GoaNG, 


Definition 2.6. (Intersection of Hypersoft Sets) 

Let (®,G,) and (W,G2) be two hypersoft sets over the same universal set LI, then their 
intersection (®,G,) M (W,G2) is hypersoft set (hys,C), where C = G,MGp2 ; where G, = 
A, x Ao X Ag Xo... x A, , Go = B, x Box B3x..... x B,. and Ve € C with hyg(e) = ®(e)NWV(e). 


For more definition and results regarding hypersoft set, see . 


Definition 2.7. [20] (6-inclusion) 
The 6-inclusion of a soft set (hg, A) (where dCII) is defined by 


(hg, A)° ={weEA:hg(w) 2d} 


Definition 2.8. [20] (Convex Soft Set) 


The soft set (hg, A) on A is called a convex soft set if 
hg (ew + (1 —€) wp) Dhs (w) ORs (Hh) 


for every w,u € A ande € J®. 


Definition 2.9. [20] (Concave Soft Set) 


The soft set (hg, A) on A is called a concave soft set if 
hs (ew + (1 — €) w) Chg (w) Uhsg (u) 
for every w,u € A ande € J®. 


For more about convex soft, see (20][21]. 


3. Convex and Concave hypersoft sets 


Here convex hypersoft sets and concave hypersoft sets are defined and some important 


results are proved. 
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FIGURE 1. Convex hypersoft Set 


Definition 3.1. 6-inclusion for hypersoft Set 
The 6 — inclusion of a hypersoft set (hys,G) (where 6CI1) is defined by 


(hizg,G)> = {w € G: hyg (w) D 6} 


Definition 3.2. Convex hypersoft Set 
The hypersoft set (hys,G) is called a convex hypersoft set if 


hig (ew+ (1— ©) pp) D hays (w) ON hus (4) 


for every w, uw © G where, G = A, x Ag x Az x ..... x A, with A;N A; =, for i # 7, and 
1,97 € {1,2,3,...,n} ; hog :G— P(I) ande€ J®. 


Example 3.3. Suppose a university wants to observe(evaluate) the characteristics of its teach 
ers by some defined indicators. For this purpose, consider a set of teachers as a universe of 
discourse I = {t1, to, ts, ...,t19}. The attributes of the teachers under consideration are the set 
A = {A,, Az, A3}, where 


A, = Total experience in years 





Ay = Total no. of publications 
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A3 = Student’s evaluation against each teacher 

such that the attributes values against these attributes respectively are the sets given as 

A, = {lyear, 2years, 3years, 4years, 5years} 

Ag = {1, 2,3, 4, 5} 

A3 = {Excellent(1), verygood(2), good(3), average(4), bad(5) } 

For simplicity, we write 

A, = {1, 2,3, 4,5} 

Ag = {1, 2,3, 4, 5} 

Ag3 = {1, 2,3, 4, 5} 

The hypersoft set (hys,G) is a function defined by the mapping hys : G — P(I) where 
G = A; x Ag x Az. 

Since the cartesian product of A, x Ag x Ag is a 3-tuple. we consider w = (2,1,3), then 
the function becomes hys(w) = hys(2,1,3) = {t1,t5}. Also, consider pp = (3, 2,2), then the 
function becomes hyg(u) = his(8, 2,2) = {t1, ts, ta} 


Now 


hirs(w) Ohas(u) = has({2,1,3}) Dhas (43, 2,2}) = th, ts} 1 {h, ts, taf = {hf  C) 
Let « = 0.6 € J®, then, we have 


ew + (1 — ©) = 0.6(2, 1,3) + (10.6)(3, 2, 2) = 0.6(2, 1,3) + 0.4(3, 2, 2) 


= (1.2,0.6, 1.8) + (1.2, 0.8, 0.8) = (1.2 + 1.2,0.6 + 0.8, 1.8 + 0.8) = (2.4, 1.4, 2.6) 
which is again a 3-tuple. By using the decimal round off property, we get (2, 1,3) 


hrs(ewt (1 — €)u) = has(2,1,3) = {h, ts} (2) 
it is vivid from equations and (2), we have 
hig (ew+ (1—©) ps) D hays w) NO hus (4) 


Theorem 3.4. (fs,5)(gys,T) is a convex hypersoft set when both (fis,S) and (gxys,T) 


are convex hypersoft sets. 


Proof. Suppose that (f#s,S)0(ga#s,T) = (has,G) with G= SOT, for w,, Ww € Gre € J®, 


we have then 


his (ew, + (1 — €)wo) = frrs (ew, + (1 — €)w2) 9 gus (ew, + (1 — €)w2) 


As (fys,5) and (gys5,7) are convex hypersoft sets, 


fis (ew, + (1 —€)Wo) D> furs (w1) 9 fas (2) 


gus (€W, + (1—€)w9) 2 gus (wi) 9 GH (w2) 
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which implies 


hizg (ew, + (1 — €)w2) D> (fs (Wi) 9 fs (w2)) A (gus (1) 9 gus (w2)) 


and thus 


hizs (ew, + (1 — €)wo) 2 his (w1) ON has (wa) 


Remark 3.5. If { (hi irs, Gi) 31-4 1,2;3, att is any family of convex hypersoft sets, then the 


intersection (),-, (h' 1s, Gi) is a convex hypersoft set. 


Remark 3.6. The union of any family { (hi irs, G;):7€ {1, 2, 3, “eft of convex hypersoft sets 


is not necessarily a convex hypersoft set. 


Theorem 3.7. (hizs,G) is convex hypersoft set iff for every « € J® and 5 € P(Il), (hys,G)° 


as convex hypersoft set. 


Proof. Suppose (hs, G) is convex hypersoft set. Ifw,  <¢ Gand 6 ¢ P(U), then hyg (w) D6 
and hyg (11) > 6, it implies that hys (w) Nhs (11) 0: 


So we have, 


hig (ew+ (1-6) p) D hogs w)N hus (ps) DO 


=> hig (ew t+ (1—-€) p) 20 
thus (hzs,G)° is convex hypersoft set. 


6 


Conversely suppose that (hys,G)° is convex hypersoft set for every « € J*. For w,u¢ G 


, (hizg,G)° is convex hypersoft set with 6 = hyg(w) MN hys (1). Since hyg(w) D 6 and 
his (1) > 6, we have w € (hyg,G)° and Le (hits, G)°, 
=> ew+(l—6)pe (hus,G)’. 
Therefore, 
hirs (ew + (l—e) p) > oO 
So 
his (ew+ (1-6) p) D has (w)Nhas (py), 


Hence (hys, G) is convex hypersoft set. 5 
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FIGURE 2. Concave hypersoft Set 


Definition 3.8. Concave hypersoft Set 
The hypersoft set (hys,G) on A is called a concave hypersoft set if 


hig (ew + (1—€) pw) C hg (w) U hss (us) 


for every W = (Ay, Ao, As, ore , An) , w= (B,, Bo, Bs, Gates , Bn) EG where, Ge Ay x Ao x A3 x 


a x A, with A; A; =, fori Aj, and i,j € {1,2,3,...,.n} ; hag :G— P() ande € J®. 


Example 3.9. Considering given data in Example 3.3} we have 


hirs(w) Uhas(u) = hes({2, 1, 3}) Uhas({3, 2, 2}) = thi, ts} U thi, ts, taf = th, ts, ta, ts} (3) 
it is vivid from equations and (3), we have 
hug (ew+ (1—©6) pp) C hyg (w) Uhgs (1) 


Theorem 3.10. (fs, 5)U(gus,T') 1s a concave hypersoft set when both (fus,S) and (gxs,T) 


are concave hypersoft sets. 
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Proof. Suppose that (f#s,5S)U (ga#s,T) = (has,G) with G= SUT, for w1, w € Gre € J®, 
we have then 
hig (ew, + (1 — €)wo) = fas (ew, + (1 — €)we) U gus (ew, + (1 — €)wa) 
As (fis,S) and (gys,7) are concave hypersoft sets, 
fis (ew, + (1—€)w2) © fas (wi) U fas (2) 
gis (ew, + (1 — €)we) © gus (w1) U gis (2) 
which implies 
hers (ew, + (1 —€)we) © (fs (wi) U fs (W2)) U (gus (wi) U gus (w2)) 


and thus 


hizs (€w, + (1 — €)wo) © hig (w1) U hag (we) 


Remark 3.11. If {(hins, G;):7€ {1, 2,3, jf is any family of concave hypersoft sets, then 


the union U,<; (hi us, G;) is a concave hypersoft set. 


Theorem 3.12. (fas, 5)A(gys, 7) 1s a concave hypersoft set when both (firs, S) and (gxys,T) 


are concave hypersoft sets. 


Proof. Suppose that (fxs,5) 0 (gas,T) = (has,G) with G= SOT, for w,, w € Gre € J®, 
we have then 
his (ew, + (1 — €)wo) = fas (ew + (1 — €)w2) ON gas (ew, + (1 — €)we) 
As (fis,S) and (gys,7) are concave hypersoft sets, 
fs (ew, + (1 — €)w2) © frs (wy) U furs (wa) 
gus (ew, + (1 — €)we) © gus (w1) U gas (w2) 
which implies 
hers (ew, + (1 —€)we) © (fas (Wi) U fas (W2)) 9 (gas (wi) U gis (2)) 


and thus 


hizs (ew, + (1 — €)wo) © hig (w1) U hag (we) 


Remark 3.13. The intersection of any family { (his, G;):74€ {1, 2,3, <a of concave hy- 


persoft sets is a concave hypersoft set. 
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Theorem 3.14. (his, G)° is a convex hypersoft set when (hys,G) is a concave hypersoft set. 


Proof. Suppose that for w,, Ww. € G, « € J® and (hys,G) be concave hypersoft set. 


Since (hyzg,G) is concave hypersoft set, 
hig (ew, + (1 — €)we) C hag (w1) Uhasg (we) 


I\ hirs (ew, + (1 — €)w9) 2 W\ {hus (wy) U hus (wa) f 


If hys (Ww) > hs (Wo) then hig 


(w 
Il\ his (ew, + (1 — €)w) 2 W\ has (w1).- (4) 
(Ww 
( 


1) Uhas (wo) = his (w,) therefore, 
If hys (w,) C hug (wo) then hs (W,) Uhygs (Wo) = hig (wo) therefore, 
I\ his (ew, + (1 — €)we) 2 I\ has (wo). (5) 
From and , we have 
I\ his (ew, + (1 — €)we) 2 (U\hars (w1)) 9 (U\h (w2) ). 


So, (his, G)° is a convex hypersoft set. 5 


Theorem 3.15. (his, G)° is a concave hypersoft set when (hys,G) is a convex hypersoft set. 


Proof. Suppose that for w,,w. € G, e € J® and (hyg,G) be convex hypersoft set. 


since (hys,G) is convex hypersoft set, 
hers (ew, + (1 — €)w2) 2 hag (1) N has (wy) 


T\ his (ew, + (1 — €)w2) C W\ {hus (1) NV has (ws) f 


If his (wW,) D hug (wo) then hyg (w,) N hys (wo) = hug (wo) therefore, 
ew + (1 — €)wo) C U\ his (wo). (6) 


If hys (w,) C hug (wo) then hrs (W,) Nhys (wo) = hus (w,) therefore, 


(w 
(ew 
(w 
I\ hers (ew, + (1 — €)wo) C O\ has (wy). (7) 
From (6) and (7) , we have 

IT\ hus (ew, + (1 — €)wo) 2 (H\huss (w1)) U (\hu (wz) ). 


So (his, G)° is a concave hypersoft set. 5 


Theorem 3.16. (his, G) is concave hypersoft set iff for every e € J®° anddé € P(Il), (hys,G)° 


as concave hypersoft set. 
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Proof. Suppose (hs, G) is concave hypersoft set. Ifw, ~ ¢ Gandd € P(I), then hys (w) D6 
and hig (11) > 0, it implies that hys (w) Vhs (11) > 0. 


So we have, 


6 C hag (w) Nhas (u) C has (wt (1-6) ph) C hag (w) U hays (pH) 
= 5 C hus (w+ (1-€) p) 
thus (hzs, G)° is concave hypersoft set. 
Conversely suppose that (hys,G)° is concave hypersoft set for every « € J*. For w, peG 
, (hizg,G)° is concave hypersoft set with 6 = hyg(w) Uhys (10). Since hyg(w) C 6 and 
his (11) C 6, we have w € (hyg,G)° and we (hits, G)°, 
=> ew+(l—e)pe (hus,G)’. 
Therefore, 
hirs (ew + (1 —€) p) C 6 
So 
hus (wt (1—e)u) C hag (w)U hays (wu), 


Hence (hys,G) is concave hypersoft set. 5 


4. Conclusion 


In this study, convexity cum concavity on hypersoft sets, is conceptualized by adopting an 
abstract and analytical technique. ‘This is novel addition in the literature and may enable 
the researchers to deal important applications of convexity under hypersoft environment with 
precise results. Moreover, some important results are established. Future work may include 
the introduction of strictly and strongly conexity cum concavity, convex hull, convex cone and 


many other types of convexity like (m,n)-convexity, ¢-convexity, graded convexity, triangular 





convexity, concavoconvexity etc. on hypersoft set. It may also include the extension of this 


work by considering the modified versions of complement, intersection and union as discussed 
in [2\- [4]. 
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Abstract. Smarandache in 2019 has generalized the algebraic structures to NeutroAlgebraic structures and 





AntiAlgebraic structures. In this paper, authors, for the first time, define the NeutroAlgebra of neutrosophic 
triplets group under usual + and x, built using {Z,, x}, m a composite number, 5 <n < oo, which are not 
partial algebras. As idempotents in 7, alone are neutrals that contribute to neutrosophic triplets groups, we 


analyze them and build NeutroAlgebra of idempotents under usual + and x, which are not partial algebras. 





We prove in this paper the existence theorem for NeutroAlgebra of neutrosophic triplet groups. ‘This proves the 


neutrals assocaited with neutrosophic triplet groups in {Z,,, x } under product is a NeutroAlgebra of triplets. We 





also prove the non-existence theorem of NeutroAlgebra for neutrosophic triplets in case of Z, when n = 2p, 3p 
and 4p (for some primes p). Several open problems are proposed. Further, the NeutroAlgebras of extended 


neutrosophic triplet groups have been obtained. 


Keywords: neutrosophic triplets; neutrosophic extended triplets; neutrosophic triplet group; neutrosophic 


extended triplet group; NeutroAlgebra; partial algebra; NeutroAlgebra of neutrosophic triplets; NeutroAlgebra 





of neutrosophic extended triplets; AntiAlgebra 
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1. Introduction 


The neutrosophic theory proposed by Smarandache in |1] has become a powerful tool in 
the study/analysis of real-world data as they are dominated by uncertainty, inconsistency, 
and indeterminacy. Neutrosophy deals with the neutralities and indeterminacies of real-world 
problems. The innovative concept of neutrosophic triplet groups was introduced by [2], which 


gives for any element a in (G,*), the anti(a) and neut(a) satisfying conditions 


a* neut(a) = neut(a) *a=a 
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and 
a* anti(a) = anti(a) * a = neut(a) 


where neut(a) is not the identity element or the classical identity of the group. They call 
(a, neut(a), anti(a)) as the neutrosophic triplet group. These neutrosophic triplets built using 
Zn, are always symmetric about the neutral elements. For if (a, neut(a), anti(a)) is neutro- 
sophic triplet then (anti(a),neut(a),a) there by giving a perfect symmetry of a and anti(a) 
about the neut(a). The study of neutralities have been carried out by several researchers in 
neutrosophic algebraic structures like neutrosophic triplet rings, groups, neutrosophic quadru- 
ple vector spaces, neutrosophic semi idempotents, duplets and triplets in neutrosophic rings, 
neutrosophic triplet in biaglebras, neutrosophic triplet classical group and their applications, 
triplet loops, subgroups, cancellable semigroups and Abel-Grassman groupoids [2124]. 

has defined a classical group structure on these neutrosophic triplet groups and has 
obtained several interesting properties and given open conjectures. Smarandache defined 
the Neutrosophic Extended Triplet, when the neutral element is allowed to be the classical 
unit element. Zhang et al has defined neutrosophic extended triplet group and have obtained 
several results in [25}. Later have obtained some results on neutrosophic extended triplet 
eroups with partial order defined on it. More results about neutrosophic triplet groups and 
neutrosophic extended triplet groups can be found in 

We in this paper study the very new notion of NeutroAlgebra introduced by [33]. Several 
interesting results are obtained in [12]/34}/36], and they introduced Neutro BC Algebra and 
sub Neutro BI Algebra and so on. NeutroAlgebras and AntiAlgebras in the classical number 
systems were studied in [37]. 

Here we introduce NeutroAlgebra under the usual product and sum in case of idempotents 
in the semigroups {Z,,, x}, n a composite number, 5 < n < co. This study is very important 
for all the neutrosophic triplets in {Z,, x}, happen to be contributed only by the idempotents, 
which are the only neutrals in {Z,, x}. We obtain NeutroAlgebras under usual + and x in the 
case of neutrosophic triplet groups and neutrosophic extended triplet groups. It is pertinent 
to keep on record we define classical product on neutrosophic triplets, and they are classical 
groups under product of these triplets. ‘This paper has six sections. Section one is introductory 


in nature, and basic concepts are recalled in section two. Section three obtains the existence 





and non-existence theorem on NeutroAlgebras under usual + or x using neutrosophic triplet 
groups. In section four, a similar study is carried out in the case of neutrosophic extended 
triplet groups. The fifth section provides a discussion on this topic, and the final section gives 
the conclusions based on our study and some open conjectures which will be taken for future 


research by the authors. 
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2. Basic Concepts 





Here we recall some basic definitions which is important to make this paper a self contained 


One. 


Definition 2.1. Let us assume that N is an empty set and with binary operation * defined 
on it. N is called a neutrosophic triplet set (NTS) if for any a € N, there exists a neutral of 
“a” (denoted by neut(a)), and an opposite of “a” (denoted by anti(a)) satisfying the following 
conditions: 
a* neut(a) = neut(a) *a=a 
ax anti(a) = anti(a) *a = neut(a). 
And, the neutrsophic triple is given by (a, neut(a), anti(a)). 


In a neutrosophic triplet set (N, *), ae N, neut(a) and anti(a) may not be unique. 


In the definition given in 2], the neutral element cannot be an unit element in the usual 
sense, and then this restriction is removed, using the concept of a neutrosophic extended triplet 
in [26}. 

The classical unit element can be regarded as a special neutral element. ‘The notion of 
neutrosophic triplet groups and that of neutrosophic extended triplet groups are distinctly 


dealt with in this paper. 


Definition 2.2. Let us assume that (N, *) is a neutrosophic triplet set. Then, N is called a 


neutrosophic triplet group, if it satisfies: 


(1) Closure Law, i.e., axb € N,Va,b € N; 
(2) Associativity, ie., (a * b) *c=ax(b*c),Va,b,cE N 


A neutrosophic triplet group (N, *) is said to be commutative, ifa*b=bxa,Va,b Ee N. 


Let (A) be a concept (as in terms of attribute, idea, proposition, or theory). By the 
neutrosphication process, we split the non-empty space into three regions two opposite ones 
corresponding to (A) and (anti A), and one neutral (indeterminate) (neut A) (also denoted 
(neutro A)) between the opposites, which may or may not be disjoint; depending on the 
application, but their union equals the whole space. 


A NeutroAlgebra is an algebra that has at least one neutro operation or one neutro axiom 





(axiom that is true for some elements, indeterminate or false for the other elements) [33]. A 
partial algebra has at the minimum one partial operation, and all its axioms are classical. 
Through a theorem in [34], proved that NeutroAlgebra is a generalization of partial algebra, 
and also give illustrations of NeutroAlgebras that are not partial algebras. Boole has defined 
the Partial Algebra (based on Partial Function) as an algebra whole operation is partially 


well-defined, and partially undefined (this undefined goes under Indeterminacy with respect 





Kandasamy, V. and et. al., NeutroAlgebra of Neutrosophic Triplets 


Neutrosophic Sets and Systems, Vol. 38,2020 pla 


to NeutroAlgebra). Therefore, a Partial Algebra (Partial Function) has some elements for 





which the operation is undefined (not outer-defined). Similarly an AntiAlgebra is a nonempty 
set that is endowed with at least one anti-operation (or anti-function) or at least one anti- 


axiom. 


3. NeutroAlgebras of neutrosophic triplets using {Z,,, x} 


Here for the first time authors build NeutroAlgebras using neutrosophic triplets group built 
using the modulo integers Z,; n a composite number. Neutrosophic triplet groups and ex- 
tended neutrosophic triplet groups were studied by [25]/26}. First we define NeutroAlgebra 


using the non-trivial idempotents of Z,,, 2 a composite number. ‘This study is mandatory as 





all the neutral elements of neutrosophic triplets build using Z,, are only the non-trivial idempo- 





tents of Z,. Next we give the existence and non existence theorems in case of NeutroAlgebras 
for these neutrosophic triplet sets. We give some interesting properties about them. Further 
it is important to note unless several open conjectures about idempotents in Z,, given in [13], 


are solved or some progress is made in that direction it will not be possible to completely char- 





acterize NeutroAlgebras of the neutrosophic triplet groups or extended neutrosophic triplet 
eroups. We will be using to get NeutroAlgebras of idempotents and NeutroAlgebra of 
neutrosophic triplet sets. First we provide examples of NeutroAlgebra using subsets of the 


semigroup {Z,, x} and then NeutroAlgebra of idempotents in {Z,, x}. 


Example 3.1. Let S = {Zj5, x} be a semigroup under product modulo 15. Now consider the 
subset A = {5,10,14} € S. The Cayley table for A is given in Table }1| where outer-defined 


elements are denoted by od. 





TABLE 1. Cayley Table for A 











We see the table has outer-defined elements denoted by od. So A is a NeutroAlgebra which 





is not a partial algebra, since the operation 14 x 14 is outer-defined. 14 x 14 = 1 (mod 15), 
but 1 ¢ {5,10,14}. Therefore Table 1 is only a NeutroAlgebra. Every subset of S need not be 
a NeutroAlgebra. For take B = {3,6,9,12} a subset in S. Consider the Cayley table for B is 
given in ‘Table 

B is not a NeutroAlgebra as every term in the cell is defined and associativity axiom is 


totally true.. 
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TABLE 2. Cayley ‘Table for B 





Clearly B is a subsemigroup of S, in fact a group under x modulo 15 with 6 as its multi- 
plicative identity, so S' is a Smarandache semigroup [10]. 
Consider C' = {2,7,8} a subset of S. The Cayley table for C is given in Table |3} this has 


every cell to be outer-defined. 





TABLE 3. Cayley ‘Table for C’ 





So Cis not a NeutroAlgebra or a subsemigroup but an AntiAlgebra since the operation x 





is totally outer-defined under x modulo 15. 


Thus we can categorically put forth the following facts. 
Every classical algebraic structure A with binary operations defined on it is such that any 


proper subset B of A with inherited operation of A falls under the three categories; 


(1) B can be a proper substructure of a stronger structure of A with the inherited opera- 
tions of A. 

(2) B can only be a NeutroAlgebra, which may be a Partial Algebra, when some operation 
is undefined, and all other operations are well-defined and all axioms are true. 


(3) B can be an AntiAlgebra when at least one operation is totally outer-defined. or at 





least one axiom is totally false. 


Under these circumstances if one wants to get a NeutroAlgebra which is not a partial 
algebra for a proper subset of a classical algebraic structure one should exploit the special 
axioms satisfied by them, to this end we study the property of idempotents in the semigroup 
PANG 

We also in case of neutrosophic triplet group obtain a NeutroAlgebra which is not a partial 


algebra. 
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First we give examples of NeutroAlgebra which are not partial algebras using idempotents 


of the semigroup S = {Zy, x}. 


Example 3.2. Let S = {Z%6, x} be the semigroup under product modulo 6. The nontrivial 
idempotents of S are V = {3,4}. The Cayley table for V is given in Table [4] 


TABLE 4. Cayley ‘Table for V 


x} 3 | 4 
3 3 | od 
4|]od| 4 


So V isa NeutroAlgebra under x but not a partial algebra. For the same V define operation 
+ modulo 6, the Cayley table for V is given in Table [5] and V is AntiAlgebra and not a partial 


algebra either. 


TABLE 5. Cayley ‘Table for V 


+) 3 | 4 
3 od od 
4 | od | od 


Suppose we take W = {0,1,3,4} the collection of trivial and non trivial idempotents of S, 


and if we take $5 as a whole set but study the idempotent axiom in W we see from Table |6] 


TABLE 6. Cayley ‘Table for W 





Suppose we find the Cayley table for W under + we get the Cayley table given in the 
following ‘Table 

W itself is a NeutroAlgebra under usual + with several undefined terms. W under usual 
product is a subsemigroup of idempotents of 5; where as S under sum of idempotents is a 


NeutroAlgebra which is not a partial algebra under the axiom of the property of idempotency. 





Now if we take for any subset of S the axiom of idempotent property we get NeutroAlgebras 
which are not partial algebras. 


To this effect we provide an example. 
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TABLE 7. Cayley ‘Table for W 





Example 3.3. Let S = {Z42, x} be the semigroup under product modulo 42. The trivial and 
non trivial idempotents of S are B = {0,1,7, 15,21, 22, 28,36}. We define + modulo 42 on 
this set of idempotents keeping the resultant what we need is the axiom of idempotency. ‘The 


Cayley table for B is given in Table 


TABLE 8. Cayley ‘Table for B 





Thus B is a NeutroAlgebra which is not a partial algebra under the axiom of idempotency. 


Thus we have a large class of NeutroAlgebras which are not partial algebras. 


As the main theme of this paper is study of neutrosophic triplets using modulo integers 
{Zn, x} and prove the existence theorem and non-existence theorem of NeutroAlgebra of 


neutrosophic triplet groups. 





In view of all these we have the following existence theorem of NeutroAlgebra of neutrosophic 


triplets. 


Theorem 3.4. Let S = {Z,, x}, n not a prime, 5 <n < co. Let V be the collection of all 
non trivial idempotents that is all neutrals of S, where 0 and 1 are not in S. Then V under 


product 1s a NeutroAlgebra of triplets. 


Proof. Let W = {wy ,we,...,we} be the non trivial idempotents of S. It is proved in 


that if W; is the set of all neutrosophic triplets of a non trivial idempotent w; in S which 
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serves as the neutral for the collection W; then {W;, x} is a neutrosophic triplet classical 
group under usual product and 72 varies over all neutrals; 1 <2<t. If V is the collection of all 
neutrosophic triplets (this V will include all W; for different neutrals or non trivial idempotents 
in S), associated with S = {Z,, x}; then V is not closed under usual product and there 


are many undefined elements under usual product so V is a NeutroAlgebra of neutrosophic 








triplets. Hence the claim. 5 


In view of this we have the following partial non existence theorem of NeutroAlgebra of 
neutrosophic triplets under + for Z,, where n = 2,3 and 4 for some values of P provided 
in the Tables 9, 10 and 11. We have for Z,, n a product of more than two primes can have 


NeutroAlgebra of neutrosophic triplets under +. 


Theorem 3.5. Let S = {Znp, x}; where n = 2, 3 and 4, (p a specific prime and np is not 
a square of a prime, prime values refer Tables {9} and|11) be a semigroup under product 
modulo np. If V denotes the collection of all idempotents associated with the non trivial 


idempotents of Znp then {V,+} is never a NeutroAlgebra of triplets for n = 2, 3 and 4. 


Proof. Recall from that there are two idempotents in all the three cases when n = 2p or 


3p or 4p given in Tables 9} and q 


TABLE 9. Idempotent table for Zap 





We see any sum of the idempotents is 1 and product is 0. 

Here in 23, and Z4, also sum of idempotents is 1 and that product is 0. ‘Tables are provided 
for them [13]. In case of 2p the nontrivial idempotents are p and p+ 1, clearly under sum this 
is a set. Thus we have proved the non-existence of NeutroAlgebra of idempotents under ’+’. 


To this effect first provide an example. 





Kandasamy, V. and et. al., NeutroAlgebra of Neutrosophic Triplets 


Neutrosophic Sets and Systems, Vol. 38,2020 Pt { 


TABLE 10. Idempotent table for 23, 


.No.| Zzp |p |p+1]2p |2p4+1 


is |- [6 [10 |- 
Zu [7 ]-_|- [is 
Zan |- [12 _[22 I 
Zn [1s]- | _[2t 
2x |- [as [aa | 
2 [w|- | [39 
Zin |- [24 [a8 |- 


2159 |- | 04 106 | - 


CO} OI IN] Ot] BR] ws mole | WM 


TABLE 11. Idempotent table for Z4 


-No.| Zap |p |p+1|3p | 3p+1 


Zia |- |4 [9 |- 


Zane [97 |= [=| 


2332 |- | 84 249 | - 


CO} COOL NI DD] Ot] BSB] wl]lnNMpmlrR |] WM 
e 
i) 
_— 
Sw) 
ase 
—— 


Example 3.6. Consider the semigroup S = {Z49, x}. The nontrivial idempotents of S which 
contribute to the neutrosophic triplet set are; {6,5} in Z19. Consider the neutrosophic triplet 
set V = {(5, 5,5), (6, 6, 6), (8, 6, 2), (2, 6,8), (4,6, 4)}. It is proved V\{(5, 5, 5)} is a neutrosophic 
triplet classical group under x [13]. Now the Cayley table of V under usual product x is given 
in ‘Table 


TABLE 12. Cayley Table for V 
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Clearly V is a NeutroAlgebra under usual product and not a partial algebra. Since we have 
not included the neutrals that is non trivial idempotents like 0 and 1 we have this to be only 


a NeutroAlgebra of triplets. 


TABLE 13. Cayley Table for V 





Thus the neutrosophic triplets collection yields only a set under addition where no pair of 
neutrosophic triplets gives under sum a neutrosophic triplet. Hence our claim no NeutroAI- 
gebra neutrosophic triplets under addition. So V in Table [13] is an AntiAlgebra. Likewise the 
cases 3p and 4p from tables. 

So if we include the non trivial idempotents 0 and 1 then we can get NeutroAlgebra of 


idempotents under + which is carried out in the following section. 


Example 3.7. Consider the semigroup S = {Z195, x} under x modulo 105. The non trivial 
idempotents are V = {15, 21, 36, 70, 85,91}. Let M be the collection of all neutrosophic triplets 
using the idempotents in V. M contains elements say { (15, 15, 15), (21, 21, 21), (86, 36, 36), 
(30, 15, 60), (51, 36, 81)}, from the Cayley table of M under + we see there are some undefined 
terms also given in Table 





TABLE 14. Cayley Table for M 


‘ (15,15,15) | (21,21,21) | (36,36,36) | (30,15,60) | (51,36,81) 
a5), od |(6.8836)[ od | od | 
aiaiay [63635 od | od [L368 | — ol 
363636)| od [od | od | od | 
G0.1500)| od |(@iaes)| od | od | od 
(51,36,81) od od od od od 


Hence we have a NeutroAlgebra of neutrosophic triplets under +. 


We propose some open problems in this regard in the final section of this paper. 
Now we find ways to get NeutroAlgebra of neutrosophic triplets under +. The possibility is 


by using extended neutrosophic triplets group we can have for all Z,,, n any composite number 
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NeutroAlgebra of neutrosophic triplets under +. Unless the conjectures proposed in is 
solved complete characterization is not possible, only partial results and examples to that 
effect are possible. 


In the following section we discuss NeutroAlgebra of extended neutrosophic triplet sets. 


4. NeutroAlgebra of extended neutrosophic triplets using {Z,,, x} 


In this section we prove the existence of NeutroAlgebra of extended neutrosophic triplets 
using {Z,, x}, for more about extended neutrosophic triplets refer under both + and 
x. Throughout this section we assume the collection of idempotents contains both the trivial 
idempotents 1 and 0. It is thus mandatory the neutrosophic triplet set collection contains (0, 
0, 0) and (1, 1, 1) apart from the neutrosophic triplets of the form (a, 1, anti a = inverse of 
a), where a is in Z, which has inverse in Zp. 

We first prove the collection of all trivial and non trivial idempotents in Z, is a NeutroAl- 


gebra under + and also under x. 


Theorem 4.1. Let S = {Zy, x} be the semigroup under product modulo n,5 <n < co. Let 
V = {Collection of all idempotents in Z, including 0 and 1 }. 


(1) V \ {0,1} 2s a NeutroAlgebra of idempotents under x modulo n. 
(2) V is a NeutroAlgebra of idempotents under + mod n. 


Proof. Consider V \ {0,1} for every x in V \ {1,0} is such that « x x = 2, so V \ {1,0} isa 
NeutroAlgebra under x. Hence (1) is true. 

Proof of (2): To show V is a NeutroAlgebra of idempotents under +. Since 0 is in V we 
have for every x € V;0+2 = 72 is in V, however we do not in general have the sum of two 


idempotents to be an idempotent. For instance 1 +1 = 2 is not an idempotent so (V,+) has 





undefined elements, hence undefined. Thus (2) is proved. 5 


We provide an example to this effect. 


Example 4.2. Let S = {Z19,n, x} be the semigroup under x modulo 10. The trivial and 
non trivial idempotents are V = {0,1,5,6}. It is easily verified V is a NeutroAlgebra under 
+, for 6 + 6 = 2 modulo 10. However V is not a NeutroAlgebra under x, but V \ {0,1}is a 
NeutroAlgebra under x modulo 10. For 6 + 5 = 1 modulo 10, so V \ {1,0} is a NeutroAlgebra. 

Now the neutrosophic triplets of S associated with the idempotents V are N = { (0, 0, 0), 
(1, 1, 1), (5, 1, 5), (3, 1, 7), (7, 1, 3), (5, 5, 5), (6, 6, 6), (4 ,6, 4), (2, 6, 8) and (8, 6, 2) }. We 
see N under + is a NeutroAlgebra, for (1, 1, 1) + (7, 1, 3) = (8, 2, 4) is not in N. N is not 
a NeutroAlgebra under +. But N \ { (0, 0, 0), (1, 1, 1), (5, 1, 5), (3, 1, 7), (7, 1, 3) }=W 


neutrosophic triplets formed by the non trivial idempotents 5 and 6 is a NeutroAlgebra as (5, 
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5, 5) x (2, 6, 8) = (0, 0, 0) which is not in W. Hence the claim. If {(0,0,0)} is added, then 
the set V becomes a NeutroAlgebra under +. 





TABLE 15. Cayley Table for V 


Theorem 4.3. Let S = {Z,, x} be a semigroup under x modulo n, where n is not a prime 
and5<n< oo. Let N = {collection of all extended neutrosophic triplet set including (0, 0, 
0), and all neutrosophic triplets associated with the trivial idempotent 1}. 

(1) N ts a NeutroAlgebra under + of extended neutrosophic triplets set. 

(2) N \ {(0,0,0)} is a NeutroAlgebra of extended neutrosophic triplet set under product 


modulo n. 


Proof. Let N be the collection of all extended neutrosophic triplets including (0, 0, 0) and (1, 
1, 1) and other triplets associated with the neutral 1. 





Proof of (1): In the case extended triplet N we see sum of two idempotents need not be 
idempotent for (1, 1, 1) + (1, 1, 1) = (2, 2, 2) is not in N, hence N is the NeutroAlgebra 
of extended neutrosophic triplets which is not a partial algebra as the axiom of neutrosophic 
triplets is not satisfied. 

Proof of (2): Consider N \ {(0,0,0)}. Clearly in general the product of any two idempotents 
is not an idempotent in Z,, and several triplets are undefined and do not in general satisfy 


the triplet relation [13]. Hence the claim. 5 





5. Discussions 


The study of NeutroAlgebra introduced by is very new, here the authors built Neu- 
troAlgebra using idempotents of {Z,, x} a semigroup under x modulo n for appropriate n 
which are not partial algebras. Likewise NeutroAlgebra built using neutrosophic triplets set 
and extended neutrosophic triplets set. Some open problems based on our study is proposed 


in the section on conclusions. 
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6. Conclusions 


For the first time authors have NeutroAlgebra using idempotents of a semigroup S = 
{Zn, X}; n a composite number 5 < n < oo, neutrosophic triplets and extended neutrosophic 
triplets. We have obtained NeutroAlgebras of idempotents which are not partial algebras un- 


der the classical operation of + and x only using S = {Z,, x}, the semigroup under product 





for appropriate n. We have obtained both existence and non-existence theorem for NeutroAl- 
gebras of idempotents in S. We suggest certain open problems for researchers as well as these 
problems will be taken by the authors for future study. 

Problem 1: Does there exist a n (n a composite number) such that using {Z,, x} there 
are no non trivial NeutroAlgebra of neutrosophic triplet set and NeutroAlgebra in extended 
neutrosophic triplet set? 

Problem 2. Does there exist an, n a composite number such that {Z,, x} has its collection 


of trivial and non trivial idempotents denoted by N to be such that; 


e (N,+) is not NeutroAlgebra of idempotents ? 
e (N, x) is not a NeutroAlgebra of idempotents? 


Problem 3: Prove in case of {Z3p, x} and {Zap, x}, the idempotents are only of the form 
mentioned in ‘Tables {10} and {11} respectively. 
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Abstract: Algebraic relations between rings are determined by homomorphisms and 
isomorphisms. This paper introduces a new kind of algebraic functions between two neutrosophic 
rings to give more agility in the exploring of neutrosophic substructures properties, where it 
generalizes the concept of AHS-homomorphism in neutrosophic rings, and refined neutrosophic 
rings. Also, it determines the algebraic structure of neutrosophic AH-endomorphisms of the 
additive group of neutrosophic ring and refined neutrosophic ring. 
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1. Introduction 


Theory of neutrosophic algebra began with Smarandache and Kandasamy in [8]. They 
introduced interesting notions such as neutrosophic groups, neutrosophic rings, and neutrosophic 
loops. Recently, neutrosophic sets and their according concepts have many important applications 
in health care and Covid-19 identification, industry, optimization, and decision making algorithms 
[23,24,25,26,27]. 

More studies in neutrosophic algebra were carried out with a generalized view. The concepts of 
refined neutrosophic rings, and n-refined neutrosophic rings were defined and studied in [1,2,3,4,7]. 
Abobala and Smarandache presented AH-substructures in neutrosophic rings, refined neutrosophic 
rings, neutrosophic vector spaces, modules and n-refined neutrosophic rings. See 
[1,2,9,12,13,17,18,19,20,22]. Concepts such as AH-ideal, AHS-ideal, AHS-homomorphism, and 
AHS-isomorphism were defined and handled. These structures in general consists of many similar 


algebraic objects which help us to build a bridge between classical and neutrosophical algebra. For 
example, AH-ideal in a neutrosophic ring R(D) is a set with form F = @ + 5! where QS are ideals in 
the classical ring R. If Q=S we get an AHS-ideal. AHS-homomorphism is a well defined map 

f:RU) =TW): fla + bd = f(a) + f(B), where f& isa homomorphism between R and T. It can be 


understood as a ring homomorphism with two equal parts, each one is a classical homomorphism. 
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AHS-homomorphisms play an important role in the study of AHS-ideals (subsets with two equal 
classical ideals parts) in neutrosophic rings and refined neutrosophic rings. Thus we need weaker 
conditions and a generalized view to study the properties of such ideals with two different parts. For 
this goal, we will discuss the concept of AH-homomorphisms which are considered as a natural 
generalization of AHS-homomorphisms to deal with more complex substructures in neutrosophic 
rings and refined neutrosophic rings. 

In this article we define AH-homomorphism to be a well defined map with different parts which are 
not supposed to be equal homomorphisms (weaker condition). These homomorphisms lead to better 
comprehension of some complex neutrosophic structures, especially AH-ideals. We study 
AH-homomorphisms in neutrosophic rings, and refined neutrosophic rings. Also, we determine the 
algebraic structure of neutrosophic AH-endomorphisms of the additive group of neutrosophic ring 
and refined neutrosophic ring. 

Motivation 

In the literature, AHS-homomorphism was a tool to investigate AHS-ideals, kernels and factors 
properties. From this point, the motivation of our work is to present and study a stronger tool 
(AH-homomorphism) to deal with complex neutrosophic substructures, which allows us to explore 
more interesting properties of AH-ideals, and kernels in neutrosophic rings and refined 
neutrosophic rings. 

Also, these kinds of algebraic functions have an interesting structure itself. We will prove that 


endomorphisms of this kind has a structure of neutrosophic/refined neutrosophic ring respectively. 


2. Preliminaries 


Definition 2.1:[8] 


Let (R,+,*) be a ring, R(I)={at+bl ; a,b€ #} is called the neutrosophic ring, where I is a neutrosophic 


element with condition /* = J. 
Definition 2.2:[4] 
Let (R,+,*) be a ring, (R(/z./2).+.™*) is called a refined neutrosophic ring generated by R, /;./:. 


Definition 2.3: [2] 
Let (R(Jz./,).+..) be arefined neutrosophic ring and F;./,.7; be ideals in the ring R then the set 
P= (PF), P,1, 21.) = fle, blel,:a € P),b € A. € P,} is called a refined neutrosophic AH-ideal. 


If FP, = 7, = F, then P is called a refined neutrosophic AHS-ideal. 
Definition 2.4: [12] 


Let (R,+,*) be a ring and /;;1 = * =m" ben indeterminacies. We define 


A, (D={a) + a, +++ a,/,, + a; © RX} to be n-refined neutrosophic ring. 
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Addition and multiplication on #,,(I) are defined as: 


who xd: + Dovid; = Dh Git yy Dy xd xX Pho yds = EP jcolxe x yj Mil. 


Where ~ is the multiplication defined on the ring R. 
Definition 2.5 : 


Let (R,+,.), (T,+,.) be two rings and fe: —T7 isa homomorphism: 


The map F:RU, J) = TUL): fx, yl ale) = (Ge), fe G1, fh (2)I2) is called an 
AHS-homomorphism. 

It is easy to see that ¥x.ve RU, .J,Jthen flx + y) = Fle) + Fay). fle.) = FG). Fey). 
Definition 2.6: [2] 


(a) Let f:RU,.1,) + TU,.J,) be an AHS-homomorphism we define AH-Kernel of f by : 
AH —Kerf ={a.l,cl,):a,b,c € Kerf. }= (Kerf, .Ker fil, Ker fols) 
(b) let S=(5, .5;1,.531;) be a subset of RU,./,, then: 


Definition 2.7 : [2] 


Let (R(Uz./;).+..) bea refined neutrosophic ring and P= (F.,P,1,,P1,) be an AH-ideal: 
(a) We say that P is a weak prime AH-ideal if F;;i € {0.1.2} are prime ideals in R. 

(b) We say that P is a weak maximal AH-ideal if F;:t € {0.1.2} are maximal ideals in R. 
(c) We say that P is a weak principal AH-ideal if F;:i © {0.1.2} are principal ideals in R. 


3. Main concepts and results 


Definition 3.1: 


Let R, T be two rings and f.g.h:& — T be three homomorphisms: 
(a) The map ([f.g]: RU) + TW): [f.g]{e + BI) = fle) + gl) is called an AH-homomorphism. 


(b) The map [fg. 4]: RU, 1.) ~@ TOI): Lf. g. bl Ge, bly cly) = (Ff (a), g(b) 1, nlc) I,) is called a 


refined AH-homomorphism. 
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(c) If f.g.4 are isomorphisms, then [7.9]. 7.9.4] are called AH-isomorphism and refined 
AH-isomorphism respectively. 


(d) AH —Ker [f.g] = Ker (f) + (er (g) J. 


(ce) AH —ker [f.g,h] = (Ker(f), (Ker (g) iy. (Ker (h) Uz). 


Remark 3.2: 

An AH-homomorphism is not supposed to be a neutrosophic homomorphism. See Example 3.11 in 
[1]. 

A refined AH-homomorphism is not supposed to be a refined neutrosophic homomorphism . See 


Example 3.3 in [2]. 


It is easy to see that if — = g, we get the concept of AHS-homomorphism in a neutrosophic ring R(I). 
Also, we find that if ~ = g = 4, we get the concept of AHS-homomorphism in a refined 


neutrosophic ring RM,.1,). 
Theorem 3.3: 


Let AUW.TW) be two neutrosophic rings and [f. gl]: U1) = TU) be an AH-homomorphism: 

(a) [f. gl (RG) ) = FR) + gL. 

(b)¥x,.y €RU).we have [f,g]@ +y) = [f.g]G@) + [f.g](y) and [f.gl@.y) = [f. gl @).[f. gly). 
(c) If P= @ +5! is an AH-ideal of R(D), [f.g](F) is an AH-ideal of T(D). 


(d) AH —Ker (f. 9] is an AH-ideal of R(I). 


Proof : 


(a) It is simple. 


(b) Let x =a+5],y=c+dl. We have: 

(fgl&+y) = flat+e) + glo+d)I = flo) + fle) +[g(o) + gill = [f.g]@) + [hg]. 
[fgl@.w) = flac) + gla.dt+tbhe+bh.d) = 

fla). fl) + (gla). gd) + gb). glc) + glb). gid = [f.9]G).[f. g](y). 

(c) Itis clear that Lf. g](P + 2) = FIP) + g(@)1, since f(P).9(@) are ideals in T, we get 


FCP) + g(@)! is an AH-ideal of T(J). 
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(d) Since Ker(f).Aer(g) are ideals of R we find that AH —HAer [f.g] = Ker fF + (Ker go iV isan 


AH-ideal of R(I). 
Theorem 3.4: 


Let RU,.1,3.TU,,12) be two refined neutrosophic rings and [f.9. Al: RU,1,) — TU.) bea 
refined AH-homomorphism, we have 


(a) [f.g ALR G,1,)) = (F(R). g (1, nC RY). 

(b)¥x,.y € RU, I,).we have [f,g. hl@ +) =[f.g.h1G@) + [f.g. 4] 67) and 

[fg AlG@.y) = [f.g. hl). Lf, g. Al Cy). 

(c) If P = (Q.51,,M Iz) is an AH-ideal of R(/;.J:), then [f.9.h](P) is an AH-ideal of T(/,.J:). 


(d) AR —Her [7.9.4] is an AH-ideal of R(/,./). 


Proof : 
The proof is similar to Theorem 3.3 . 


Definition 3.5: 


(a) Let R(I) be a neutrosophic ring. The set of all AH-homomorphisms [f..g]: AC) + RCD is called 
AH-endomrphisms of R(I).We denote it by 4H -END(A(!)). 

(b) Let AJ,,1,) be arefined neutrosophic ring. The set of all refined AH-homomorphisms 

[f.g. hl: RU,.1,.) + RU,.1,) is called refined AH-endomorphisms of 4 (I, .1,).We denote it by 


AH —END (RU, 12). 
Theorem 3.6: 


Let AW).TW) be two neutrosophic rings and [f.g]: 2) + TW) is an AH-homomorphism and 
P = @+4! is an AH-ideal of R(I), where at —er [7.9] = P = AU). We have 

(a) P is a weak principal in R(I) if and only if [7..9](F) is weak principal in T(I). 

(b) P is a weak prime in R(I) if and only if [7..9](F) is weak prime in T(]). 


(c) P is a weak maximal in R(J) if and only if [fg](P) is weak maximal in T(). 


Proof : 
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(a) Since [f, g](P) = FUQ@) + g(S)!, and f\@).9(5) are principal ideals in the ring T if and only if Q,S 
are principal in R, thus [f.9](P) is weak principal in T(1) if and only if P is weak principal in R(I). 
(b) Since [f. gl GP) = FUQ) + gL, and f(@).9(5) are prime ideals in the ring T if and only if Q,S 
are prime in R, thus (/.4](F) is weak prime in T(I) if and only if P is weak prime in R(]). 

(c) Since Lf. g](P) = FQ) + g(S)I, and f0@).9(5) are maximal ideals in the ring T if and only if Q,S 


are maximal in R, thus [f..9](") is weak maximal in T(1) if and only if P is weak maximal in R(1).. 
Theorem 3.7: 


Let RU,./,),TU,.1,! be two refined neutrosophic rings and f.g.hl: RU) + TU) isa refined 
AH-homomorphism and P = (Q;S /;.4 /,) is a refined AH-ideal of R(I), where 

AH —Ker [f.g.h] <P = A(I,.1;). Then: 

(a) P is a weak principal in R(/,./z) if and only if (f..g.4]() is weak principal in T(/,-/2). 

(b) P is a weak prime in R(/;./;) if and only if [f..g9.8](7) is weak prime in T(/;./2). 


(c) Pis a weak maximal in R(/;./2) if and only if (f..g.h](F) is weak maximal in T(/;./;). 
Proof : 
Since [f.g.h](P) = (FQ), g S)1,,hUWI1,) we get the proof by similar argument to Theorem 3.6. 


Example 3.8: 


The following example clarifies the concept of AH-homomorphism between two neutrosophic rings. 


Let A = 4 be the ring of integers. = 4, be the ring of integers modulo 6, we have 
(a) f:R + T; f Gc) = x mod6,g:R = T; g(x} = 3x mod6 are two homomorphisms. 


(b) [f.g]): RU) = TU: fhegl@ + yD = Fax) + gd! = G@ mod6) + Gy mod6)! is the corresponding 
AH-homomorphism. 


(c) [fg] (RW) = F(R) + g(R)I = 2, + {0,3N = {0,1,2,3,4,5,31,1 + 31,24 31,3 + 31,44 31,54 3}. 


(d) AH —Ker[f.g] = Ker(f) + Ker(g)I = 62 + 221 = {6x + 2ylix,y € Z}. 
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(e) We have Y == 3 >,.5 =< 2 > are two principal, maximal, and prime ideals in R, 
Ker (f) = 62 = Q and Ker(g) = 27 = 5, 
P= (+4! is weak principal, maximal, and prime ideal in R(I), (0) = 10,3}, 965) ={0} 


[f. og] (P) = FOO) + gS = 10,3) + 10H = {0,33 which is a weak principal, maximal, and prime 


AH-ideal of T(I). 
Example 3.9: 


This example clarifies the concept of AH-homomorphism between two refined neutrosophic rings. 


Let A = 4 be the ring of integers. = 2, be the ring of integers modulo 6, we have: 


(a) f:R +7: fx) = x mod6,9:R = T: g(x) = 3x mod6,h: R = T: hGx) = 4x mod6 are three 
homomorphisms. 


(b) We have @ == 2 =,5 =< 3 >, are two principal, maximal, and prime ideals in R, 

P= (0,Q/,,51,) = {(2x, 2yl,,32!,); x,y,z € Z} is a weak principal, maximal, and prime AH-ideal of 
Rd,1,), f(Q) = 10.2.41.9(9) = 10, AG) = {0}. 

(c) [f.g AIG) = GQ), gf QV, AGI) = {00,0,0), 2,0,0), 4.0,0)1 is a weak principal, maximal, and 
prime AH-ideal of P(l,./,). 

(d) AH —Kerlf.g.h] = (ker(f), Ker(g) 1, Ker(a)l,) = (62, 221,,321,) = 


{(6x, 2yl,,3z1,):x,¥,2 € 4}. 


4. Algebraic structure of some endomorphisms 

Remark 4.1: 

A famous result in classical ring theory ensures that ring endomorphisms do not have a structure of 
a ring, since the addition of two endomorphisms does not preserve multiplication, but if we consider 
the additive group of any ring R, then group endomorphisms together form a non-commutative ring 
in general. 

To study algebraic structures of AH-endomorphisms we introduce the following definition: 


Definition 4.2: 
Let R be any ring, consider R(J}, RU,.J,), the corresponding neutrosophic ring, and refined 


neutrosophic ring, respectively. We define: 


(a) The set of all AH-homomorphisms on the additive group (R(I),+) is denoted by 
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AAH — END(R(D)). 
(b) The set of all AH-homomorphisms on the additive group (A!,./,),+) is denoted by 


RAAH — END (RU,,15)). 


Now we define algebraic binary operations on these sets. 
Definition 4.3: 
(a) Let R(I) be a neutrosophic ring. Addition and multiplication on AAH-END(R(I)) are defined as: 


Addition: [f.g] + [h.#] = [f th.g + €]. 

Multiplication: [f.g].[h.t] = [fohk. fot + goh + got]. 

Where f.g.8.t € END(R, +). 

(b) Let RU,.J,) be a refined neutrosophic ring. Addition and multiplication on 
RAAH-END(RU,./3.1) are defined as: 


Addition: [f.g.m] + lhtin] =[Fth.gt+ttmtnl. 
Multiplication: 


if.g.m].(ht.nl = [foh, fot + got + goh + gon + mot, mon + fon + moh]. 


Where f.g.4,m,n,§ € END(R, +). 
Theorem 4.4: 
Let (R(1),+) be the additive abelian group of a neutrosophic ring R(1). Then ASH — END(R(T)) isa 


ring. 


Proof : 


Suppose that [f.9].(4.t].[%.5] are three arbitrary elements in AAH-ENDR(I), we have : 


(Aak — END(H(L)).+) is an abelian group clearly. 
Multiplication is distributive with respect to addition since: 


[f.g]. (lh t] + [k.sl) = [fo(h +s). fo(t +s) + go(h+k)+go(t +s) 


Lf. gl. [he] + Lf. gl. [ks]. 
Multiplication is associative: 
[fig]. (Lh. el. lk. s]) = Lf. gl. [hok, hos + tok + tas] = 
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[fohok, folhos + tok + tos) + gohok + golhos + tok + tos)]=([f.9].(h¢]). [ks]. 


It is easy to check that multiplication and addition are well defined. 


So, our proof is complete. 
Theorem 4.5: 


Let (RU,./,.,+) be the additive eroup of a refined neutrosophic ring. Then RAAH-END (I, Is) isa 


ring. 


Proof : 
It is easy to see that (RAAH-END &(J,,/),+) is an abelian group. 
Multiplication and addition are well defined clearly. 


Multiplication is distributive with respect to addition, suppose that .f.g. mJ. lh. t.nl.[k.s.r] are 
three arbitrary elements in RAAH-END & U,.1,], we have: 
[f.g.m)]. Qh. tn] +[k,s,r]) = 


[folk +k). folé+s)+ gol +s) + go +r) +molt+s) + gol(h +k). fomt+r) +mo(A+k) + 
mo(n + r)] 


= [f.g.m). [lh t.n] + [f. g. ml. [k. 5,7]. 
. Multiplication is associative: 


(Lf, 9. mJ. [h, tn) ). [ks 7]= 

[foh, fot + got + goh + gon + mot, mon + fon + moh].[k, s.r], we put 

fot + got + goh+ gon +mot = a, mon + fon + moh = 5, now we write: 
(Lf. g. mJ]. Lh, tn] ). [k, s.7]= 
[ foh, a, b].[k,s,r] = [fohok, aok + aos + aor + bos + fohos, fohor + bor + bok] = 


[f.g.mJ]. (th, ¢,n]. Lk, 5,7]). 


Thus we get the desired proof. 
Theorem 4.6: 


Let Rbe aring. Then 445 —END(R ()) = END(R. +10), 


RAAH — END(RU,.1,)) = END(R, +) (1,12). 
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Where £.VD(A.+)(/) is the neutrosophic ring generated by EN DO(A.+) andl, ENDOCR. +)U,./2) is 


the refined neutrosophic ring generated by END(A.+) and !,.!2. 
Proot: 


We have END(R,+)() = END(R,4+)+ END(R,+)1 =(f + gl: f.g © END(R. +)). Define the map 

f:AAH —END(RW)) + END(R.+)0): fg. hl) =9 + hl, f isa well defined map. 

Let x = [g.h].y = [m,n] be two arbitrary elements in AAH — END(RU)), 
fetyw=@t_m+thtnl=@4+adt+ Oneal = FO) + f(y). 

fx.y) = fUlgom, gon + hom + hon]) = (gom) + (gon + hom + hon)! = fc). fly). 

It is easy to see that 7 is bijective, thus * is an isomorphism. 

Also, we have END(R, +) U,.1.) = {Uf. 91, Al.): f..g.h © END(R,+)}. Define the map 

f:RAAH — END (R C,, I)) — END(R, +)U,.J5): fla. h. kl] = (9. Aly, «/,\.By a similar argument we find 


that 7 is an isomorphism. 
Example 4.7: 


This example clarifies operations on 4an — END (R Gr) I. 
Let H =<, the ring of integers modulo 6, 
P:R +R; fc) = 3x, 9:R = Ri glx) = 4x,h:R = RB: hlx)} =~ are three endomorphisms on (R,+). 


[f.g): RW) = RW): Lf. gl + yD) =3x + 4y!, [hg]: 28U) = RU): [Ag] @ + yl) =x +4yI are two 


AH-endomorphisms on (R(1),+). 
We can clarify addition by: 


(pgl+lagD& ty) =[Fthgtgl& ty) = NW + Og) GI = 


4x + 8yl = 4x + 2yl=lg,s](e + yll:s:R — BR; s(x) = 2x is an endomorphism on (R,+). 
Multiplication can be clarified as: 

([f.9]. lh gl)Ge + yf) = fohGe) + Gog + goh + gog) Oy) I = 3x + 2y +4y + lOyN= 
3x + 2yl =([f.sl(x + yl). 
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Example 4.8: 


This example clarifies operations on RAAH-END R(/y./ 2). 

Let A =<, the ring of integers modulo 6, 

f:R + R; f(x) = 3x. g:R = R:glx) = 4x,.h:R — RB: hlx)} =~ are three endomorphisms on (R,+). 

[f.h. gl: RU,J,) 2 RU) LA gh]: RU.) + RU.) are two AH-endomorphisms on (R(/z./2). +). 
(figl +lhg AG. yl) = (GF +h) at+ DON, @ + AGI 

(4x, Syl,,52l,) = [g.s.s] Qc, yl,.2l,); s: + R:sGc) = 5x is an endomorphism on (R,1). 

[fA gl. Lh g. hl x, yl,zl,) = 

(foh(x), (fog + hoh + hog + hoh + gog) Gy), (foh + goh + goh)(z)I,) = 


(3x,(12y +y¥ +4y + y+ 16y),, Gz + 42 + 42),) = (3x, 4yI,, 521.1 f.9,sl(x. yl zls). 


Conclusion 

In this work, we have generalized the concept of AHS-homomorphism by introducing the 
concept of AH-homomorphism in neutrosophic rings, and refined neutrosophic rings. These 
functions play an important role in determining the structures and properties of AH-ideal, that is 
because they generalize AHS-homomorphisms. Also, AH-homomorphisms between any 
neutrosophic/refined neutrosophic ring and itself have an interesting structure, since they make a 
neutrosophic ring/refined neutrosophic ring with a suitable defined operation. Through this work, 
we have characterized the algebraic structure of AH-endomorphisms of the additive group in the 
case of neutrosophic ring and case of refined neutrosophic ring. 


Some important open questions arise according to this work, we can summarize it as follows: 
Define AH-homomorphisms on an n-refined neutrosophic ring 4,,(/). 

Is the set of all endomorphisms over the additive group of the n-refined neutrosophic ring 

A, (/)form a ring?. If the answer is yes, then prove that it is isomorphic to the n-refined neutrosophic 


ring generated by END(R,+). 
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1. Introduction 


Neutrosophy as a new king of logic has an interesting effect into algebra. Algebraic studies 
began with Smarandache and Kandasamy in [5]. They introduced some interesting concepts such as 
neutrosophic group, neutrosophic ring, and neutrosophic semi group. 

Many applications of neutrosophic set and related concepts into optimization, decision making and 
industry were proposed in [10,11,12,13,14]. 

Recently, more neutrosophical algebraic structures were defined and handled as a bridge between 
logical and algebraic concepts such as neutrosophic vector space, quadruple neutrosophic vector 
space, neutrosophic module, n-refined neutrosophic ring, and n-refined neutrosophic vector space. 
See [1,2,3,4,7,8,9]. 

Quadruple neutrosophic vector space is a logical space with some algebraic properties defined in [6], 
the most important question about this kind of spaces is the classification of them with respect to 
classical vector spaces. 

In [6], Smarandache et al, proposed three open conjectures concerning the algebraic structure 
(classification structure) of neutrosophic quadruple vector spaces (NQ vector space). These 


conjectures can be described as follows: 


Conjecture 1: Is the NQ vector space V defined over the field R isomorphic to 7 * H & A & #2, 
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Conjecture 2: Is the NQ vector space V defined over the field C isomorphic to © Ox € * C?, 


Conjecture 3: Is the NQ vector space V defined over the field 2, isomorphic to 2, % 25 * 2, X £5?. 
In this work we prove that the answer of previous conjectures is yes. We use the properties of weak 
n-refined neutrosophic vector space ';,(/) to reach our goal. 


These three conjectures are called Smarandache's conjectures. 

Our motivation to write this paper is to give a classification theorem for n-refined weak 
neutrosophic vector spaces, as well as to answer three conjectures proposed by Smarandache about 
classifying quadruple neutrosophic vector spaces. This work shows for the first time the algebraic 
connection between n-refined neutrosophic weak vector spaces and quadruple neutrosophic vector 


spaces. 
2. Preliminares 
Definition 2.1: [8] 


Let (R,+,™) be a ring and /;;1 = =m ben indeterminacies. We define 
A, (D={@) + a,f ++" + a,/, 1 a; © 4} to be n-refined neutrosophic ring. 


Definition 2.2 :[4] 


Let (V,+,.) bea vector space over the field K then ( V(I) , +,. ) is called a weak neutrosophic vector 
space over the field K,, and it is called a strong neutrosophic vector space if it is a vector space over 
the neutrosophic field K(I). 


Definition 2.3: [9] 

Let (K,+,-) be a field, we say that £,, () = K+ KI,+ +--+ KI, = {a, + a,!, +++ a,],:0; € XK} isan 
n-refined neutrosophic field. 

It is clear that K,,\J) is an n-refined neutrosophic field, but not a field in the classical meaning. 


Definition 2.4: [9] 
Let (V,+,-) be a vector space over the field K. Then we say that 


WW = VAI, tee + VI, = fey tad, te + x_),: x; € V1) is a weak n-refined neutrosophic vector 


space over the field K. Elements of 1,{/) are called n-refined neutrosophic vectors, elements of K 


are called scalars. 
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If we take scalars from the n-refined neutrosophic field #,,\), we say that ;,{/) is a strong 


n-refined neutrosophic vector space over the n-refined neutrosophic field #,,\J). Elements of Fi, (J) 


are called n-refined neutrosophic scalars. 


Definition 2.5: [6] 


The quadruple (a, bT cldF):a,bc,d€ Ror CorZ », with T,LF as in classical 


7 


Neutrosophic logic with a the known part and ( 41 .c!,dF }) defined as the unknown part, denoted 


by NQ= ffa. bT, cl,dF j)a,5,¢,d € Ror € or 71} incalled the Neutrosophic set of quadruple 


numbers. 

Remark 2.6: [6] 

(NQ,+,.) is a vector space, where (.) is an external multiplication by a scalar from the same field that 
NO is built over. 


Open conjectures [6] 


Conjecture 1: Is the NQ vector space V defined over the field Risomorphic to 4 * A * A x #2, 
Conjecture 2: Is the NQ vector space V defined over the field Cisomorphicto © *€ = € * C?, 


Conjecture 3: Is the NQ vector space V defined over the field 2, isomorphic to 2y % dy X42, ¥ 25?. 


3. Main concepts and results 


Lemma 3.1: 
Let V be a vector space over the field K, ¥;,{1!. be the corresponding weak n-refined neutrosophic 
vector space. Then 


(a) V,-;,(/) is a homomorphic image of ¥;, W). 
(b) %00/W =V,_,CD, where W isa subspace of ¥,(/) with property iV = V. 


(c) ¥, (4) isa homomorphic image of ¥},(/); m =n, 
Proof: 


(a) We define f:¥,W) + ¥,_, WU): fla, + al, tee + ag l,) = ay + gly tee + (oy_y + On Vanes. 
It is easy to see that * is well defined. Let x = yt _jadi.y = 2,5; be two arbitrary elements in 
(1), ° be any element in the field K, we have: 
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Fr ty) = (Cay + bp) + Co, + By Hee + gy + gig Hy + gd = FO) + Oy). 
flr.x) = FOR pr- ad) =ray tral, t+ Ga_,t+rby_, tra, + rb, )ly_,=7-f (x). 
Thus f is a homomorphism. 
(b) Ker (7) = {x = 3 al; € V0: fix) = 0} this implies 
a, = O forall O<i Sn—2,0,_, = —ad,,so W = Ker(f) = {a, U, —I,_,): a, € VY. 
Also, we have ¥i,(/)/W = V,_,(I). Now define g:W + V: gla, —! Se = a,, gis a well defined 


map and it is an isomorphism, thus i" = ¥. 
(c) According to (a), we get a series of vector space homomorphisms 
ww fn _,W) a i WI), f,0f,;-10 «Of; is ahomomorphism since it is a product of 


homomorphisms. Thus our proof is complete. 


Example 3.2: 


Let = R° bea vector space over the field R, R:{J)} = {a + 1, + clz;a,b.c © V} be the 


corresponding weak 2-refined neutrosophic vector space over R, Ai) = fa + bl,:2,b € V} be the 
corresponding weak 1-refined neutrosophic vector space over R. 

F:RiW) + RW); fla +1, + ¢l,) =a + (+c), isa homomorphism according to the previous 
theorem. 

Ker (f) = {cU, -—Ip:c EV SY. 


Theorem 3.3: 


Let V be a vector space over the field K, V(I)=V+VI be the corresponding weak neutrosophic vector 


space over the field K, ¥,(/) be the corresponding weak n-refined neutrosophic vector space over K. 
Then: 


(a) ¥xV SVE). 


(b) (D2 V XV x..xV (n +1 times). 
Proof: 


(a) Define f:V x V4 VW): fx, y) =x + yl:x,y € V, itis clear that f is well defined bijective map. 
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Let Gy),G.Q eV xVireK,wehave GywtG)=G@t+2ay+trG.y = (nary), 
flayv)+Gol=@4ai4G+tol=G@t+y0+G4+ = fay) + fiz. 

flnG.y] =rnatriyl =r. + yl) =r. fx). Hence f isa vector space isomorphism. 
(b) Define f:¥,0) -VxV x. Vif Gy tag tet aad) = (xp Xp Xn). 


By similar argument we find that f is an isomorphism. 


Result 3.4: 

(a) Theorem 3.3 clarifies that the concept of weak neutrosophic vector space is a rediscovering of 
direct product of a vector space with itself, thus all results in [4] can be obtained easily according to 
this result. 

(b) Theorem 3.3 clarifies that the concept of weak n-refined neutrosophic vector space is a 
rediscovering of direct product of a vector space with itself n+1 times, thus the question about 
defining basis of this kind of vector spaces in [9], can be answered easily. 


Theorem 3.5: 


Let = (2,41, c,d) be a quadruple neutrosophic vector space defined over the field F, i.e 


a,4,c,a@ € F, then V is isomorphic to weak 3-refined neutrosophic vector space F3;(/)) over the field 


F. 


Proof: 


We define f:¥ ~ UW): fl(a. bT cl dF)] =a + bl, + cl, + dls. 

F is well defined clearly. Let m = (a, bT, cl, dF),n = (x, yT.2l,tF) be two arbitrary elements in V, 
where 2. 5,¢,d,%,¥,2,.t © F, we have: 

mtn=(o+x[b+ylT. le + 2ll.[d+eF), 

Fontn) = ta) + lbtyl, +e +2, + ld +e, = fon) + f(n). 

Let s be an arbitrary element in the field F, then s.m = (s.a,.5.57,s.cl,5.aF), 

fis.m) =s.a 4+ (5.6), + G.cll, + Gs. ad), = 5. f(m). 


It is easy to see that 7 is a bijective map, thus we get the proof. 


Solving conjectures 
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Theorem 3.6: 


Let = (a. 49, cl. dF) be a quadruple neutrosophic vector space defined over the field R, then V is 


isomorphic to Rx AM EASA, 
Proof: 


By Theorem 3.5, we find that = #;(/), by Theorem 3.3, we find that #;(/) = A&A ™ A & 4H, thus 


PFHRxAxXRxRA. 
Theorem 3.7: 


Let ” = (a.5!,cl,adF) be a quadruple neutrosophic vector space defined over the field C, then V is 


isomorphicto © x Cx Cx C. 
Proof: 


By Theorem 3.5, we find that i” = €;(/), by Theorem 3.3, we find that €:(/) =€ x€ x = C, thus 


FHtexwtC xt x. 
Theorem 3.8: 


Let = (a. 51, cl, a) be a quadruple neutrosophic vector space defined over the field 4, then V is 


isomorphic to Zp * fy x Ep x Zp 
Proof: 


By Theorem 3.5, we find that ¥ = 4,_(/), by Theorem 3.3, we find that 4,,7)=4, *4,%4,%4), 


thus 


V=Z, x2, x2, *Z. 


5. Conclusion 


In this paper we have answered Smarandache's conjectures in neutrosophic quadruple vector space 
(NQ vector space) by investigating the algebraic relations between n-refined neutrosophic vector 
spaces and quadruple neutrosophic vector spaces. Also, we have proved that every weak m-refined 
neutrosophic vector space is a homomorphic image of n-refined neutrosophic vector space, where m 
<n. 
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Abstract. One of the major problems of both developed and developing countries is traffic congestion in urban road 
transportation systems.Some of the adverse consequences of traffic congestion are loss of productive time ,delay in trans- 


portation,increase in transportation cost,excess fuel consumption,safety of people,increase in air pollution level and dis- 





ruption of day-to-day activities. Researches have shown that among others,traditional traffic control system is one of the 





main reasons for traffic congestion at traffic junctions.Most countries through out the world use pre-timed/ fixed cycle 


time traffic control systems.But these traffic control systems do not give an optimal signal time setting as they do not 





take into account the time dependent heavy traffic conditions at the junctions. They merely use a predetermined sequence 





or order for both signal phase change and time setting.Some times this also leads to more congestion at the junctions.As 
an improvement of fixed time traffic control method , fuzzy logic traffic control model was developed which takes into 
account the current traffic conditions at the junctions and works based on fuzzy logic principle under imprecise and 
uncertain conditions.But as a real life situation,in addition to uncertainty and impreciseness there is also indeterminacy 
in traffic signal control constraints which fuzzy logic can not handle.The aim of this research is to develop a new traffic 
signal control model that can solve the limitations of fixed time signal control and fuzzy logic signal control using a 
flexible approach based on interval-valued neutrosophic soft set and its decision making technique,specially developed for 


this purpose.We have developed an algorithm for controlling both phase change and green time extension / termination 





as warranted by the traffic conditions prevailing at any time.This algorithm takes into account the existing traffic con- 





ditions,its uncertainty and indeterminacy. The decision making technique developed allows both phase change and green 


time setting to be managed dynamically ,depending on the current traffic intensity and queuing of vehicles at different 





lanes ,as opposed to an order or a pre-determined sequence followed in existing traffic control models. 


Keywords: Signal control; soft set; neutrosophic set; interval-valued neutrosophic set ;interval-valued neutrosophic soft 


set 
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1. INTRODUCTION 


Most of the cities of developing countries suffer from traffic congestion in urban road transportation 
systems.Consequently this leads to loss of productive time,delay in transportation,increase in operating 
cost of transportation and excess fuel consumption. Increase in number of vehicles, in sufficient roads, 
quality of roads and traditional traffic signal control systems are the major causes for traffic congestion 
in big cities|1]. 

Some of the adverse consequences of traffic congestion include increase in the level of pollution ,safety 
of the people,disruption of day to day life /daily activities ,health burden for the individuals as well as 
government and private organizations.In early days as well as at present ,traffic is controlled by hand 
signs by traffic police or by signals and markings called the traditional traffic control systems.Researches 
have established that unless otherwise implemented properly the traditional traffic control system can 
contribute more to the congestion at intersections|2]. 

As a real world phenomenon traffic congestion involves uncertainty and impreciseness and this paved 
the way for the use of fuzzy logic controller in traffic control systems.Fuzzy logic is one of the most 


appropriate tool to handle imprecise characteristics accurately and scientifically.Fuzzy controller model 








makes use of expert’s experience and knowledge in traffic control field to develop the linguistic protocol 
that produces input/output for the control system.Imprecise,inexact and linguistic traffic terms such 
as “heavy traffic’,’moderate traffic’, ‘light traffic’ and ’low traffic’ can be manipulated using fuzzy logic 
controller to estimate signal timings and sequences.Currently most signalized intersections in almost 
all developing countries use fixed time traffic controllers or pre- timed traffic lights.The traffic lights 
change phase at a constant cycle time in fixed traffic light controller,without taking into account the 
peak period or highly varying traffic intensity with respect to time.Pre-timed traffic light also causes 
traffic congestion as it is incapable of detecting traffic intensity at the junction and allow the vehicles 
waiting in the lanes to cross the junction as per the urgency necessitated by the traffic conditions 
prevailing at that time. 

The present day traffic signal controller models suffer from indeterminacy due to various factors like un- 
awareness of the problem,inaccurate and imperfect data and poor forecasting in addition to uncertainty 
in the constraints.To overcome this we need to develop a new mathematical tool that can effectively 
address the problem of traffic congestion. The drawbacks of the present day traffic control models and 
their failure to address the problem of urban traffic congestion have motivated us to carryout this 
research. The main aim of this research is to develop a new traffic signal model that can overcome the 
limitations of present day traffic control models including fuzzy logic signal control. 

Smarandache|41] introduced the concept of neutrosophic sets in 1998. Neutrosophic set(NS) is an exten- 
sion of classical,fuzzy and intutisionistic fuzzy sets.A neutrosophic set is characterized by its components 


truth membership degree,indeterminacy membership degree and falsity membership degree ,which are 





Endalkachew T., Natesan T., Berhanu G. and Smarandache F;A two stage interval valued Neutrosophic soft set traffic signal control model for 


a four way isolated signalized intersections 


Neutrosophic Sets and Systems, Vol. 38, 2020 546 





considered to be independent of each other.These three membership degrees are more suitable to repre- 
sent indeterminate and inconsistent information.Based on the pioneering work of Smarandache ,Wang 
et al.[3] introduced the idea of interval-valued neutrosophic set (IVNS), an extension of neutrosophic 
set which is found to be more suitable for many real life applications like image processing,decision 
making,supply chain management,water resource management and medical diagnosis.Interval-valued 
neutrosophic set is more realistic,flexible and practical than neutrosophic set and is described by three 
intervals namely a membership interval,an indeterminacy interval and a non-membership interval. Thus 
IVNS provides a more reasonable and structured mathematical framework to cope with indeterminate 


and inconsistent information. 





In a developed society, people are more concerned about their health. Thus, improvement of medical 
field application has been one of the greatest active study areas. Medical statistics show that heart 


disease is the main reason for morbidity and death in the world.The physician’s job is difficult because 





of having too many factors to analyze in the diagnosis of heart disease. Besides, data and information 
gained by the physician for diagnosis are often partial and immersed. Recently, health care applications 


with the Internet of Things (IoT) have offered different dimensions and other online services. These 





applications have provided a new platform for millions of people to receive benefits from the regular 
health tips to live a healthy life. With this idea in their mind Abdel-Basset et al. [26,27, 28,29] pro- 
posed a neutrosophic multi criteria decision making (NMCDM) technique and applied this technique 
to medical diagnosis. 

Many researchers have combined neutrosophic set with other mathematical structures to produce dif- 
ferent hybrid structures and used them in suitable applications. These hybrid structures include neutro- 
sophic soft set intuitionistic soft set ,generalized neutrosophic soft set and interval valued neutrosophic 
soft set. In this research we design a new model to facilitate smooth flow of traffic at isolated four way 


signalized intersections using a flexible approach based on interval-valued neutrosophic soft sets and its 








decision making technique developed for this purpose. We developed an algorithm that can dynamically 
control both of the main activities of traffic control namely ,phase change and green time setting as 
necessitated by the traffic conditions prevailing at the time of consideration.Based on the decision mak- 
ing technique specifically developed for this purpose ,this algorithm makes use of the existing traffic 
conditions and its uncertainty as well as indeterminacy to effectively control the phase change and 
ereen time setting to facilitate smooth flow of traffic at four way intersections. 

The traffic signal control model ,when implemented properly could eliminate the drawbacks of the 
present day traffic signal control models and make a complete solution to the problem of urban traffic 
congestion at four way signalized intersections. 

To the best of our knowledge no research work seems to have been carried out so far on the performance 
of fixed time or pre-timed traffic signal controllers as well as on the use of fuzzy logic controller at four 


way traffic intersections in interval valued neutrosophic soft set environment. 
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2. REVIEW OF LITERATURE 


Molodtsov [4],introduced the concept of soft sets for dealing with fuzzy,uncertain and ambiguously 
defined objects and outlined some problems that could be tackled using soft sets. The major advantage 
of soft set is its ability to use parametrization which was lacking with other tools used in the study of 
uncertainty. 

Smarandache [5] defined the notion of neutrosophic set as a generalization of intutionistic fuzzy set.He 


explained the difference between neurosophic set and intutionistic fuzzy set with illustrative examples. 





Wang et al.|6|defined the single valued neutrosophic set and proposed a framework for this set. They 
also defined the set theoretic operations and established some properties of this set. 

Aggarwal et al.[7] discussed how neutrosophic logic can be utilized for modeling and control and pro- 
posed a block diagram for neutrosophic inference systems. 

Maji [8] gave an application of neutrosophic set to a decision making problem on object recognition in 
imprecise environment.Maji {9| defined the notion of neutrosophic soft set and studied some properties 
of this set.Multi-criteria decision making using weighted correlation coefficient and weighted cosine 
similarity measure under single valued neutrosophic environment was studied by Ye [10]. 

Broumi and Smarandache [11] developed a new multi attribute decision making method based on 


neutrosophic trapezoidal lingustic weighted arithmetic and geometric averaging operators.'They have 





demonstrated the new method with numerical example.Broumi et al.[12]have presented the definition 
of neutrosophic parametrized soft set and its operations. They have defined some aggregation operators 
to develop a soft decision making technique which is more efficient.Sahin |13]generalized the concept of 
neutrosophic soft set and gave an application of generalized neutrosophic soft set in decision making. Deli 
[14|further generalized the concepts of soft set ,fuzzy soft set ,interval valued fuzzy soft set,intutionistic 


fuzzy soft set interval valued intutionistic fuzzy soft set and neutrosophic soft set by introducing interval 





valued neutrosophic soft set.He defined some operations on this set and developed a decision making 
method based on level soft sets and provided an illustrative example for the proposed method.Deli 
and Cogman [15]defined some operations on interval valued neutrosophic soft sets and developed a 
decision making method based on interval valued neutrosophic soft set and illustrated the method by 
example.Zhang et al.[{16] defined some aggregation operators on interval valued neutrosophic set and 
developed a method for multi-criteria decision making using these operators. They have also illustrated 
the working of the method by example. Ye |17] explained the difficulty in applying the single valued and 
interval valued neutrosophic sets and introduced the concept of simplified neutrosophic set .He defined 
three vector similarity measures in vector space and applied them in a multi-criteria decision making 
problem with simplified neutrosophic information.[lustrative example is also provided.Ye [18] shown 


that simplified neutrosophic set is a sub class of neutrosophic set and defined some operational laws 








and aggregation operators such as weighted arithmetic and weighted geometric average operators. Based 





on these operators and cosine similarity measure,he developed a multicriteria decision making method 





Endalkachew T., Natesan T., Berhanu G. and Smarandache F;A two stage interval valued Neutrosophic soft set traffic signal control model for 


a four way isolated signalized intersections 


Neutrosophic Sets and Systems, Vol. 38, 2020 548 


and using numerical example illustrated the ranking order of alternatives to select the ideal and best 





alternatives. Ye [19] defined the hamming and euclidean distances between interval valued neutrosophic 





sets and the similarity measures between them.He used the similarity measures to rank the alternatives 
and to determine the best one and demonstrated the method with example.Smarandache [20] intro- 
duced the concept of generalized interval neutrosophic soft set and discussed some operations on this 


set.He also presented an application of generalized interval neutrosophic soft set in decision making 





problem.Deli and Broumi [21]have redefined the notion of neutrosophic soft set and its operations. They 





defined neutrosophic soft matrix and their operators and explained the use of this matrix in storing a 
neutrosophic set in computer memory. They have also developed a decision making method based on 


neutrosophic soft matrix. Biswas et al.[22] have introduced the concept of single valued trapezoidal 





neutrosophic number .'They defined the value and ambiguity indices of truth,indeterminacy and falsity 
membership functions of this number.A new ranking method of these numbers based on the two in- 
dices is developed and this ranking technique is applied to a multi-criteria decision making problem 
with a numerical illustration.Tian et al.[23] developed a method for multi-criteria decision making by 
combining simplified neutrosophic sets and normalized Bonferoni mean operators.They first introduced 
a comparison method for simplified neutrosophic linguistic numbers by employing linguistic scale func- 


tion. Then they defined a normalized weighted Bonferoni mean operator and studied its properties 





.Based on the mean operator they developed a multi-criteria decision making method and illustrated 





with an example. Ye |24]introduced new exponential operational laws of interval valued neutrosophic 
set .He proposed an interval neutrosophic weighted exponential aggregation operator and its dual and 
developed a decision making method based on these operators. Yin-Xiang Ma et al.[25] developed a 


medical treatment selection method based on prioritized harmonic mean operators in an interval neu- 





trosophic linguistic environment.They defined two aggregation operators based on harmonic mean and 
used them to develop an interval neutrosophic linguistic multi-criteria group decision making method 
and applied it to a practical treatment selection problem. 

Abdel-Basset [26] proposed a novel framework based on computer supported diagnosis and IoT to de- 
tect and monitor heart failure infected patients, where the data are obtained from various other sources. 
The proposed healthcare system aims at obtaining better precision of diagnosis with ambiguous infor- 
mation and suggested neutrosophic multi criteria decision making (NMCDM) technique to aid patient 
and physician to know if patient is suffering from heart failure. ‘The proposed model is validated by 
numerical examples on real case studies. The experimental results indicate that the proposed system 
provides a viable solution that can work at wide range and a new platform to millions of people getting 
benefit over decreasing of mortality and cost of clinical treatment related to heart failure. 
Abdel-Basset et al.[27] suggested a novel framework based on computer propped diagnosis and IoT 
to detect and observe type-2 diabetes patients. ‘he recommended healthcare system aims to obtain 


a better accuracy of diagnosis with mysterious data. The overall experimental results indicated the 
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validity and robustness of the proposed algorithms. 


Abdel-Basset et al.[28] used a plithogenic multi criteria decision making (MCDM) strategy and VIKOR 





(Vlsekriterijumska Optimizacija I Kompromisno Resenje) technique to arrive at a methodological pro- 
cedure to assess the infirmary serving under the framework of plithogenic theory ,which is more general 
than fuzzy,intuitionistic fuzzy and neutrosophic theory.In plithogenic theory ,the ambiguity ,incomplete 
information ,qualitative information,approximate evaluation ,imprecision and uncertainty are addressed 
with semantic expressions determined by plithogenic numbers and computing of contradiction degrees 
of attribute values.The theory is applied to 3 private and 2 general hospitals in Zagazig and found that 
the serving efficiency of private medical centers is superior than that of the general medical centers. 

In some real world decision making environment ,similarity plays a vital role and unexpected out- 
comes from the decision making point of view.Based on this Abdel-Basset et al.[29] proposed the cosine 
similarity measures and weighted cosine similarity measures for bipolar and interval valued bipolar neu- 
trosophic set and presented a two multi attribute decision making techniques based on the proposed 
measures .'The feasibility of the proposed measures are verified using numerical examples and used 
for diagnosing bipolar disorder diseases. Thamaraiselvi and Santhil,|30] introduced a mathematical 
representation of a transportation problem in neutrosophic environment and proposed a new method 


for solving transportation problems with indeterminate and inconsistent information.Liang et al.[31| 





proposed a single valued trapezoidal neutrosophic preference relation as a strategy for tackling multicri- 


teria decision making problems based on two aggregation operators, namely single valued trapezoidal 








weighted arithmetic and geometric average operators.Deli and Subas [32]have presented a methodology 
for solving multi-attribute decision making problems using single valued neutrosophic numbers. They 


have defined cut sets of these numbers and applied these cuts to single valued trapezoidal and triangular 





neutrosophic numbers and studied some properties. They developed a ranking method using the con- 
cepts of values and ambiguities and developed a multi-attribute decision making method using single 
valued trapezoidal neutrosophic numbers.Limin Su[33] developed a project procurement method selec- 
tion under interval neutrosophic environment.He defined a similarity measure to handle this selection 
and applied it to develop a decision making model.A case study is presented to show the applicability 
of the proposed approach .The results are compared with three of the existing methods to show the 
superiority of the proposed method.Broumi et al.[34|] proposed a new score function for interval valued 
neutrosophic numbers and used it to solve the shortest path problem.They proposed novel algorithms 
to find the neutrosophic shortest path by considering interval valued neutrosophic number,trapezoidal 
and triangular interval valued neutrosophic numbers for finding the length of the path in a network with 
illustrative examples.The effectiveness of the proposed algorithms are explained by a comparative anal- 
ysis with the existing methods.Hongwa Qin and Xiagin Ma [35] proposed a new and complete system 
evaluation method based on interval valued fuzzy soft set.This method has four components viz data 


collection and processing,combination of data sets ,parameter reduction and decision making.’ They have 
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applied the method to three real life evaluation systems.Poyen Fb et al.[386] proposed a frame work for 
an intelligent traffic control system. They proposed a mechanism in which the time period of green light 
and red light are assigned on the basis of the density of the traffic present at that time.The density is 
calculated using proximity infrared sensors and the glowing time of green light is assigned with the help 
of micro controller. Ye|37] presented the concepts of neutrosophic linear equations ,neutrosophic matrix 
and operations on such matrices.He proposed some methods to solve the system of neutrosophic linear 
equations.He has applied the method to solve the system of linear equations arising in indeterminate 


traffic flow.Broumi[38] has explained the importance of traffic management to ensure safe and peaceful 





travel for people.He defined some weighted aggregation operations on type 2 fuzzy sets and interval 
neutrosophic sets and constructed an improved score function for interval neutrosophic numbers.He 
proposed a method for traffic flow control based on this score function.Javed Alam and Pandey [40] 
proposed a two stage traffic light system for real-time traffic monitoring to dynamically manage both 


the phase and green time of traffic lights for an isolated signalized intersection with the objective of 








minimizing the average vehicle delay in different traffic flow rates.Software has been developed in MAT- 
LAB to simulate the situation of an isolated signalized intersection based on fuzzy logic. Simulation 
results verify the performance of the proposed two stage traffic light system using fuzzy logic. 


In this research we develop a new traffic signal control model. This model makes use of interval-valued 





neutrosophic soft set and its decision making technique developed specifically for this purpose.The 
model consists of two stages and can dynamically manage both phase change and green signal time 


extension for real time traffic monitoring. 


3. PRELIMINARY CONCEPTS 


In this section we present the necessary preliminary ideas and some basic results needed for the 
present research work.We start from the definition of a soft set. 
3.1 Soft Set[4| 


Let X be the universal set under consideration and FE be a set of parameters which represents the 





attributes, properties or characteristics of objects in X.Let P(X) denote the power set of X and A C E. 
A pair (F, A) is called a soft set over X where F' is a mapping given by Ff’: A + P(X).That is a soft 
set over X is a parametrized family of subsets of X. 

For each e € A ,F(e) may be considered as the set of e-approximate elements of X ,called the value set 
of e.It is clear that soft set is not a set in the classical sense. 

3.2 Complement of a soft set [4| 

The complement of a soft set (fA) denoted by (F,A)*° is defined as (F,A)° = (F°,~ A),where 
F° :~ A — P(X) is the mapping given by F(a) = X — F(~ a), Va €~ A.Obviously (F'°)° = F and 
((F, A)°)° = (F, A). 

3.3 Null soft set [4| 

A soft set (F, A) overX is said to be a null soft set denoted by ® ,if Ve € A, F(e) = ® (null set). 
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3.4 Absolute soft set [4| 
A soft set (F, A) over X is said to be an absolute soft set denoted by A, if Ve € A, F(e) = X. 
3.5 Soft subset and soft super set [4| 





Let (FA) and (G, B) be two soft sets over a common universe X.We say that (F, A) is a soft subset 
of (G, B) if 

(i) AC B and 

(ii)Ve € A , F(e) and G(e) are identical approximations. 

In such a case we write (F,A)C(G, B). 

(FA) is called a soft super set of (G,B) if (G,B) is a soft subset of (f,A).In this case we write 
(F, A)>(G, B). 

3.6 Soft Equality [4] 

Two soft sets (F, A) and (G, B) over a common universe X are said to be soft equal if (FA) is a soft 
subset of (G, B) and (G, B) is a soft subset of (F, A). 

3.7 Single valued neutrosophic set(6| 

Let X be the universal set.A neutrosophic set A in X is characterized by a truth membership function 
jt4, an indeterminacy membership function vy and a falsity membership function w4,where 4,V4,WA : 
X — [0,1] are functions and Vx € X,a = x(Mz, Vz,Wz) € A is a single valued neutrosophic element of 
A. 


A single valued neutrosophic set A(SVNS in short) over a finite universe X = {2 1,%2,...,%,} can be 





represented as A = Doi, < a(xi), vA(2i), Wa(ai) > /25. 





The three membership functions form the fundamental concepts of neutrosophic set and they are 


independently and explicitly quantified subject to the following conditions. 


0< a(x), va(xz),wa(x) <1 and 


0< pa(x) + v0,4(4) t+wa(x) <3 VEE X. 


3.8 Complement of a single valued neutrosophic set [6] 

The complement of a SVNS A denoted by A® is defined by wac(x) = wa(x),Uac(x) = 1 — va(x) and 
wac(x) = w(x) for alla eX 

3.9 Containment and equality of SVNS defined on the same universe X [6]. 

(i) A is contained in B denoted as ACB if and only if a(x) < we(x) ; va(x) < vp(x) and wy(zx) > 
wp(x)Va Ee X. 

(ii) A and B are equal ,that is., A = B if and only if ACB and BCA. 

3.10 Union and Intersection of SVNS [6] 

Let A and B be two SVNS defined on a common universe X .Then the union of A and B ,written as 
AU B=C is defined by 


Lic (x) = max(pa(x), B(2)) 


vo (x) = max(v,4(x), vBg(x))and 
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wo(x) = min(wa(x),we(r))Va EX. 
The intersection of A and B ,denoted by AN B = C is defined by 


ec (x) = min(ua(2), wa(2)), 
vo (x) = min(va(x),vB(x)) and 
wo(x) = max(wa(x),wp(x))Va € X. 
3.11 Interval Valued Neutrosophic Set [39] 
Definition: For an arbitrary sub interval set A of [0,1] we define A = inf of A and A = sup of A. 
Let X be the universal set.An interval valued neutrosophic set A in X is characterized by a truth 
membership function 4 , an indeterminacy membership function v4 and a falsity membership function 


wa for each element x € X where 


Laas (2), Ba(2)], va(x) = |vy(x),04(x)], wa(z) = |w,4(x),,4(x)] are closed sub-intervals of 
omar 
Thus A= < pra(z), v4(2),wa(x) > /a;n € X. 
3.12 Empty and universal IVNS [39] 
Let A be an IVNS over the universal set X. 
(i) A is called an empty IVNS if A = ®y = < [0,0], [1,1], [1,1] > /2; Vx € X (ii) A is called a universal 
IVNS if A= F = < [1,1], [0,0], [0,0] > /a;Vx eX 
3.13 Containment [39] 
Let A and B be two IVNS over a common universe X.Then A is contained in B if and only if 
[4 (@) S Wp (@); Ha(@) S Bp (®); va) S vp(@); Va(@) < UB( 4); Wale) 2 wp(a);Wa(x) 2 Wa(2) 
Vo Ee X. 
In this case we write A C B 
3.14 Union and Intersection of IVNS [39] 
let A and B be two IVNS defined over a common universe X.The union of A and B denoted by AUB 


is defined as 
AUB = {< |[maa(y (x), Hp (#)), max(a (x), Mp(@))], 
[maa (U4(x),Up_(x)),maxa(x), VB(x))], 
[minw4(x),Wp(x),min(Wa(x),Wp(x))] > /x;Va € X} 
Similarly the intersection of A and B denoted by ANB is defined by 
ANB = {< [min(u (©), Hp (a)), mins (x), Bp (x))], 
[min(wa(x),Up(x)), min(Wa(x), Va(x))), 
[maa (w(x), Wp(a),mar(Wa(x),Wp(x))) > fa; Va eX} 
3.15 Complement of IVNS [39] 
The complement A° of an IVNS A is defined as AS = {< |[wy(x),W,(x)], [1 — Da(x),1 - 
v(x), [oy (@), Ma(w)] > /asVa © X} 
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It is clear that AUB,ANB and A® are all IVNS over X. 
3.16 Neutrosophic Soft Set [20] 





Let X be the universal set and EF be the set of parameters ,A C E.Let P(X) denote the set of all 
neutrosophic subsets of X. A pair (Ff, A) is called a neutrosophic soft set over X ,where F' is a mapping 
given by F': A + P(X).For each e € A,F(e) is a neutrosophic subset of X. 

3.17 Union and Intersection of neutrosophic Soft Set [20] 

Let (F, A) and (G, B) be two neutrosophic soft sets over (X, E).The union of (F, A) and (G, B)is defined 
as the neutrosophic soft set (H,C’) where C = AUB and Ve € C 


F(e) ife€ A—B 
H(e) = 4 G(e) ifece B-—A (1) 
F(e)UG(e) ifee AUB 


We write (H,C) = (F, A)U(G, B). 
The intersection of (F', A) and (G, B) denoted by (H,C) where C = AU B and Ve € C 


F(e) ife€ A—B 
H(e) = ¢ G(e) ifec B-—A (2) 
F(e)NG(e) ifee ANB 


We write (H,C) = (F, A)N(G, B). 

Interval valued neutrosophic soft set is a hybrid structure combining interval-valued neutrosophic 
set and soft set.The first quantifies the indeterminacy and the second provides the parametrization 
tool.Interval valued neutrosophic soft set (IVNSS) is a better tool to express uncertainty than the other 
variants of fuzzy or soft sets. The mathematical definition of IVNSS is given below. 


3.18 Interval Valued neutrosophic Soft Set [15] 





Let X be the universal set and E be a set of parameters ,A C E . Let IVNS (X) denote the 
set of all interval-valued neutrosophic sets over X. A pair (G,A) is called an interval -valued 
neutrosophic soft set (IVNSS) over X where G is a mapping given by G : A > IVNS(X).For 
e € A,G(e) is an interval-valued neutrosophic set in X, called e-approximate value set.Thus for all 
e€ A,G(e) =< a, u°(x), v°(x),w°(2) >E IVNS(X). 

3.19 Null and absolute IVNSS [15] 

An IVNSS(G, A) of X is called a null or empty IVNSS denoted by oy if and only if Ve € A 


po (0) = [0,0], («) = [1,1],06(@) = [1, ve € X 
(G, A) is said to be an absolute IVNSS denoted by Ay if and only if 


ie) = (1, io — [0, 0], we (a) = [0,0)Va eX 





For examples and illustration of related operations one can refer to the respective references. 
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4. THE PROPOSED TWO STAGE IVNSS TRAFFIC SIGNAL CONTROL MODEL 


4.1 Introduction 
It has been reported in the literature that fuzzy logic controller performs better when compared with 
pre-timed or fixed time controllers.However,in both the latter mentioned signal controllers the phase 
changes occur in a sequential order without any consideration on the current traffic conditions at the 
intersection.In this research it is proposed to implement a two stage traffic light control system for real 


time traffic monitoring to dynamically manage both phase change as well as extension of green signal 





time for an isolated signalized intersection with the objective of minimizing the average vehicle delay 
under varying traffic flow rates. Thus in the proposed model the phase change may not be in a sequential 
order among the roads at the intersection. 1VNSS model has the ability to imitate the human intelli- 
gence for controlling traffic flow.It allows implementation of real life rules similar to the way human 
mind would work.'This model is based on concepts graded to handle uncertainties and impreciseness to 
facilitate relatively smooth traffic flow.The graded concepts are more useful since real time situations 
in traffic control are very often difficult to describe precisely and are not deterministic. 

IVNSS model allows linguistic expressions and inexact data to be manipulated in designing signal tim- 
ings and phase change intervals.We consider an isolated traffic signal intersection with four approaches 
north,south,east and west ,whose green time extension or termination at the traffic junction are tested 
during rush hour against the two parameters ’average number of vehicles entering the junction along the 
lanes with current green signal ’(arrival rate)and ’the saturation flow rate’ in the previous cycle. These 
input parameters are used to construct two neutrosophic sets on input variables ,viz ’the quantity of 
trafic on the arrival side’ and the quantity of traffic on the departure side’ to estimate the output 
variable ’the extension time for the green signal’ based on weight criteria. Thus based on the current 
traffic conditions the IVNSS model can estimate the output of the neutrosophic controller either to 
extend or terminate the ongoing green light signal.If there is no extension of the ongoing green time 
there will be an immediate phase change of the traffic light allowing the flow of traffic from an alternate 
lane. 


4.2 Design Criteria and Constraints 





The design of IVNSS traffic signal controller depends on the experience and knowledge of experts in 





trafic control to formulate the linguistic protocol and to generate the input variables for the traffic 
signal control system. Vehicle detectors are installed on ’upstream line’ and ’stop line’.The number of 
approaching vehicles for each approach during a given time interval can be estimated using the detec- 
tors. 

The following assumptions are made for designing the IVNSS traffic control system: 

[1] The junction is an isolated four way intersection with traffic flowing from north,west, south and 
east directions. 


[2] When traffic moves from north and south,that from west and east stops,and vice-versa. 
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[3]Right and left turns are permitted 

[4]The IVNSS controller observes the density of north and south traffic as one side and west and east 
traffic as another side. 

[5]The minimum and maximum green time in a cycle is specified. 

[6]If the north and south side is green ,this would be the arrival side while the west and east would 


be considered as the queuing side,and vice-versa.'Then the output variable would be the extension time 





needed for the green light on the arrival side based on some weight criteria. 


[7]In the proposed two stage traffic signal system, it is assumed that phase composition is pre-determined 





and the phase sequence as well as signal timings are changeable. 

4.3 Structure of the Two Stage Traffic Signal Controller Model. 

The general structure of an isolated four way intersection is illustrated in Figure 1.Each lane is equipped 
with two electromagnetic sensors. The first sensor is located behind each traffic light and the second is 
located behind the first at a distance S.The first sensor counts the number of cars passing the traffic 
light and the second counts the number of cars coming to the intersection. The number of cars waiting 
at the traffic light of each road is determined by the difference of the readings between the two sensors 


of that road.Each traffic light is a proximity sensor and can only sense the presence of a car in front 





of it waiting at the junction.The isolated intersection considered in Figure 1 is characterized by four 
phases as shown in Figure 2 with eight lanes.Each phase has two lanes.As discussed earlier the objec- 
tive of phase design is to separate the conflicting movements at the intersection into various phases in 
such a way that there is no conflict in the movement during any phase.For example ,when phase 1 is 
enabled,only the vehicles of lane EL ,of the road direction east(E)and lane WL, of the road direction 
west (W)can go either straight or turn left ,while all other lanes will have red light to stop movement 
of vehicles. 

The flow rate and saturation flow rate of each phase is obtained as the maximum of the flow rates and 


saturation flow rates intended as the number of vehicles during the green/red light in their respective 





lanes as shown. 


Phasel= maximum (EL1, WL1) 
Phase2 = maximum (EL2, WL2) 
Phase3 = maximum (NL1, SL1) 
Phase4 = maximum (NL2, SL2) 


Table 1 summarizes the notation adopted in the two stage traffic control system. 

4.4 Data Collection and Processing. 

The necessary crisp data for the input parameters are obtained from vehicular detectors installed at 
traffic intersections.In order to derive useful information from the detector data ,it is important to be 
selective and to use data that can give meaningful information about actual traffic flow.Factors which 


influence the data include the setting of signal group(red or green)and locating detection area.The 
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FIGURE 2. Phases/signal groups of Traffic light. 


proposed IVNSS model uses the following two neutrosophic variables as input. 

4.4.1 Saturation flow rate (vehicle/hour/green) 

Saturation Flow Rate is the number of vehicles that would pass through the intersection when they 
approach signal which stays with green for an entire hour. Obviously, certain aspects of the traffic and 


the roadway will affect the saturation flow rate of the approach. If the approach has very narrow lanes, 





traffic will naturally provide longer gaps between vehicles, which will reduce our saturation flow rate. 


If there is large number of turning movements, or large number of trucks and busses, your saturation 
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TABLE 1. Notation of different phases/signal groups 





flow rate will be reduced [64]. 
On another hand, the saturation flow rate (s) for a lane group is the maximum number of vehicles from 
that lane group that can pass through the intersection during one hour of continuous green under the 


prevailing traffic and roadway conditions. 


4.4.2. Average arrival rate (veh/min/lane) 


The detection area is located S meters down stream of the stop line of each approach,to record arrival 








rate. During the green period, the detector records the average arrival rate every minute and the aver- 
age arrival rate for that period is used as an input.The output variable is the extension time of green 
signal time for the phase based on weight criteria. 

4.5 Description of Two Stage IVNSS Traffic Signal Control Model(IVNSSTSC). 

In the proposed IVNSS traffic signal control model there are two different modules, namely the phase 
selection decision module (PSDM) and the extension time calculation module(ETCM) for the selection 
of phase and the extension of green signal duration. 

4.5.1 Phase Selection Decision Module(PSDM) 

This stage performs the selection of the most appropriate phase /signal group for the next cycle with 
highest traffic urgency as the next phase to switch on using traffic data obtained from the previous cycle 
based on the input parameters.The proposed IVNSS model uses crisp traffic information from traffic 
sensors located at traffic junction for estimating the input parameters; saturation flow rate and average 
arrival rate collected during the previous cycle in order to decide on the number of seconds of green 
signal time required by each set of signal groups (phases) during the next cycle.The crisp data obtained 
has to be transformed into neutrosophic data using neutrosophication /normalization techniques. 

The output parameter or decision criteria of the proposed IVNSSTSC is weight of the signal group 
.Weight is an indicator of the degree of need/urgency of the phase or signal group (SG) that requires 
green signal.For example,if the weight of SG, is 18 and that of SG2 is 12 ,then SG, needs green time 
more urgently than SG. 
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4.5.2 Extension Time Calculation Module (ETCM) 





This stage calculates the green light time i.e., extension time of the signal group or phase which has 
highest urgency based on the weight value obtained in PSDM stage. 

The weight values of SG,, SG2, SG3 and S'G4 are used to calculate the total green time in a cycle. The 
weight values of each signal group and the total green time in a cycle are used to estimate the duration 
of green time that a signal group requires in the next cycle.Both total green time and green time of 


each signal group/phase are calculated as follows. 


Total Green Time (TGT) = ()> C, — MinW) x (4eeGt aan?) + MinGT 


The green time of each signal group is obtained by 


C, x TGT 

Green Time of SG,, = ————_— 
do Cn 

where 5° C',is the total weight of signal groups ,MinW and MazxW are the minimum and maximum 
values of weights respectively. MinGT and MaxGT are the minimum and maximum values of green 
time in a cycle and n is the group index (n = 1, 2, 3,4). 
The proposed IVNSSTSC model consists of the following components namely,(i)data collec- 
tion(ii)neutrosophication or normalization (iii)combination of data set (iv)parameter reduction and 
(v)decision making. 


A flow chart of the proposed IVNSSTSC model is presented below. 





Data Collection 


(Crisp data for parameters from sensors 
located at traffic function) 






Neutrosophication/ Normalization 


(Maxinwot-minimum method (to process original dat into 
neutrosophic data) 


Combination of Datu Sets 


(Combining the parameters using “AND” relation) 


Parameter Reduction 





(By defining level soft set and different thresholds on 
combined parameters in interyal-valued neutrosophic soft 
sets) 


Decision Making 


(Based on the Combined Parameters) 





FIGURE 3. Structure of the Proposed Two Stage traffic Signal Control Model Using IVNSS 
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4.6 Neutrosophication /Normalization 

In order to asses and evaluate a new system ,we need to have original data .In the present case to 
analyze the working of the proposed IVNSSTSC system it is necessary to collect data from traffic 
sensors installed at traffic junction or traffic management directorate or using any other video graphic 
measures.But the data collected by this method will not be in the form of IVNSS.Hence it is essential 
to transform the original data into corresponding IVNSS. 

Interval-valued data are used to describe truth,indeterminacy and falsity membership degrees by identi- 
fying their lower and upper limits in the unit interval|0, 1].Consequently in this research the maximum- 
minimum neutrosophication/normalization method discussed by Hongwa Qin et al.[35] for IVFSS is 
extended to IVNSS.In the maximum-minimum normalization method there are more than one evalua- 
tors who give the scores of the objects aiming at one parameter. 

The algorithm for the method is given below. 

Maximum-Minimum Normalization Algorithm [35] 

(i) Input original data: the set of objects U = {21, %2,...,%,}; the set of parameters EF = {e€1, €2,...,€m} 
. (ii) For any x; € U and for every ex € EF , sort the data in ascending order. 

(iii) Find the maximum and minimum values of data for every 7; € U and ex € E. 

(iv) Transform the maximum and minimum evaluation scores into sub-intervals of [0,1] and normalize 
them as upper and lower membership degrees of the corresponding IVNSS. 

(v) Get the IVNSS for the evaluation system. 

When the original data are numeric ,the maximum and minimum evaluation scores are taken as the 
highest and lowest limits of such an evaluation respectively.Maximum and minimum evaluation scores 
can be transformed into sub-intervals of |0,1],which are considered as the normalized upper and lower 
membership degrees of membership in the corresponding IVNSS. 

4.7 Defining Interval-Valued Neutrosophic Set for the Data 

In this study we divide the input parameters into a finite number of states (levels) and construct the 
IVNSS based on this division. The parameter average arrival rate (e,) is divided into five states /interval- 
valued neutrosophic set:very high, high, medium, low and very low.The saturation flow rate (e2) is di- 
vided into four states/interval-valued neutrosophic set:very high, high, medium and low.The input data 
(traffic conditions) are first transformed into interval-valued neutrosophic data using the maximum- 
minimum normalization method for (e,) and (e2).This is carried out using the questionnaire from 
domain experts;their options could be a degree of ” good performance” a degree of ”indeterminacy” 


and a degree of ”poor performance” with respect to each parameter.The interval valued neutrosophic 


) 





soft set (F', A) describes the ” average number of vehicles entering the junction ” evaluated with respect 
to the levels of the parameter e; ,where A = {a1, a2,a3,a4,a5} in which a,-stands for very high,a- 


stands for high,a3-stands for medium, a4- stands for low and as-stands for very low. 
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Similarly the interval-valued neutrosophic soft set (G,B) describes the ’the saturation flow rate’ eval- 
uated with respect to the levels of the parameter e2 ,where B = {q1, G2, q3, G4} in which q)-represents 
very high, gg -represents high, g3-represents medium and q\-represents low. 
Thus X = {SG1, SG2, SG3,SG4} are the signal groups under consideration ,E = { average arrival rate 
(e,),saturation flow rate (e2)} is the parameter set ,A is an IVNS describing the states of e; ,along each 
signal group and B is an IVNS describing the states of eg along each signal group. 
4.8. Combination of Data Set 
In this section we define some operations on IVNSS and establish some properties of IVNSS. 
4.8.1 Cartesian Product of Two IVNSS([12) 
Let X be the universal set ,E be a set of parameters and A,B C E .Let (F,A) and (G,B) be two 
IVNSS defined on X.Then the cartesian product of (F, A)and (G, B) denoted by (H, A x B) is defined 
as H: Ax B+ IVNSS(X),where H(a,b) = F(a) G(b). 
An interval valued neutrosophic relation from (FA) to (G, B) is an interval-valued neutrosophic soft 
subset of (H,A x B). 
4.8.2. AND and OR operations|12] 
Let (Ff, A) and (G, B) be two IVNSS over the common universe X.Then (F, A) AND (G, B) denoted 
by (F, A) A (G, B) is an IVNSS defined as 
(FA) \(G, B) = (H,A x B) where H(a, 6) = F(a) NG(B) Via, 8) Ee Ax B. 
That is, 
H(a, B)(X) =< [min(wer(ay (®), WS fay (a), min(Bi?,y (©), BG cay (®))I, 
imin(uf?,) (2), VGray (2), min(Dis?, (@),BE?—)(B))I, 
mas(wircay (2) WE cay (2): max Gyr) (2), Dg) (2))] > /V(ia,B)Ee Ax Bandae X. 
Similarly ,(F,A) OR (G,B) denoted by (F,A) V (G,B) is an IVNSS defined as (F,A) V (G,B) = 
(J, A x B) where J(a, 8) = F(a) UG(B)V(a, B) € Ax B. 
That is, 


J(a, B)(X) =< [maax(w?, (@), wea) (@)), max(Tey (2), HSC) (@))I; 


mac(ui?)(2),Usya (2), max(Oe?. (2), Diy.) (@))I; 


[min(wheeay (©), Wey) (2): min(@ir ca) | > /Via,B)E€ Ax Bandxe X. 
4.9. Parameter Reduction and Decision making|{15] 
In this section we develop a parameter reduction algorithm of IVNSS for the smooth flow of traffic 
at isolated four way intersections. The algorithm produces a soft set from an IVNSS.For this we first 
define the concept of level sets for IVNSS. The notion of level set presents a flexible approach to IVNSS 
based decision making for facilitating the flow of traffic in an efficient way.’The algorithm is designed to 
solve a decision making problem based on IVNSS using level soft sets.Level soft sets play a vital role 


in connecting IVNSS and crisp soft sets.Using level soft sets we do not deal with IVNSS directly ,but 


work with crisp soft sets derived from them after choosing certain thresholds or decision strategies such 
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as top/bottom level decision rules or mid level decision rules.As per the algorithm ,the choice value of 
the object in a level soft set is in fact the number of fair attributes which belong to that object on the 
premise that the degree of truth membership of x with respect to the parameter e is not less than the 
truth membership levels, the degree of indeterminacy membership of x with respect to the parameter 
e is not more than the indeterminacy levels and the degree of falsity membership of x with respect to 
the parameter e is not more than the falsity membership levels. 

4.9.1 Relation From IVNSS([15| 

Let (G, A) € IVNS'S(X).Then a relation form of (G, A) is defined by 

Riga) = {(e,a)(e, 2)/(e, 2); rg, ay(e,z) € IVNS(X),e € A,x € U} where mga): Ex X > 
IVNS(X )andrig,a)(e,¢) = Ge(x) foralla € X,e € A. 

That is rig,4)(e,£) = Ge(x) is characterized by truth membership function y,indeterminacy member- 
ship function v, and falsity membership function w. For each point e € £, and x € X and p,v,w are 
interval valued subsets of [0, 1]. 

4.9.2. Example[15| 

Let X = {x1,x2} be the set of houses under consideration and E = {e1, €2,€3,e4,e5} be a set of pa- 


rameters where e; = cheap ,e2 = beautiful,ez = in the green surroundings, e4 = costly and es = large 





respectively. Based on experts evaluation, an interval valued neutrosophic soft set (G, A) is defined and 


presented in tabular form as follows. 


rarer rer VEY RET ETET 
eg | (0.5, 0.8), [0.2, 0.8], (0.3, 0.7] | (0.1, 0.9], (0.6, 0.7], (0.2, 0.3 
| 


(0.2, 0.7], (0.1, 0.5], (0.5, 0.8] | [0.5, 0.7], (0.1, 0.4], [0.6, 0.7] 
(0.4, 0.5], (0.4, 0.9], [0.4, 0.9] | [0.3, 0.4], (0.6, 0.7], [0.1, 0.5) 
es | (0.1,0.7], (0.5, 0.6], (0.1, 0.5] | (0.6, 0.7], (0.2, 0.4], [0.3, 0.7| 


TABLE 2. The tabular representation of the IVNSS (G,A) 





For this example r(g,4)(e, 7) = Ge(x)is given below 


Ge1)(«1) =< [0.5, 0.8], [0.5, 0.9], [0.2, 0.5] > 
Ge1)(a2) =< [0.4, 0.8], [0.2, 0.5], (0.5, 0.6] > 
Ge2)(«1) =< [0.5, 0.8], [0.2, 0.8], (0.3, 0.7] > 
G(e2)(x2) =< [0.1, 0.9], (0.6, 0.7], (0.2, 0.3] > 
Ge3)(«1) =< [0.2, 0.7], [0.1, 0.5], [0.5, 0.8] > 
Ge3)(x2) =< [0.5, 0.7], [0.1, 0.4], (0.6, 0.7] > 
Ge)(«1) =< [0.4, 0.5], [0.4, 0.9], (0.4, 0.9] > 
Ge4)(x2) =< [0.3, 0.4], [0.6, 0.7], (0.1, 0.5] > 
Ge5)(#1) =< [0.1, 0.7], [0.5, 0.6], [0.1, 0.5] > 
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Ge5)(£2) =< 0.6, 0.7], (0.2; 0.4], 0.3, 0.7] e 


The notion of level soft set and different thresholds on the parameters of interval valued intuitoinistic 
fuzzy soft sets were introduced by Zhang et al.{16].Irfan Deli [14] has extended these concepts to interval 
valued neutrosophic soft sets.In this work we extend the notion of level soft sets to IVNSS and different 
thresholds to group decision making by combining the input parameter sets. 
4.9.3. Level Soft set of IVNSS [15] 
Let (G,A) € IVNSS(X) .For interval valued subsets a, 8,7 C [0,1],the (a, 8,y)—level soft subset of 
(G, A) denoted by ((G, A); ((a, 8,7))), is defined as 
((G, A); < (a, 8,7) >) = {lei (ej © X; w(aiz) = 1));e: € EB} where, 

play) = 40 OPS) 8) 

Q otherwise for allx; ¢ X 

If (a, 6,7) < Ge, (x;),it means that the degree of truth membership of x with respect to the parameter 
e is not less than a ,the degree of indeterminacy of x with respect to e is not more than ( ,and the 
degree of falsity of x with respect to e is not more than ¥. 
In practical application of IVNSS a,{,7 are the thresholds pre-established by the decision maker 
reflecting his requirements on truth,indeterminacy and falsity membership levels respectively. 
4.9.4 Example 
For the Example 4.9.2,the ({0.3, 0.4], [0.5, 0.7], [0.6, 0.8]) level soft subset of (G, A) is 
((G, A); ([0.3, 0.4], |0.5, 0.7], [0.6, 0.8])) = {(e1, wa), (e3, u2), (€5, U1) } 
4.9.5 Average Threshold of an IVNSS|[15] 


Let (G, A) € IVNSS(X) .For the given (G, A) ,we define the average threshold denoted by(a, 6, ewe 








as 
(a, B, Yau) 1 A IVNS(X) by 
(a, B, Vay (es) = Neex Ge;(x)/ | @ | for all  € A. 


By average level decision rule we mean using the avg-threshold of the IVNSS in decision making 








procedure. 
4.9.6 Example|15| 
For the Example 4.9.2,the avg-threshold neutrosophic set is 


(a, BLY) (G54 (C1) = Dias Ces (@a)/ | & |= ([0.45, 0.8], (0.35, 0.7], (0.35, 0.55]) 
(a, B, Ye 4) (2) = jay Cen (we)/ | @ |= ([0.3, 0.85], [0.4, 0.75], [0.25, 0.5] 
(a, B,)q 54 (3) = Doja1 Ces (as)/ | © |= ([0.35, 0.7], (0.1, 0.45], [0.55, 0.75 
(a, B, Yay (4) = Wjnr Cea (ae)/ | @ |= ([0.35, 0.45], [0.5, 0.8], [0.25, 0.7| 
(a, B, Ye 4) (5) = Dien Ces (ae)/ | w |= ([0.35, 0.7], [0.35, 0.5], [0.2, 0.6]) 


| | 
( ) 
| I) 
( ) 


Thus 


(a, B, Ye 4) = {([0.45, 0.8], [0.35, 0.7], (0.35, 0.55]) /er, 
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([0.3, 0.85], (0.4, 0.75], 0.25, 0.5]) /es, 

([0.35, 0.7], [0.1, 0.45], (0.55, 0.75]) /es, 

([0.35, 0.45], (0.5, 0.8], (0.25, 0.7]) /ea, 

([0.35, 0.7], [0.35, 0.5], [0.2, 0.6]) /es } 
For this example ((G, A); (a, £, es) =empty. 
4.9.7 Max-min-min threshold of an IVNSS{15] 
Let (G,A) ©€ IVNSS (X).For the given (G,A) we define an interval-valued neutrosophic set 
(a, BY) (Gray : A >IVNSS (x) by 


(a, 8,)) Mime = {(Imareex {ui}, mareex (He), .}H, 
minzex {UG?.,}, Mineex {OG.,)}] 
minvex {wy/., }s Minaex {DG?., H)/exs e+ € E} 
(a, B, Waray is called the maximum -minimum threshold of the IVNSS (G, A).By Mmm-level decision 
rule we mean using the maximum-minimum-minimum threshold level soft set in IVNSS based decision 
making. 
For this example((G, A); (a, 6, ee =empty. 
4.9.8 Min-min-min threshold of an IVNSS([15| 
Let (G, A) € IVNSS (X).For the given (G, A) the min-min-min threshold denoted by (a, 8,y)747""" : 
(G,A) 


A —>IVNSS(a) is an interval valued neutrosophic set defined as 


(a, B,y) min" = {([minsex {ug?.} ming € X{Wg?.,}, 
minzex (Wee, } Mineex {BG?., Hh 
minvex {wy?., }s Mine x {DG?., H)/exs ei € E} 
By mmm-level decision rule we mean using the min-min-min threshold level soft set in IVNSS based 
decision making. 
4.10 The Proposed Two Stage IVNSS Algorithm for Traffic Signal control 
In this research the following algorithm is developed for controlling the flow of traffic using the proposed 
IVNSS decision making technique. 
Steps of the Algorithm: 
(i)Input the data set X = {SG,SG2,SG3,5G,4} and the control parameters E = {e1,e2}, where 
SG,,SG2,SG3 andSG, are the four signal groups or phases under consideration , ey = Average arrival 


rate on lanes with current green light in veh/min/lane, eg =maximum queue length on lane with red 





light,which may receive green signal in the next phase,in veh/lane. 

(ii) Data Collection: Collect all the necessary crisp data for the input parameters from traffic sensors. 
(iii) Neutrosophication/Normalization:Transform the crisp data into related IVNSS data. 

(iv)Obtain the IVNSS (FA) and (G, B) as explained in section 4.7. 

(v)Combination of data sets: Use (F, A) and (G, B) to find (F, A) AND (G, B). As there are five levels 





in A and four levels in B ,we have 5x4 = 20 values of the form e;; = a;Aqj;;7 = 1, 2,3, 4, 5andj = 1, 2,3, 4. 
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Let the resultant IVNSS of (F, A)AN D(G, B) = (K, R). 

(vi) Parameter reduction: Input a threshold interval valued neutrosophic set 
(a, By Y) (Ke py Or (a, Bs V) Caan, BLY) ER 

Using avg-level decision rule (or Mmm-level decision rule or mmm-level decision rule ) for making de- 
cision based on the resultant IVNSS (K, R). 

(vii) Compute the avg-level soft set((K, R); ((a, 8, 7)) (x Ry (or (a, 8, 7) (KR) OF (a, BLY) Ce Ry) 

(viii) Obtain the tabular form of the level soft set (K, R) calculated in step (vii). 

(ix) Compute the choice values (weight) c; of SG; for every 7 in X. 

(x) Select & such that c, = maxjexC;. The optimal decision is to select signal group SG, for the next 


phase. 





(xi) Based on the choice value (weight) determine the extension time for each phase or signal group 
and extension time for total cycle length as explained in Section 4.5. 

Note: If C; attains maximum value for more than one signal group SG, ,then any one such group can 
be chosen arbitrarily .Alternatively,when more than one optimal k exists ,we may go back to step (vi) 


and change the threshold (or decision rule ) so that a unique optimal choice remains. 


5. Verification of the Model 


5.1 Traffic Control and Traffic Signal timing in Addis Ababa City. 
Addis Ababa city road authority (AACRA)has installed traffic light signal controllers at many of the 
road junctions in the city to control and regulate traffic flow.At each of these junctions fixed time cycle 
trafic management system is employed to control traffic signals.These trafic control systems do not 
consider the congestion in lanes or need to extend or terminate green signal times due to congestion or 


no traffic.At times these signals are turned off and the phase change is controlled manually by traffic 





police officers who use predetermined sequential order to control traffic flow.Over 500 traffic police offi- 





cers are deployed in the city every day.It is true that efficient and experienced traffic police officers can 
adjust the signal timings according to traffic intensity ,especially during peak hours.On the other hand 
,the office that is responsible for traffic control in the city sets the length of each phase group in a cycle 
or the length of green light signal in a cycle to control traffic at the junction .Usually the maximum 
time given for green light in a signal group is 120 seconds with a maximum total time of 8 minutes for 
one full cycle. ‘The minimum time given for green light in the city is 12 seconds. The maximum time is 
given for intersections that suffer from heavy traffic during the peak hours. 

5.2 Site Selection and Description of the Verification Area 

Addis Ababa, the capital city of Ethiopia has an estimated population of 5.5 millions and is located in 
the horn of Africa.The city is also the seat of African Union (AU),African Economic Commission (AEC) 
and more than 120 embassies of different countries.It is reported that about 80 percent of the vehicles 
in Ethiopia are found in Addis Ababa with an yearly growth rate of 5 percent.The total road length of 
the city is 1329.5 kilometers ,out of which 29.7 percent is paved and 70.3 percent unpaved.According to 
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AACRA ,the city currently has 67 km of road with in 100 sq.km,which is minimal when compared to 





Nairobi ,Kenya where 155 km of road is found with in 100 sq.km.The city experiences traffic congestion 





at different intersections throughout the day ,the average traffic congestion intensity in Addis Ababa 
city expressed in vehicle minute or person minute is very high and the result shows that on the aver- 
age about 38 vehicle days and 352 person days are wasted at each intersection leg or congestion spot 
per day.As per the information obtained from Addis Ababa city traffic management directorate office 
,about 30 traffic intersections are identified out of which 14 traffic junctions are awarded installation of 
technologically advanced signal lights with traffic detectors.Unless otherwise implemented with proper 
care this could be a major cause for congestion.It has been identified that signal phase improvement is 
one of the most useful and cost effective method to reduce congestion. 

For verifying the proposed IVNSS traffic signal control model and to compare the performance of ex- 
isting fixed cycle time traffic signal controller with the proposed model ,the main traffic network in the 
inner city of Addis Ababa ,namely St. Stifanos traffic junction is selected.'This junction consists of four 
roads :Bambis (West),Betemengist (south),Meskel square (East) and Dembel(north).The geometry of 
the intersection is shown in figure below.Existing delays and traffic volumes are measured on typical 
working days.The data collected in the field are used to estimate the optimal signal plans.The opti- 
mized delay and signal timings are compared with the existing values to evaluate the performance of 


the proposed IVNSS traffic control model. 


Banke sorts 


Traflic ligt 


Tarrites | Wiest} sp | —— Meskel Aaqiuine (East) 


Stra movement | i} | Sensi 


Pe ig lit HLT PRY 


Betenpeniial (Sawith) 


Ned. Geometry of ihe Intersection at St Sth: Jumnetiont 





FIGURE 4. Geometry of the Intersection at St. Stifanos Junction 


5.3 Verification of the Model using the Sample Data from the Selected Traffic Junction 
The steps of the algorithm presented in Section 4.10 are applied to the sample data obtained from St. 


Stifanos junction .The decision making procedure of the Algorithm is verified with the data collected 
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as follows: 
Step (i) X = {SG1,SG2,SG3,5G4} where SG,,SG2,SG3 and SG, are the four signal groups ex- 
plained in Section 4.3.The parameter set is F = {e1, e2} as defined in Section 4.4 


Step(ii) A sample data obtained from vehicular detector at St. Stifanos junction is tabulated below. 


acct 
rsa; [or [a 
[sc [5a [ro 


SG, [68 [60 
rsa [59 [o2 


TABLE 3. Sample Data obtained From Vehicular Detector at St. Stifanos Junction 





Step(iii) The evaluation scores obtained from experts with respect to all roads and all levels of the 
parameter e; are given below. 


For the signal group SG, with respect to a, obtained from five experts 


(SGj,a1).| Indeterminacy membership degree (v) 


Similarly the data collected from experts for other combinations are tabulated below. 


[x[oa[os[ra [oo [an 
(801,09) 
SG.00 

[a [oa [oo] os [71 [55 [[7a[so[os [oa [rr 
$0.0) z 


[a [45 [58 [60 [71 [as 
[ae [so] safes] on 


(802,03) v [7a [ea] sr] 64 [5a 
PIESUECIEXEREIES 
[as [aa [as] a7 [ac 

(802,05)|v [4a [saat] 55 [46 
[a [51[os|i6] 47/30 
[78 [es los[aa[sa 

(80s,e0)|v [57 [es] a7] 51 [ea 
jo [21/39 [ao] 20/42 
[ss [27 [ea] aa [oa 

(865,00) [52 [25/45] ai [oa 
j [oi [a7 ]ea] 7a [ar 
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[a [ae [02 [aoa [aa 
(sc.e)[v[4o[75]at]aa[s7] (8C.,00 
[a [6a [20 [76] 28 [a5 
[as [7s [es] 74 [sa 


(SG..0s)| »]21]72 [82] 56) 22] (8.00 
fw[1a[as [ar] so[as 
rss [ao [as] aa [sa 

($G..05)| »]25]19| ta] 33] 52 
jo [oafesfar]aa[ss 


Step(iv) Using the maximum-minimum neutrosophication/normalization technique the maximum- 





minimum evaluation scores for all the above combinations are calculated and tabulated below. 


cones [ Ms: [ Min , ones | Mi: [ Min 
- Pw | 4s | 28 
= De sa [27 
Cw 


5.4 

ores [Nae | Min Tres [in] = [ores Me [in 

ri Pe [81117 Jog a) # | 49 | 18 

ro Pv [ae faa [SO [a [ar 

[5 ee ee ee 
ores [Nae [ Min Tore [Mx [Min] [ones [Ma | Min 
Pn [a7 [28 Pn | 89148 Joe oy # | 88 | 5 
Te [oa [as Tv [aa [oa [89 [a [as 
Pe [ra [as Pe fezfis} = Cw [ar fa 
cores [Mae | Min Pores [Max [Min] [ones [Mae [ Min 
Pw | 85 [aa Pn [87 [41 Jog gy # | 82 | 58 
Te [55 [ar Tv [aa [as [SO [aa [ar 
Pe [os [is Pe [estas] = lw [ae [20 
cores [Mae [Min Pores [Max [Min] [ones [Nae | Min 
Pw [9a [a Pn [62 [27 | 64 | # | 58 | 22 
ew [oa [as Tv [oa as [SO [ra [as 
we [at [ar Pe [erfar] = w [ ae [ar 
ores [Mae | Min Pores [Max [ Min} [ones [Mane | Min 
Pn | 62 [aa Pn [97 133 Jog gf # | 88 | 4 
Te [se far Tv [an [a2 |S [aa [a 
we [re [as Pe [estas] = [we [se fa 
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(SGa, a4) 








Similarly the me ied on experts for the Sanit: €2 are presented below after maximum- 


minimum transformation. 


seg et [88 [5 
se,9) #87 [35 Pi par | sa 
sexo sco seq) #88 | 44 

pou ae | 2.8 | pow 7 Ee Pow | 8.2 22. 
a a sesos 





Tv [es [a5 


(SG, q1) (SG, q2) mE SEs (SG, 9g) 


seca: 





Step (v)These maximum-minimum evaluation scores are converted into sub-intervals of [0, 1jand the 





tabular representation of (F’, A) and (G, B) are given below. 





xX ay ag a3 a4 a5 
0.51, 0.87], (0.14, 0.44], [0.21, 0.41] | [0.63, 0.91], [0.13, 0.41], [0.19, 0.39] | [0.28, 0.43], [0.27, 0.54], [0.39, 0.59 (0.19, 0.3], [0.1, 0.23}, [0.55, 0.71 0.17,0.31], |0.11, 0.23}, 
0.13, 0.49], [0.37, 0.74], [0.75, 0.91] | [0.23, 0.47], [0.38, 0.64][0.45, 0.71] | [0.48, 0.89], (0.54, 0.84], [0.14, 0.37] | [0.55, 0.88], (0.45, 0.71], [0.13, 0.81] | [0.37, 0.85], (0.27, 0.55], 
i 1, | F 
Ih 





0.73, 0.95 
0.16, 0.65 
0.47, 0.88 
0.47, 0.85 





























| 
| 


Al Al | [ [ il Al 
1, | [ Al | [ [ Al Al 
0.41, 0.87], (0.35, 0.83], (0.19, 0.66] | [0.58, 0.82], [0.37, 0.84], [0.2, 0.46] | (0.41, 0.93], (0.33, 0.85], (0.16, 0.51] | (0.27, 0.62], (0.25, 0.64], (0.37, 0.87] | [0.22, 0.53], [0.25, 0.74], [ 
0.43, 0.62], ], (0.28, 0.76] | [0.33, 0.97], [0.32, 0.81], [0.16, 0.86] | (0.54, 0.85], (0.21, 0.82], (0.11, 0.56] | [0.27, 0.83], [0.43, 0.81], [0.16, 0.85] | [ 1 | 1 


| 

| 

| 

0.17, 0.82], 0.34, 0.83], [0.19, 0.74], 
TABLE 4. Tabular Representation of (FA) 





Step(vi)Calculate (F, A)AND (G, B) = (K, R) and present the tabular form of (K, R). 
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x q1 q2 q3 q4 
SG, | (0.35, 0.83], [0.26, 0.81], (0.22, 0.68] | [0.44, 0.86], (0.27, 0.87], [0.15, 0.86] | [0.57, 0.93], [0.37, 0.82], (0.17, 0.79] | [0.36, 0.87], (0.28, 0.82], (0.14, 0.91] 
SGo | (0.54, 0.92], [0.28, 0.78], (0.19, 0.55] | [0.57, 0.91], (0.32, 0.82], [0.26, 0.71] | [0.34, 0.73], [0.28, 0.75], (0.42, 0.75] | [0.15, 0.57], (0.31, 0.72], (0.45, 0.81] 
SGs | (0.44, 0.86], [0.22, 0.82], (0.35, 0.76] | [0.54, 0.83], (0.42, 0.77], [0.16, 0.76] | [0.36, 0.79], [0.26, 0.76], (0.25, 0.77] | [0.26, 0.76], (0.25, 0.66], (0.42, 0.84) 
SG4 | (0.25, 0.74], [0.31, 0.78], (0.45, 0.73] | [0.37, 0.86], (0.34, 0.74], {0.25, 0.64] | [0.34, 0.83], [0.32, 0.74], (0.25, 0.56] | [0.26, 0.87], (0.24, 0.74], [0.17, 0.75] 
TABLE 5. Tabular Representation of (G,B) 
X €12 €13 €14 
SG, | (0.35, 0.83], [0.26, 0.80], (0.22, 0.68] | [0.44, 0.86], (0.27, 0.87], [0.21, 0.86] | [0.51, 0.87], [0.37, 0.82], (0.21, 0.79] | [0.36, 0.87], (0.28, 0.82], (0.21, 0.91) 
SGo | (0.13, 0.49], [0.37, 0.75], (0.75, 0.91] | [0.13, 0.49], (0.37, 0.82], [0.75, 0.91] | [0.13, 0.49], {0.37, 0.75], (0.75, 0.91] | {0.13, 0.49], (0.37, 0.74], (0.75, 0.91] 
SG | (0.41, 0.86], [0.35, 0.83], (0.35, 0.76] | [0.41, 0.83], (0.42, 0.83], [0.19, 0.76] | [0.36, 0.79], [0.35, 0.83], (0.25, 0.77] | [0.26, 0.76], (0.35, 0.83), (0.42, 0.84) 
SG4 | (0.25, 0.62], [0.31, 0.82], (0.45, 0.76] | [0.37, 0.62], (0.34, 0.82], [0.28, 0.76] | [0.34, 0.62], {0.32, 0.82], (0.28, 0.76] | [0.26, 0.62], (0.24, 0.82], [0.28, 0.76} 
X €21 €22 €23 €24 
SG, | (0.35, 0.83], [0.26, 0.80], (0.22, 0.68] | [0.44, 0.86], (0.27, 0.87], [0.19, 0.86] | [0.57, 0.91], [0.37, 0.82], (0.19, 0.79] | [0.36, 0.87], (0.28, 0.82], (0.19, 0.91) 
SGo | (0.23, 0.47], [0.38, 0.78], (0.45, 0.71] | [0.23, 0.47], (0.38, 0.82], [0.45, 0.71] | [0.23, 0.47], [0.38, 0.75], (0.45, 0.75] | [0.13, 0.49], (0.37, 0.74], (0.75, 0.91] 
SGs | (0.44, 0.82], [0.37, 0.84], (0.35, 0.76] | [0.54, 0.82], (0.42, 0.84], [0.20, 0.76] | [0.36, 0.79], [0.37, 0.84], (0.25, 0.77] | [0.26, 0.76], (0.35, 0.83), (0.42, 0.84) 
SG4 | (0.25, 0.74], [0.32, 0.81], (0.45, 0.86] | [0.33, 0.86], (0.34, 0.81], [0.25, 0.86] | [0.33, 0.83], [0.32, 0.81], (0.25, 0.86] | [0.26, 0.62], (0.24, 0.82], [0.28, 0.76) 
X €32 €33 €34 
SG, | (0.28, 0.43], [0.27, 0.81], (0.39, 0.68] | [0.28, 0.43], (0.27, 0.87], [0.39, 0.86] | [0.28, 0.43], [0.37, 0.82], (039, 0.79] | [0.28, 0.43], (0.28, 0.82], (0.39, 0.91) 
SGo | (0.48, 0.89], [0.54, 0.84], (0.19, 0.55] | [0.48, 0.89], (0.54, 0.84], [0.26, 0.71] | (0.34, 0.73], [0.54, 0.84), (0.42, 0.75] | [0.15, 0.57], (0.54, 0.84], (0.45, 0.81] 
SG | (0.41, 0.86], [0.33, 0.85], (0.35, 0.76] | [0.41, 0.83], (0.42, 0.85], [0.16, 0.76] | [0.36, 0.79], [0.33, 0.85], (0.25, 0.77] | [0.26, 0.76], (0.33, 0.85], (0.42, 0.84) 
SGz | (0.25, 0.74], [0.31, 0.82], (0.45, 0.73] | [0.37, 0.85], (0.34, 0.82], [0.25, 0.64] | [0.34, 0.83], [0.32, 0.82], (0.25, 0.56] | [0.26, 0.85], (0.24, 0.82], (0.17, 0.75] 
x 41 C42 C43 C44 
SG, | [0.19, 0.3], (0.26, 0.81], [0.55,0.71] | [0.19, 0.30], (0.27, 0.87], [0.55, 0.86] | [0.19, 0.30], {0.37, 0.82], (0.55, 0.79] | {0.19, 0.30], (0.28, 0.82], (0.55, 0.91] 
SGo | (0.54, 0.88], [0.45, 0.74], (0.19, 0.81] | [0.55, 0.88), (0.45, 0.82], [0.26, 0.81] | [0.34, 0.73], {0.45, 0.75], (0.42, 0.81] | {0.15, 0.57], (0.45, 0.72], (0.45, 0.81] 
SGs | (0.27, 0.62], [0.25, 0.82], (0.37, 0.87] | [0.27, 0.62], (0.42, 0.77], [0.37, 0.87] | [0.27, 0.62], [0.26, 0.76], (0.37, 0.87] | [0.26, 0.62], (0.25, 0.66], (0.42, 0.87] 
SG4 | (0.25, 0.74], [0.43, 0.81], (0.45, 0.85] | [0.27, 0.83], (0.43, 0.81], [0.25, 0.85] | (0.27, 0.83], [0.43, 0.81], (0.25, 0.85] | [0.26, 0.83], (0.43, 0.81], [0.17, 0.85] 
x €51 €52 €53 €54 
SG, | (0.17, 0.31], [0.26, 0.81], (0.73, 0.95] | [0.17, 0.31], (0.27, 0.87], [0.73, 0.95] | (0.17, 0.31], [0.37, 0.82], (0.73, 0.95] | [0.17, 0.31], (0.28, 0.82], [0.73, 0.951 
SGz | (0.37, 0.85], [0.28, 0.74], (0.19, 0.65] | [0.37, 0.85], (0.32, 0.82], [0.26, 0.71] | [0.34, 0.73], {0.28, 0.75], (0.42, 0.75] | [0.15, 0.57], (0.31, 0.72], (0.45, 0.81] 
SGz | (0.22, 0.53], [0.31, 0.78], (0.47, 0.88] | [0.22, 0.53), (0.42, 0.77], [0.47, 0.88] | [0.22, 0.53], [0.26, 0.76], (0.47, 0.88) | {0.22, 0.53), (0.25, 0.74], (0.47, 0.88) 
SG4 | (0.25, 0.74], [0.31, 0.78], (0.47, 0.95] | [0.34, 0.83], (0.34, 0.74], [0.47, 0.95] | (0.34, 0.83], [0.32, 0.74], (0.47, 0.95] | [0.26, 0.83], (0.24, 0.74], (0.47, 0.85] 



















































































Step (vii) Evaluate the threshold interval-valued neutrosophic set (a, 3,7) 
({0.285, 0.7], [0.3225, 0.81]), [0.4425, 0.7775]) /e11, 
10.3375, 0.7]), (0.35, 0.835], [(0.3575, 0.8225] > /er2, 


(2,8, 9) KR) = 


TABLE 6. Tabular Representation of (kK, R) = (F, A) A (G, B) 


0.335, 0.6925], [0.3525, 0.805], (0.3725, 0.8325] > /eis, 


0.2525, 0.685 
0.3175, 0.715 


) 


ls 
], (0.31, 0.8025], (0.415, 0.855] > /era, 
I 
Fl 


0.3325, 0.81], |0.3675, 0.7525] > /ear, 


0.385, 0.7525], [0.38525, 0.835], [0.2725, 0.7975] > /e22, 


0.2525, 0.695], (0.31, 0.8025], (0.41, 0.88] > /eaa, 
0.405, 0.73], (0.3625, 0.83], [0.345, 0.68] > /esi, 
0.385, 0.75], [0.3925, 0.845], [0.265, 0.7425] > /e3o, 
0.33, 0.695], [0.39, 0.8325], (0.3275, 0.7175] > /e33, 


< | 
| 
< | 
< | 
< [0.3225, 0.75], [0.36, 0.805], (0.285, 0.7925] > /eos, 
< | 
< | 
=< 
< | 
| 


0.2375, 0.6525], [0.3475, 0.8325], [0.38575, 0.8275] > /e3a, 


aug 
(K,R) 


and tabulate it. 
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(0.3125, 0.635], (0.3475, 0.795], (0.39, 0.81] > /ear, 
(0.32, 0.6575], (0.3925, 0.8175], [0.3575, 0.8475] > /eaa, 
|(0.2675, 0.62], [0.3775, 0.785], |(0.345, 0.83] > /eas, 
(0.215, 0.58}, (0.2525, 0.7525], (0.3975, 0.86] > /eaa, 
(0.2525, 0.6075], [0.29, 0.7775], (0.465, 0.8575] > /es:, 
[(0.275, 0.63], (0.3375, 0.8], (0.4825, 0.8725] > /ese, 
< |0.2675, 0.6], [0.3075, 0.7675], |0.5225, 0.8825] > /es3, 
< (0.2, 0.56}, (0.27, 0.755), (0.53, 0.8725] > /esa}. 
Step(viii) Compute avg-level soft set((K, R); (a, B,Y) cK Ry) 
(K, R); (a, 8, 190%) = 
{(€11,{5G1}), (e13, {SG3}), (e33, 1SGa}), (esa, {SGa}), (11, {G1 }), (ess, {SG2}), 
(€54, {SG3, SG4}} 


The tabular form of the level soft set ((K, R); (a, 8, NK. R)) 


< 
= 
— 
— 
= 
= 


ia) 
NO 
eH 


O 
NO 
NO 


Od ey) 
Ww Ww 
Ww NS) 


Oo 
Se) 
iS 


ele le 
m Jo [as 
© |o |e 


oO 
aN 
AS 


ay) 





TABLE 7. The Tabular Representation of The Level Soft Set (K, R) 


Step(ix) Compute the choice values (weights) c; for SG; for 7 = 1, 2,3, 4. 
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Step (x)c4 = max{cy, C2, ¢3, ca} 


Hence the optimal decision is to select SG4 for extension of green signal time. 





Step(xi) Based on the weights obtained in Step (ia) determine the extension time for each phase or 
signal group . 

Total Green Time (TGT) = (S°C, — MinW) x (Maes ta Minet) + MinST 

= (8— 1) x (42E*) + 12 = 390seconds. 


where 


e 5 C, is the total weight of signal groups = 2+1+2+4+3=8 

e MinW =1 and MaxW = 3 are the minimum and maximum values of weights respectively. 

e MinST = 12 seconds and MaxST = 120 seconds,are minimum and maximum value of green 
time in a cycle. 


e nis the group index (n = 1, 2,3, 4). 


The green time of each signal group is 


Ci*TGT 2x 390 


Oo 8 


C:xTGT 1x 390 
e Green Time of SG»z = Sa = —— — 48.75 seconds 


C3*TGT 2x 390 
‘Cn. 8 
C,*TGT 3 x 390 


SC, ~=— 8 


e Green Time of SG; = — 97.5 seconds 


e Green Time of SG3 = = 97.5 seconds 


e Green Time of SG4 = — 146.25 seconds. 


6. A Comparative Analysis 


In this section we make a comparative study of the proposed two stage traffic control model with the 
existing traffic control systems such as traditional traffic traffic control system ,fixed cycle or pre-timed 
traffic control models.Researches have established that traditional traffic control systems contribute to 
trafic congestion as they are one of the main reasons for congestion if not implemented properly. 

The present day urban traffic control system uses fixed cycle time or pre-timed signal control.In this 
case the phase change occurs sequentially and the green times are fixed. The system neither takes 
into account the varying traffic intensity with respect to time nor the peak hour heavy traffic in to 
consideration.The present day traffic control systems also suffer from indeterminacy due to various 
factors like unawareness of the problem,inaccurate and imperfect data,poor forecasting and uncertainty 


in the constraints.Due to this delay or waiting time at traffic intersections increase and at time mounts 





even up to 5 or 6 full cycle times depending on the intensity of traffic.some developed countries use 
fuzzy logic controllers to regulate trafic at intersections. Though fuzzy logic is capable of handling 
uncertainty and impreciseness in data ,it can not cope up with indeterminacy. This drawback can be 
overcome by the proposed two stage traffic control model as it takes into account indeterminacy and 


dynamically manages the traffic flow by extending/terminating green light timings and effecting phase 
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changes as necessitated by the traffic intensity at that time,not necessarily sequentially as followed in 


present day traffic control techniques. 


7. CONCLUSION 





In this research we have developed an algorithm for traffic signal control based on interval-valued 
neutrosophic soft set data .This algorithm can control both activities namely phase change and green 
time duration dynamically taking into consideration of the current traffic intensity and queue of vehicles 


estimated lingustically using experts opinions and converting this data into interval valued neutrosophic 





soft sets. Based on the decision making technique developed ,the algorithm makes use of the existing 
traffic conditions together with its uncertainty and indeterminacy to control and facilitate smooth flow 
of traffic at four way signalized isolated intersections. The algorithm is verified with the sample data 


collected at St.Stifanos four way isolated junction in Addis Ababa city .As a future research direction 





we are developing a simulation technique to generate data and to test and validate the proposed traffic 
signal control model. 
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Abstract: Nowadays, human society is using artificial intelligence in a large manner so as to 
upgrade the present existing applicational criteria’s and tools. Logic is the underlying principle to 
these works. Algebra is inevitably inter-connected with logic. Hence its achievements to the 
scientific research outputs have to be addressed. For these reasons, nowadays, research on various 
algebraic structures are going on wide. Crisp set has also got developed in a parallel way in the 
forms as fuzzy, intuitionistic fuzzy, rough, vague, neutrosophic, plithogenic etc. Sets with one or 
more algebraic operations will form different new algebraic structures for giving assistance to these 
logics, which in turn acts to as, a support to artificial intelligence. BCH/BCI/BCK- are some algebras 
developed in the first phase of algebraic development output. After that, so many outputs got 
flashed out, individually and in combinations in no time. Q- algebra and QS —algebra are some of 
these and could be showed as such kind of productions. G- algebra is considered as an extension to 
QS - algebra. In this paper neutrosophic vague binary G — subalgebra of G — algebra is generated 
with example. Notions like, 0 - commutative G - subalgebra, minimal element, normal subset etc. 
are investigated. Conditions to define derivation and regular derivation for this novel concept are 
clearly presented with example. Constant of G — algebra can’t be treated as the identity element, 
generally. In this paper, it is well explained with example. Cosets for neutrosophic vague binary 
G — subalgebra of G - algebra is developed with proper explanation. Homomorphism for this new 
concept has been also got commented. Its kernel, monomorphism and isomorphism are also have 
discussed with proper attention. 


Keywords: neutrosophic vague binary G - subalgebra, neutrosophic vague binary G - normal set, 
neutrosophic vague binary G -— normal subalgebra, neutrosophic vague binary G G - part, 
neutrosophic vague binary G - p radical , neutrosophic vague binary G - p semisimple, neutrosophic 
vague binary G - minimal element, 0- commutative neutrosophic vague binary G — subalgebra, 
neutrosophic vague binary G — Derivation, neutrosophic vague binary G — Regular Derivation, 
neutrosophic vague binary G - Coset, Kernel of neutrosophic vague binary G - Homomorphism. 


Notations: NVBS — neutrosophic vague binary set, NVBSS — neutrosophic vague binary subset. 


In this paper NVB is used to indicate neutrosophic vague binary and NV is used to indicate 
neutrosophic vague and N is used to indicate neutrosophic. 


1.Introduction 
Without mathematics mobility in human-life even became an unthinkable process. But when 


get into the mathematical world, one faces with, versatile facets of maths, which again get take 
diversions. The thing is that, dry subject is less get commented on or even less get touched with! 
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Algebra can also be considered so. But the entry of artificial intelligence made things different. 
Human world can simply neither ignore nor reject ‘robots and computers’ from their presently 
existing life pattern, due to their high impact in changing life style. So the question is that, what is the 
importance of algebra to these new scenario? Is it really useful for this robotic framed world? 
Answet is, yes! Since artificial intelligence is the raw material to robotics and to all the other newly 
developing phenomenon’s. Logic is a foundation to artificial intelligence. Here a rapport activity can 
be seen in the picture. For logical calculations, algebra is very important. So these mixed works of 
algebra and sets is needed for the future research works in higher level. Chatoic and turbulances in 
human life situations, made data mining more difficult. To handle these crisis, new kind of extensions 
to cantor set have also got arosed. Human - life is going to get controlled by chips in next step of 


4 


evolution. So hereafter, have to think on, ‘ what algebra can do ? ’ in these kind of cross- breed 
structures in a ‘chip oriented human life’. In this point, some debates are necessary. Whether is it 
good or bad? If bad, how these bad impact can convert into good, by taming these research works? 
Definitely these robotic effect made human life much easier both in ‘profit and labour’ level. Some 
bad outputs are also there and have to think of removing such negatives! From our washing machines 
to rocket technology, one can found this logic and algebraic illuminations. So giving some 
applications to algebra is irrelevant in one sense. But can think of the other part, in a little bit 
humorously. Where algebra is ‘not showed off, its face ‘in this modern world ? Following will give 


an idea to the newly developed algebraic structures in the family of algebra. 


In 1966, Yasuyuki Imai and Kiyoshi Iseki [13] introduced BCK/BCI — algebra based on two 
different ways. One approach is based on set theory and the other one is based on classical and 
non-classical propositional calculi. In 1983, followed by these works another wide class of algebra 
namely, BCH — algebra is introduced by Q. P. Hu and X. Li [12]. In 2001, Q- algebra is introduced by 
Joseph Neggers, Sun Shin Ahn, and Hee Sik Kim [14] as an extension to BCH/BCI/BCK -— algebras. 
In 1999, Sun Shin Ahn and Hee Sik Kim [24] introduced QS — algebra and investigated some relations 
between QS — algebra and BCK/BCI - algebra. They also investigated G — part in QS — algebra. In 
2012, Ravi Kumar Bandaru and Rafi. N [22] introduced G -algebra as a generalization of 
QS —- algebra. Necessary and sufficient condition for a G — algebra to become a QS - algebra is 
presented. It has shown that every associative G — algebra is a group. Concepts like 0 - commutative, 
G — part and medial of a G — algebra have explained. In 1984, Mukheriee. N.P and Prabir Bhattacharya 
[21] introduced fuzzy cosets and fuzzy normal subgroups. They have proven several interesting 
elementary properties related to the context and finally presented fuzzy interpretation of Lagrange 
theorem. In 2002, Young Bae Jun, Eun Hwan Roh, Chinju, and Hee Sik Kim, Seoul [27] discussed on 
fuzzy B — algebra. They addressed fuzzy normal B — algebra and fuzzy normal set in B — algebra. 
In 2016, Ch. Mallika, N. Ramakrishna, G. Anandha Rao [2] studied Vague Cosets. They also presented 
notions like vague symmetric, vague invariant, vague normal and some related properties. In 2015, 
Chiranjibe Jana, Tapan Senapati, Monoranjan Bhowmik, Madhumangal Pal [3] applied the concept 
of intuitionistic fuzzy set to G — subalgebra. In 2015, Chiranjibe Jana and Tapan Senapati [4] 
introduced Cubic G - subalgebra with properties. They also defined homomorphism of cubic 
G - subalgebra and verified various theorems. In 2015, Tapan Senapati, Chiranjibe Jana, Monoranjan 
Bhowmik, Madhumangal Pal [25] introduced L-fuzzy— set G-subalgebra and gave a characterization 
of L - fuzzy G - subalgebra. They also discussed some related characterizations like group, 
homomorphism etc. In 2017, Deena Al-Kadi, and Rodyna Hosny [5] generated a G-algebra from a 
non-empty set. They obtained quotient G-algebra using a normal subalgebra and proved 
fundamental theorem on G-algebra homomorphism. They showed that every BP-algebra is a 
G-algebra and provided an additional condition for the existence of the converse part. They further 
contributed notions of left-right and right-left derivation of G — algebra. They proved that G-algebra 
satisfying associative law is a 2-group. In 2018, Apurba Das [1] explored homotopy G - algebraic 
structure on the cochain complex of hom-type algebras. In 2020, Wahiba Messirdi and Ahlam Fallatah 
[26] presented several results on derivations of G — algebra. In 2019, Muhammad Abdul Basit Khan, 
Junaid Alam Khan, Muhammad Ahsan Binyamin [20] introduced SAGBI bases in G — algebra. They 
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constructed an algorithm to compute SAGBI bases from a subset of polynomials contained in a 
subalgebra of a G — algebra. In 2019, Mohsin Khalid, Rakib Iqbal and Said Broumi [19] introduced 
Neutrosophic soft cubic G - subalgebras of G - algebras. Some basic operations like P- union, 
P — intersection, R-union, R —- intersection are introduced. In 2020, Mohamed Abdel-Basset, Abduallah 
Gamal, Le Hoang Son and Florentin Smarandache [15] gave a case study in recruitment process based 
on bipolar neutrosophic set and bipolar neutrosophic number. In 2019, Mohamed Abdel-Basset, 
Rehab Mohamed, Abd El-Nasser H. Zaied and Florentin Smarandache [16] gave a hybrid 
plithogenic decision-making approach with quality function deployment for selecting supply chain 
sustainability metrics and conducted a study on thailand’s sugar industry. In 2020, Mohamed Abdel- 
Basst, Rehab Mohamed, Mohamed Elhoseny [17] suggested a novel framework to evaluate 
innovation value proposition for smart product-service systems. In 2020, Mohamed Abdel-Basst, 
Rehab Mohamed, Mohamed Elhoseny [18] developed a model for the effective COVID-19 
identification in uncertainty environment using primary symptoms and CT scans. 


In 1993, Gau. W. L and Buehrer. D. J [11] presented vague sets. In 2005, Florentin Smarandache 
[6] introduced neutrosophic set and its basic ideas. In 2005, Florentin Smarandache [7] illustrated the 
difference between neutrosophic set and intuitionistic fuzzy set with proper explanations and 
examples. In 2011, Florentin Smarandache [8] gave a geometric interpretation of neutrosophic set 
using a neutrosophic cube. In 2015, Shawkat Alkhazaleh [23], introduced a mixed form of 
neutrosophic and vague known as neutrosophic vague sets. In 2019, P. B. Remya and 
A. Francina Shalini [9] applied binary concept to neutrosophic vague set and developed neutrosophic 
vague binary set with its basic operations. 


In 2020, P.B. Remya and A. Francina Shalini [10] developed BCK/BCI - algebra for neutrosophic 
vague binary sets. Authors proposed a new suggestion of ‘inclusion of new set’ in the structure in 
addition to the ‘underlying universal set’, for avoiding more confusions in theoretical calculations. In 
this paper, authors further modified that structure and proposed a new approach in the structure 
mentioned in [10], by presenting a single set in the structure instead of the above mentioned two sets. 
This will give a combined effect of those two sets discussed above. New structure, convey the same 
effect of the structure used in paper [10], with a single set outlook and by skipping the two set pattern 
from structure. So here authors tried to present a one more modified form to the structure discussed 
in paper [10]. This one more refined pattern can be used in the all existing algebraic structures of 
various sets like fuzzy, vague, neutrosophic, etc., and for their hybrid forms in future works. This 
new pattern will be helpful to get more clarity and stability in these works. 


This paper focuses on the development of G — algebraic structure to neutrosophic vague 
binary set. Discussions on G — algebra need some more attention while comparing to other algebraic 
structures. Its axioms are very simple and can be handled in a very clear manner. Neutrosophic ideas 
and Neutrosophic Vague ideas in G — algebra deserve more attention due to its easily accessible 
practical applications. This paper concentrates on neutrosophic vague binary G — subalgebra 
and its theoretical implementations. 


Folllwing are the newly introduced concepts in this paper. 
e Neutrosophic Vague Binary G — subalgebra [Section 3] 
Vv Neutrosophic Vague Binary G — subalgebra [Definition 3.1] 
e Different notions of Neutrosophic Vague Binary G — subalgebra [Section 4] 
v Neutrosophic Vague Binary G - G part [Definition 4.1 (i)] 
V Neutrosophic Vague Binary G - p radical [Definition 4.1 (ii)] 
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Vv Neutrosophic Vague Binary G — p semi simple [Definition 4.1 (iii)] 
Vv Neutrosophic Vague Binary G - minimal element [Definition 4.1 (iv)] 
e Neutrosophic Vague Binary G — normal subalgebra [Section 5] 
Vv Neutrosophic Vague Binary G — normal subalgebra [Definition 5.1] 
v Neutrosophic Vague Binary G — normal set [Definition 5.2] 
e 0-commutative Neutrosophic Vague Binary G — subalgebra [Section 6] 
¥v  0-commutative Neutrosophic Vague Binary G - subalgebra [Definition 6.1] 
e Derivations of Neutrosophic Vague Binary G — subalgebra [Section 7] 
v Neutrosophic Vague Binary G - derivation [Definition 7.1] 
Vv Neutrosophic Vague Binary G - regular derivation [Definition 7.4] 
e Neutrosophic Vague Binary G — Coset [Section 8] 
Vv Neutrosophic Vague Binary G — Right Coset [Definition 8.1 (i)] 
Vv Neutrosophic Vague Binary G — Left Coset [Definition 8.1(ii)] 
¥ __Neutrosophic Vague Binary G — Coset [Definition 8.3] 
e Neutrosophic Vague Binary G—- homomorphism [Section 9] 
Vv Neutrosophic Vague Binary G — homomorphism [Definition 9.1] 


Vv Neutrosophic Vague Binary G- Isomorphism [Definition 9.2] 


2. Preliminaries 


In this section some preliminaries are given. 


Definition 2.1 [9] (Neutrosophic Vague Binary Set) 
A neutrosophic vague binary set (NVBS in short) Myyg over a common universe 


{U; = {x;/ 1<j< n}; Un, ={y,/l1<k< p}} is an object of the form 


Mnves = 
is defined as 
Taye (%) =(T7 0), TOG) IMyye C9)= 1), I) and Freiyypg Gy) = [F7 (Kj), F*OK)]; x) © Uz and 
Tayys (Ye) =(T~ On) TTD) IMyvg WI= Ue), FR) and Freayyg Vi) = IFO, FRR) s Vu € U2 
where 
(1) T* (x)= 1- F- (x); FT() =1- T°) ; Vx; © U, and 

T*Yi=1-F Oy)? F" On) =1- T On) t V Vx € U2 
QC Tage @)+E Gy s2 3 “= TOs On + FOR) = 2° 

or 
“Os TQ) +1) + FQ) + TO) +O) + FOO) Ss 4 


—~ 


(TMvve (xj), IMvuvp (Xj), FMnve (xj) 


=] 


T ‘ST _F 
VxE U,)< Mnvp (Vk) Mnvp (Vk) MnvB VW) , VV Ve e U,) 
Vk 
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and 
OS Oe) ea 2 se. US. Oy ero) SE OR) Ss '2° 
or 
“Os TT) + @&) + FQ) + TO +Vod +O) s # 
(3) T(x), 17%), FC) : V1) — [0,1] and T (yx), (x), F(x) : VU2) — [0,1] 
TT (x), I7Q), FT) : V1) — [0,1] and T*(yx), I7 Ox), F7 Ox) : V2) = [0,1] 
Here V(U,), V(U,) denotes power set of vague sets on U,, Uz respectively. 


Definition 2.2 [14] (G — algebra) 

A G- algebra is a non-empty set A witha constant 0 anda binary operation * satisfying axioms: 
(B3) (x*x) =O (B,,) x* (x*y) =y forall xyEA; 

A G-algebra is denoted by (A, *, 0) 


Proposition 2.3 [14] 

Any G -algebra X satisfies the following axioms: for all x, y, z € X, 

(i) xX * 0 =x (ii) (x * (x * y)) * y = 0 (iii) O * (0 * x) =x (iv) x * y =0 implies x =y 
(v) 0 «x =0 * y implies x =y 


Definition 2.4 [14] (G - subalgebra) 
A non-empty subset S of a G-algebra X, is called a G-subalgebra of X if (x*y) €S, forall xyeES 


Definition 2.5 [14] (0 - commutative G - algebra) 
A G- algebra (A, *, 0) is said to be 0 - commutative if: x* (0 * y) =y* (0 * x), foranyx,y € A 


Theorem 2.6 [14] (G -part, p -radical, p — semisimple) 

Let A be a G — algebra. For any subset S of A, we define G(S) = {x € S/0* x =x}. In particular, if S 
= A then we say that G(A) is the G — part of a G — algebra. For any G — algebra A, the set B(A) = 

{x € A/0*x =x} is called a p — radical of A. A G - algebra is said to be p -semisimple if B(A) = {0}. 
The following property is obvious: G(A)NB(A) = {0} 


Proposition 2.7 [14] 
Let (U, *, 0) be a G - algebra. Then, the following conditions hold for any x,y € X 


(1) (x*(x*y))*y=0 (2) &*y)=0>x=y (3) +x) =(*y) > x=y 


Definition 2.8 [17] (Fuzzy G — subalgebra) 

Let A = {(x,a,(x)) /x € X} bea fuzzy set in X, where X is a G-subalgebra. Then the set A is a fuzzy 
G - subalgebra over the binary operator * if it satisfies the condition a,(x * y) => min{a,(x), a,(y)} 
for all x,y € X 


Definition 2.9 [3] (Intuitionistic Fuzzy G — subalgebra) 

An IFS A= (a4,B,) in X is called an intuitionistic fuzzy G - subalgebra of X if for all x,y €X 
it satisfies: 

GS1 ag(k *y) = min{ag(x),a,(y)} ; GS2 Bax *y) S max{B,(X), Ba(y)} 

Definition 2.10 [18] (Normal Subalgebra of a G - algebra) 

Let N be a non — empty subset of a G — algebra X. We say that N is a normal subset of X if for all 
x, y,z and tin X such that (x * y) € N and (z*t) € N, we have ((x * z) * (y *t)) EN 


Definition 2.11 [19] (Fuzzy normal subset of a B - algebra) 


Let (X, *, 0) be a B — algebra and let a fuzzy set pp in X is said to be fuzzy normal if it satisfies the 
inequality u((x *a) * (y * b)) > min {u(x *y),u(a*b)} forall a,bx,y € X. 
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Definition 2.12 [19] (Fuzzy normal subalgebra of B — algebra) 
A fuzzy set up ina B — algebra X is called a fuzzy normal B - algebra if it is a fuzzy B — algebra which 
is fuzzy normal 


Definition 2.13 [5] (Derivation of G — algebra) 

Let X be a G — algebra and d is a self-map on X. We say that, 

d is (I, r)- derivation of X if d(x * y) = (d(x) *y) A (x * d(y)) 

d is (r, l)- derivation of X if d(x *y) = (x * d(y)) A (d(x) * y). If d is both (I, r)- derivation and (r, 1)- 
derivation of X then we say that d is a derivation of X. (I, r) indicates left-right and (r, 1) indicates 
right-left 


Remark 2.14 [5] 
Ina G-algebra, (x Ay) =x 


Definition 2.15 [5] (Modified definition of G -derivation) 

Let X be a G — algebra and d a self — map on X. We say that d is a derivation of X if, 
d is (1, r)- derivation of X and (r, 1)- derivation of X. 

That is, for allx, y € X:d(x*y) =d(x) * yand d(x *y) =x * d(y), respectively. 


Definition 2.16 [2] (Vague Coset) 

Let A be a vague group of a group (G,.). For any a€ G. 

(i) A vague left coset of A is denoted by aA and defined by V,4(x) = Va(a~*x). 
ie., taa(X) = ta(a-?x) and fy,(x) = f,(a7*x) 

(ii) A vague right coset of A is denoted by Aa and defined by Vy,(x) = Va(xa“*). 
1.€5- taa(x). = "ts a *) and fnctx) =f, ea) 


Definition 2.17 [5] (Homomorphism, Epimorphism, Endomorphism of G - algebra) 

Let X and Y be G-algebras. A mapping @:X — Y is called a homomorphism if @(x * y) = p(x) * 
p(y), V x,y € X. The homomorphism ¢ is said to be a monomorphism (resp., an epimorphism) if it 
is injective (resp., surjective). If the map @ is both injective and surjective then X and Y are said to 
be isomorphic, written X = Y. For any homomorphism @:X — Y, the set {x € X/@(x) = Oy} is called 
the kernel of ~ and denoted by Ker 


3. Neutrosophic vague binary G - subalgebra 


In this section neutrosophic vague binary G - subalgebra is developed with its properties and with 
some theorems. 


Definition 3.1 (Neutrosophic vague binary G - subalgebra) 


Let Myyg be a neutrosophic vague binary set (in short, NVBS) with two universes U, and Up}. 
A neutrosophic vague binary G - subalgebra is a structure Gy,,, = (U°Mnve, x, 0) which satisfies, 
the following Gy,,, inequality: 


Guyy, mequality : 


NVBaiyys(X *Y) = t min {NVBym,,,.(x), NVBmy,,(y)} 7 Vx, y © U 

Thatis, V x, y€ U 

Tiyve X *¥) = min [Tye ), Taye WF > IMyye X *Y) S max {ive CO, Ivyye OW} > Faye *Y) S max (Fuge CO), Fuge} 
|* and 0 areasin U™nvs & T = [T-, Tt]; f = [I-, I*]; F = [F-, F*]]. 
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Here, 
e Myvg iS a neutrosophic vague binary set with two universes U, and U, 


® Une = (U={U, UU}, *, 0) is a G - algebraic structure with a binary operation * & a constant 0, 


which satisfies following axioms: V x,y € U, (i) (k*x)=0; (ii) x*(K*y) =y 


Remark 3.2 

(i) Neutrosophic vague binary G — subalgebra is written in short as NVB G - subalgebra. 

(ii) In NVB G - subalgebra universal set U is taken as “union” of elements of U, and U3. 

(iii) Before applying ©y,,, condition, neutrosophic vague binary union [Here, (max, min, min)] 
have to take for common elements of U, and Uz. Combined neutrosophic vague binary 
membership grades will draw and implement combined effect to neutrosophic vague binary values 
of U, and Uj. This will fulfill the binary effect in neutrosophic vague sets in the practical point of 
view. 


Example 3.3 
Let U, = {0,a,b}, Uz = {0,b,c} be two universes. Combined universe U = {U, U U2} = {0,a,b,c}. 
Binary operation * is defined as given by the Cayley table given below: 





Clearly, (U, *, 0) isa G—algebra. Consider a NVBS formed based on U, & U3. 
[0.9,0.9][0.2,0.8][0.1,0.1] [0.8,0.9][0.3,0.7][0.1,0.2] [0.6,0.9][0.4,0.6][0.1,0.4], ,[0.6,0.9][0.3,0.6][0.1,0.4] [0.8,0.8][0.2,0.7][0.2,0.2]  [0.8,0.9][0.3,0.7][0.1,0.2] 
Og 


Combined neutrosophic vague binary membership grade is given by 


[0.9,0.9][0.2,0.6][0.1,0.1] ; if s=0 
Myye (s) = (0.8, 0.9][0.3,0.7][0.1,0.2] ; if s= 
oe [0.8,0.9][0.2,0.6][0.1,0.2] ; if s=b 

[0.8,0.9][0.3,0.7][0.1,0.2] ; if s=c 


Calculations shows that Myyg is a NVB G - subalgebra. 


Remark 3.4 
Ina NVB G - algebra, construction of the underlying G — algebraic structure, using a binary operation 
* deserves prime importance. Instead of * different symbols like +, —, xX, +, etc can be applied. 
Binary operation can be formed in different ways. Construction of G — algebra using the following 
points always defines a G -algebra. In the Binary Operation, 
(i) If “first operand = second operand” then the output will be zero. 
[Using definition of G -— algebra, (x* x) =0 = principal diagonal elements should 
occupy with constant 0, in the Cayley table of a G — algebra]. 
(ii) If “first operand # second operand” with “first operand # 0 & second operand =0”, 
then output will be first operand 
(iii) If “first operand # second operand” with “first operand # 0 & the second operand # 0”, 
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then output will be second operand 


Following Cayley Table will make idea clear. U = {0, aj #0, ag #0, ——,——, a, # OD}. 
From above, numbers in the square brackets indicates specific points used to frame the output. 





Remark 3.5 

A neutrosophic vague G - subalgebra is a structure ©y,)= (U°MNv,*, 0) which satisfies, 
NVayy(X *y) 2 rmin {NVy,, (x), NVuyy [known as, Omyy condition]. That is, 

Teyy (x *y) = min {Tyyy 0), Ty} 7 Imyy*y) S max {ivy OD) Imyy OF > Fay *y) S max {Fry 0, Puy} 

| «and OareasinU™nv & T = [T-, T+]; f = [I-, I*]; F = [F-, F*]]. 


Here, 
e  Myy isaneutrosophic vague set with a single universe U 


© U™w = (U, * 0) is a G — algebraic structure with a binary operation * & a constant 0, 


which satisfies following axioms: V x,yE€U, (i) (k+x)=0; (ii) x*(x*y) =y 


Remark 3.6 
It is straight forward to check that, intersection of neutrosophic vague binary G — subalgebras 
produce a neutrosophic vague binary G - subalgebra itself. But union may not be! 


4. Different notions of Neutrosophic Vague Binary G - subalgebra 
In this section following notions to a NVB — G subalgebra are discussed. 

¥  G-—part of a Neutrosophic Vague Binary G — subalgebra 

¥  G-=p radical of a Neutrosophic Vague Binary G — subalgebra 

¥Y  G-p semi simple of a Neutrosophic Vague Binary G — subalgebra 

¥  G-=minimal element of a Neutrosophic Vague Binary G — subalgebra 
Definition 4.1 
Let Myyg be a NVB G-subalgebra with structure Gy,,, = (U°™nve, *, 0) 


i. G — part of a Neutrosophic Vague Binary G — subalgebra 


Let Syvg be any NVBSS of Myyg. Define, G(Syyg) = {k © Snvp/ NVBs,,,(0 * x) = NVBs,,.,(x)}- 
In particular, if Syyg = Myvg then G(Myyp) is called the neutrosophic vague binary G — G part 
(in short, NVB G — G part) of the NVB G - subalgebra. 


ii. p — radical of a Neutrosophic Vague Binary G — subalgebra 
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B(Myve) = {x € U/ NVBy,,,(0 * X) = NVBw,y,(0)} is called, a neutrosophic vague binary G — p radical 
(in short, NVB G — p radical) of the NVB G -subalgebra Myvg 


ili. p- semi simple of a Neutrosophic Vague Binary G — subalgebra 


Myvgp is called neutrosophic vague binary G - p semi simple (in short, NVB G — p semi simple), 
if B(Mnvp) = {x E U/ NVBmaiyyp (O a Xx) a NVByyyp (9)! = {O} 


iv. Minimal Element for Neutrosophic Vague Binary G — subalgebra 


Any element x € U is neutrosophic vague binary G — minimal element (in short, NVB G — minimal 
element), if NVByyy,(X * Y) = NVBw,,,(0) = NVBuyyp(Y) = NVByyy, CX) 


Remark 4.2 
It is clear that, G(Myyg) 9 B(Myyp) = {0} 


Theorem 4.3 
Let Myyg be a NVB G- subalgebra with structure Gm,,, = (U°™nve, +, 0). Then, x € G(Myyg) 
if and only if NVBmuiyyp (0 * X) E G(Myvp) 


Proof 

x € G(Myyp) > NVByyy, (0 * X) = NVBuyyp (X) 

=> NVBy,,,(0 « x) = NVBy,,,(0 * (0 * x) ), [from proposition 3.8] 

=> (0 *x) € G(Myyp), [By definition 6.1]. 

Conversely, if (0 * x) € G(Myyp), then NVBy,,, (0 * (0 * x)) = NVBmyyp (0 * X) 
=> NVBuyyp(X) = NVBuyyp(0 * x) > X © G(Myyp) 


Theorem 4.4 
Let Myyg be a NVB G- subalgebra with structure Gm,,, = (U°™nve, *, 0). 
(1) Myvg is NVB G - p semi simple. (ii) Every element in U is a NVB G - minimal element. 


Proof 

(i) From definition 6.1(iii), B(Myyg) = {x € U / NVBy,,,(0 * X) = NVBm,,,(0)} 

a B(Mnvs) = {Xx E U/ NVBmuiyyp (0) mz NVBnive (x)} = {0} 

(ii) Assume (ii). Let x be an arbitrary element in U such that y < x forsome y € U 
> (x * y)=05> NVBoyyp (X * y) = NVBmyyp (9) => NVBmyyp (X) = NVBmyyp (Y) 


Theorem 4.5 
If G (Myvp) = Gmyyp, then Myyg is NVB G - p semi simple. 
That is, if a NVB G — subalgebra coincides with its G — part then it is NVB G — p semi simple 


Proof 

Let Myyg be a NVB G- subalgebra with structure G,,, = (U°Mnve,«, 0). 

From definition 6.1(ii), G(Myyg) ={X © Myyvp/ NVBy,,,(0 * X) = NVByyyp(X)} 

If G(Myvg) = Guyy, then B(Myyg) = {0} > Mnvyg is NVB G- p semi simple 

Remark 4.6 

(1) In any NVB G - subalgebra: NVBy,,,(X) < NVBuyyp(y) @ NVBmuyyp(y * X) = NVBuyy, (0) 
(2) Denote NVBwyyply * (y * X)| by NVBy,,,(x Ay) forall x, y € U. From definition 3.1 (i) (2), 
NVBmyyp(X) = NVBuyyp(X A y) 


Theorem 4.7 
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Let Myvg be a NVB G- subalgebra with structure Gy,,, = (U°Mnve, +, 0). 
Then for any x, y, z € U, 
(1) For x # y, NVBm,,,(X Ay) # NVByyyp,(y AX) 
(2) NVBuyyplX A (y A Z)] = NVBw,,,[ KA y) A Zz] 
(3) NVBy,,,(XA0) = NVBy,y,(X) and NVBy, (0 Ax) = NVByyy, (0) 
(4) For x # 0, NVBy,,,[X A (yAz)] # NVBy,, [CK Ay) * (KAzZ)| 


Proof 

(1) For a NVB G - subalgebra, NVBy,,,(X Ay) = NVByyyp,(X) & NVBm,,,(y AX) = NVBm,y,(y) 
If x # y, then NVBy,,,(KX Ay) # NVBmyy,(y A X) 

(2) NVBuyyplX A (y A Z)] = NVBy,,y,(K Ay) = NVBy,,,(X) & 

NVBmyypl(X AY) AZ] = NVByyy, (KAZ) = NVByyyp(X)- * NVBuyyplX A (y AZ)] = 

NVBmyypl(X Ay) A ZI 

(3) For a NVB G - subalgebra, NVBy,,,(X A 0) = NVBy,,,[0 * (0 « x)] = NVBy,,,(x) & 

NVBviyyp(0 AX) = NVByy,,[X * (x * 0)] = NVBy, (0) 

(4) NVBuyyplX A (y A Z)] = NVBy,,,(K Ay) = NVBm,,, (x), for a NVB G - subalgebra 

NVBmyypl(X A y) * (XA Z)| = NVBy,,,(K * X) = NVByw,,, (0), for a NVB G — subalgebra 

. itis clear that, fora NVB G - subalgebra, 

NVBuyyp(X) # NVBuyyp (0) > NVBuyyplXA (yA Z)] # NVBy,yp[ KAY) * (KAZ)I 


Theorem 4.8 
Every NVBG - subalgebra satisfies the inequality, NVBy,,,(0) = NVBm,,,(x) ; V x € U 


Proof 
NVBaiyy, (0) = NVBuyy,(X * xX) = rmin {NVBuyy,(X), NVBMyyp(X)} = NVBuiyy, CX) 
NVBoiyy,(0) = NVBuyy,(X) ; ¥ x € U 


Theorem 4.9 


Let Gmyyp = (U°Mnve, *, 0) be a NVB G- subalgebra. Then the following conditions hold : 
(i) NVBayyp(X * 0) = NVByyyp(X), V X € U (ii) NVBy,,,(0 * (0 * x)) = NVBayyp(X),V X € U 


Proof 
Let Guyyp = (U°Mnve, *, 0) be a NVB G- subalgebra and x, y € UOMnve Then, 


(i) NVBmuyyp(X * 9) = NVBuyy,(X *(X * X)) 
[Using first condition in the G — algebraic structure of NVB G — subalgebra] 
= NVBmyy,(X) [Using second condition in the G — algebraic structure of NVB G — 
subalgebra] 


(i1) (ii) Since Gy, is a NVB G- subalgebra, NVBw,,, (x * (x * y)) = NVBuyyp(y) 
[Using second condition in the G — algebraic structure of NVB G — subalgebra] Put 
x =Qand y = x in the above then (ii) follows 


Theorem 4.10 

Let Guyyp= (U°Mnve, x, 0) be a NVB G - subalgebra. Then following conditions hold: V x, y € U, 
(i) NVByiyyp (CX * (K * y)) * ) = NVBuyyp (0) 

(ii) NVByyyp(X *Y) = NVBw,,,(9) > NVByyyp(X) = NVBuyyp (y) 

(iii) NVByyy,(0 * x) = NVBy,, (0 *y) > NVBy, (x) = NVBuiyyp(¥) 


Proof 
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(i) NVBayp ((X * (K * Y)) * ¥) = NVBayyp (Cy * (Y * y)) *y) by putting x =y 
= NVBuyyp((y * 9) «y) = NVBayyg(¥ * ¥) = NVBuyyp (0) 
(ii) Assume NVBy,,,(X * Y) = NVBm,,,(0) 


“ NVBayyp (X) = NVBuyyp (X * 0) = NVBw,,, (x * (x * y)), [by assumption] 
= NVBuyyp(¥) 


(ii1) Assume NVBy,,,(0 * x) = NVBy,,,(0 * y) 


“ NVBuyyp(X) = NVBuyy, (0 * (0 * x)) = NVBy,,, (0 * (0 « y)), [by assumption] 
= NVBuyyp(¥) 


Theorem 4.11 
Let Guyyp = (U°Mnve, x, 0) be a NVB G - subalgebra. Then, 
NVBmuyy,p(a * X)= NVBumyyp(a * Y) > NVByyye(X) = NVBmyy,(y), for any a, x, y € U 


Proof 

It Guyve = (U®Mnve,«, 0) be a NVB G - subalgebra satisfying, 

NVBuyy,(a * X)= NVBmyyp(a * y), for any a, x, y € U. Then, 
NVBaypg(X) = NVBoiyyp (a * (a * X)) = NVBuyy,(a * (@*Y)) = NVBuyyp(Y) 


Theorem 4.12 
Let Guyyp = (U®™nve,«, 0) be a NVB G - subalgebra. Then the following are equivalent: 


(1) NVByyyp (CX * Y) * (XK *Z)) = NVBy,,, (2* y); VX, y,zE U 
(2) NVByyyp (CX * Z) * (y *Z)) = NVBu,yp(X * y); V x, y,z€ U 
Proof 


(i) > (ii) 
Assume (i). i.e., NVByyyp ((X * y) * (kK * Z)) = NVBy,,,(Z * y); V x y,z€ U 


es NVBmyyp ((X = Z) ‘i (x : y)) = NVBoyyp(¥ = Z) 


Consider, NVByyyp, C(x * Z) * (y * Z)) 

= NVBuiyyp ((K * Z) * (x *z) * (K *y))) 

= NVBoyyp(X * y), since NVByyyp (X * (K * Y)) = NVBuayp Oy) 
(il) = (i) 

Assume (ii). i.e., NVBuyyp (x * Z) * (y *Z)) = NVBuaya(X * Y) 

* NVBayyp((X* Y) * (2 *)) = NVBMyya(X * Z) 

Consider, NVBuyyp, C(x * y) * (x * Z)) 

NVBainyp (( * y) * (x*y) * (Z*y))) 

NVBouyyp (Z * y), since NVByyyp (x * (K *y)) = NVBuayp Oy) 


5. Neutrosophic Vague Binary G — normal subalgebra 


In this section neutrosophic vague binary G — normal subalgebra is introduced 
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Definition 5.1 (Neutrosophic vague binary G — normal subalgebra) 
Let Myyg be a neutrosophic vague binary set (in short, NVBS) with two universes U; and Up. 


N 
Neutrosophic vague binary G - normal subalgebra is a structure Gy, ,= (UPMNve,«, 0) 


which satisfies, the following 2 conditions known as Gy, inequalities: 


Gwyy_ inequality (1) : 
NVBaiyys(X *Y) = t min {NVBm,,,. (x), NVBuy,,(y)} 7 Vx, y € U 
Thatis, V x, y € U 


Tuyve (x 6 y) = min {Tviyve (x), Tuyve (y)}; IMuve (x * y) < max Umuve (x), IMwve (y)}; Favs (x s y) - max(Fravs (x), Fue (y)} 


Gwyy, inequality (2) : 
NVBaiyyp ((X * a) *(y * b)) = rmin {NVBwiyy, (X *y), NVBuyyp (a * b)} ;Va,b,x,yEU 


That is, V a, b, x, y € U. Ty,,,((x* a) * (y*b)) = min {Ty,,,(X * Y), Tayy, (a * b)} 3 Ivyy,((x * a) * (y *b)) < 
max {Inyyp (X * Y), IMyy,(@ * DD}. Feiyy, (CX * a) * (y *b)) < max {Fy (x * Y), Fuyy, (a * b)} 


N Bz x a 
«and OareasinU™svs & T = [T-, T*]; f = [I-, I‘); F = [F-, Ft] 


Here, 


e Myvg is a neutrosophic vague binary set with two universes U, and U, 


N 
8 U°Mnve = (U = {U, UU}, *, 0) isa G- algebraic structure with a binary operation * & a constant 0, 


which satisfies following axioms: V x,y € U, (i) (k*x)=0; (ii) x* (x+y) =y 
Definition 5.2 (Neutrosophic vague binary G — normal set) 


Let Myyg be a NVBS with two universes U,, Uz. Take U = {U, U Up}. 
A NVBS Myyvyg in U is said to be NVB G — normal set if it satisfies the inequality 


{NVBayyp( (x * a) * (y* b)) > rmin {NVByyyp,(x * y), NVByy,,(a* b)} | Vx, y, a, b € U} 
That is, 


in{Tuyyp (x+y), Tvs (a * b)} 
ax{Ivuye (x *y), IMwve (a * b)} Vx,y,a,b € U 
ax {Fue (x + y), Funve (a+ b)} 


Tuiyyg((x* a) *(y*b)) =m 
Ivyvp (x * a) * (y *b)) = m 
Fuyyp ((* a) *(y *b)) =m 


Remark 5.3 


(1) Neutrosophic vague binary G - normal subalgebra is written in short as NVB G — normal 


N 
Mnvs’ 


(ii) In other words, a NVBS Myyg ina G — algebra U is called a NVB G —- normal subalgebra if it is 
a NVBG - subalgebra which is NVBG - normal set. 


subalgebra. It is denoted by G 


Theorem 5.4 
Every NVBG - normal set Myyg in U isa NVBG - subalgebra of U. 
That is, every NVBG — normal set Myyg isa Gm,y,- 


Proof 


Let Myyg be a NVB G- normal set in U > NVBiyyp ((X * a) * (y * b)) -r min{NVBmy,, (x * y), NVByy,,,. (a * b)} 
Consider, NVBuiyyp(X * Y) = NVBuyy,((x * y) * (0 *0)) = rmin {NVBy,,, (x * 0), NVBy,,,(y * 0)} 
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=rmin {NVBmyyp (xX), NVBv,y,(¥)} > NVBm,,,(x*y) = rmin {NVB,,,(x), NVBm,,};V¥ x yEeUs 
Mnve is a NVB G - subalgebra 


Remark 5.5 
Converse of theorem 5.4 is not true. 
That is, a NVB G - subalgebra Myyg in U is nota NVBG — normal set, generally. 


Proof 

Consider example 4.3, in which Myyg is a NVBG -— subalgebra. In this example, 
NVBaiyy,((a * a) *(b*a)) # r min {NVBy,,,(a * b), NVBvyy,(a *a)} > Myve is not a NVBG - 
normal set. 


Theorem 5.6 
If a neutrosophic vague binary set Myyg in U isa NVBG — normal subalgebra, 
then NVBmyyp(X *y) = NVBwyy,(¥* x); V x, ye U 


Proof 
Let x, y € U. Then,NVBy,,,(x *y) = NVBy,,,((x * y) * 0) [From theorem 4.8] = NVBy,,,((x * y) * (x *x)) = 
r min {NVBmy,(x*X), NVBmy,(v*x)} = r min {NVBy,,,(0), NVBm,,,(v¥*x)} = NVBmyyp(¥ *X) 


[From theorem 4.7]. -. NVBy,,,(x*y) = NVBm,,,(y * x). Similarly, NVBy,,,(y*x) = NVBm,,,(x *y) > 


6. 0 -commutative neutrosophic vague binary G — subalgebra 


In this section 0 - commutative neutrosophic vague binary G — subalgebra with its properties are 
introduced 


Definition 6.1 (0 - commutative of a NVB G - subalgebra) 


Let Myvg be a neutrosophic vague binary set (in short, NVBS) with two universes U, and U3. 


0 - commutative neutrosophic vague binary G - subalgebra is a structure G\,y_= (USMwve x, 0) 


which satisfies the following Gy, inequality: 


Giyy_ iequality : 
NVBaiyys(X *Y) = tr min {NVBm,,, (x), NVBmy,,(y)} ; Vx, y € U 


1.€.,Ty,,5 (x * y) > min {Twyye (x), Taye (y)} ; IMyve (x * y) < max {imuve (x), IMuve (y)} 7 Fuve (x * y) < max {EMyye (x), Fuge (y)} 


nN 


0 Be a 
«and OareasinU™svs & T = [T-, Tt]; f = [I-, I‘); F = [F-, Ft] 


Here, 
e  Myvg is aneutrosophic vague binary set with two universes U, and U, 
0 
© = US™nve = (U = {U, U U2},*,0) is a 0 — commutative G - algebraic structure with a binary operation * & a constant 0, 
which satisfies the following axioms : 


V x, yEU, GW) (x*x) =0 ;(ii) x * (kK * y) =y ; (iii) x * (O* y) = y* (0 * x) 


0 - commutative neutrosophic vague binary G - subalgebra is denoted by Gy,,, 
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Example 6.2 
Consider example 4.3. with a different binary operation defined as given in following Cayley table: 





0 
MNvB 


showed that Myyg given in example 3.3 is not only a Gy,,, but it is clearly a G 


0 


0 
G ; ive © 
U Mnve will become 0 - commutative Mnve 


only if G inequality got satisfied. Verifications 


0 


Myyg t0O0: 


Theorem 6.3 
Let Gmyy, =(U°™NvB, *, 0) bea GR... 
Then, NVBaiyyp ((O *X) * (O * y)) = NVBuyyp(¥ * X) for any x, y € U 


Proof 
Let x, y € U where U € U®%™nvs. Then, ((O *X) * (O * y)) = (y * (0 * (0 * x))) = (y * x) 


0 0 
Su Gm OmMnve 0 
=> x,y € U where UEU “NvB => U'Mnvs becomes U ™NvB > Gy, becomes Gy, ,, 


7. Derivations of Neutrosophic Vague Binary G - subalgebra 
In this section following points are developed 

i. | neutrosophic vague binary G — derivation 

ii. | neutrosophic vague binary G — regular derivation 
Definition 7.1 (G — derivation of neutrosophic vague binary G — subalgebra) 


Let Myvg be a neutrosophic vague binary set (in short, NVBS) with two universes U, and U3. 
Also let considered Myyg isa NVBG - subalgebra with structure Gm,,, = (U°™nve, *, 0) and with 
aself-map d: U > U on Myyg with U = {U, U U2}. Then, 

(i) d is (1, r) neutrosophic vague binary G - derivation of Myyg if, 

NVByyyp (d(x * y)] = NVBmyy,| (d(x) *y) A (x* d(y))| 

(ii) d is (r, |) neutrosophic vague binary G - derivation of Myyg if, 

NVByyyp (d(x * y)] = NVBayye|(x * d(y)) A (d(x) * y)| 


d is aneutrosophic vague binary G — derivation (in short, NVB G - derivation) of Myyg only if 
d is both (I, r) neutrosophic vague binary G — derivation [in short, (1, r) NVB G -derivation] 

& (r, 1) neutrosophic vague binary G -— derivation [in short, (r, |) NVBG -derivation] of Myvg. 
In this definition, (I, r) indicates left-right and (r, 1) indicates right-left 


Remark 7.2 
For a NVB G - subalgebra, NVBy,,,(% Ay) = NVBmyy, (X) 
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(i) -» To check, d is (1, r) NVBG - derivation of Myyp, it is enough to check that, 
NVBmyyp (d(x * y)) = NVBmyyp((%) * y); [Using definition 2.13 &by remark 2 .14| 
(ii) -» To check, domnve is (rt, |) NVB G - derivation of Myypg, it is enough to check that, 
NVBmyyp (d(x *y)) = NVBmyyp (x « d(y)) [Using definition 2.13 &by remark 2.14] 
-. Definition 7.1, can be re — written as, definition 7.3 


Definition 7.3 

Let Gy,y,z be a NVBG — subalgebra and d bea self—map on U. 

d is a neutrosophic vague binary G - derivation of U if 

(i) d is (1, r) —neutrosophic vague binary G - derivation of U 

i.e., NVBaiyyp (a(x *y)) = NVBmyy, (d(x) *y) ; forall x, ye U & itis denoted by do 
(ii) d is a (r, 1) —-neutrosophic vague binary G - derivation of U. 

i.e., NVBayyp (d(x *y)) = NVBaiyyp (X «d(y)) ; forall x, y€ U & itis denoted by ay MNvB 


(HD) 
dis a NVB G - derivation ona ©y,,, if d is both d "V8 and d-™"'®. It is denoted by d°Mnve, 


(Lr) (r,]) 


Definition 7.4 (Regular derivation of a Neutrosophic Vague Binary G — subalgebra) 
A derivation d®™xve of a NVBG - subalgebra is said to be regular if, 


NVBmuyyp (d(0)) = NVBm,y, (0). It is denoted by d. “UE 


Example 7.5 
From example 3.3, Myyg isa Guyyp- 
0 ifs=0 
Case (i) Define aself-map,d: U ={0, a, b} ~ U ={0, a, b} by d(s) = |: ifs=a 
bifs=b 
Here the given self — map is an identity map. 
From calculations, d isa dn & dn => disa d&™nve 
a ifs=0 
Case (ii) Define a self-map, d : U ={0, a, b} ~ U ={0, a, b} by d(s) = o ifs=a 
b ifs=b 


d isnot a NVB G - derivation on Myypg. One violation is attached below. 
NVBmiyy,((b * a)) = NVBy,,,(d(a)) = NVBmyy,(0) = [0.9,0.9][0. 1,0. 1][0. 1,0. 1] 
NVByiyve [d(b) «a] = NVByy,,,(b *a) = NVBy,,,(a) = [0.7,0.9][0. 3, 0.4][0. 1, 0.3] 
daa (b x a) does not exist, since NVBy,,, (d(b*a)) # NVBmyy,(@(b) * a) 
NVBniyy, lb * d(a)] = NVBy,,,(b * 0) = NVBy,,,(b) = [0.2, 0.6][0. 1, 0.2][0. 4, 0. 8] 
don” (b x a) does not exist, since NVB,,, (d(b*a)) # NVBmuyyp (b * d(a)) 

= disnota d&™nvs. 


Theorem 7.6 
Ina Gmyy,, the identity map don U isa d®™xve, Converse not true in general. But if d°™nve isa 


G G ; 
d.-'‘¥® then converse hold good. That is, if d® vs isa d,-Y® then d is the identity map on U 


Proof 
(i) Let x, y€ U &also let d is an identity map on U 


Case (i): K=y;y # 0 

NVBmiyyp (A(x * y)) = NVBuyy, (d(x * X)) = NVByy,,(d(0)) = NVBy,,, (0). 
NVBmyyp (d(x) * y) = NVBy,,, (d(x) * x) = NVByy,,, (x * X) = NVBy,,, (0). 
NVBmiyys (X * A(y)) = NVBuyy,(X * d(x)) = NVBuyyp(X *X) = NVByyy, (0). 
* NVBuiyy, (d(x * y)) = NVBm,,, (d(x) * y) = NVBuyy,(X * d(y)) 
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Case (ili): kX #y;y #O 

Either NVBy,,,(d(x * y)) = NVBmyy,(d(x)) = NVByyy,(X) or NVBmyy,(d(x * y)) = NVBy,,,(d(y)) = NVBayy, (Y) 
=> d(x*y) = d(x) or d(x*y) = d(y) => either (x*y) =x or (x*y) = y, since dis identity map 

=> either y =Oor y # O. 


Consider y # 0, ie. d(x*y) = d(y), ie, (x*y) = y. NVBaiyyp (A(x * y)) = NVBayyp(ACy)) 
NVBayyp(¥) - NVBuyy,(d(x) *y) = NVBy,.(x*y) = NVBy,.(y) . NVBuyyp(x * d(y)) 
NVBnaiyys (X * Y) = NVBuyyp(¥)- “> NVBuyy, (d(x * y)) = NVByyy, (d(x) *y) = NVBy,,,.(x * d(y)) 


Case (ili): kX # y; y = O 

Either NVBmyy,(4(x * y)) = NVBy,,,(d(x)) = NVBuyy_(X) or NVBuyy_ (d(x * y)) = NVBuyy,(d(y)) = NVBuyy, (Y) 
=> d(x*y) = d(x) or d(x*y) = d(y) => either (x*y) =x or (x*y) = y, since dis identity map 

= either y =Oor y # 0. 


Consider y = 0, ie. d(x*y) = d(x), ie, (x*y) = x. NVBaiyyp (A(x * y)) = NVBaiyyp (4 (x) ) 
NVBaiyys(X) - NVBmyy, (d(x) *y) = NVBuyyp(X*Y) = NVBmayyp(X) . NVBuyy,(x*d(y)) = 
NVBayyp(X*¥) = NVBuyyg(X)- - NVBy,,,(d(x*y)) = NVByyy,(d(x) *y) = NVBy,,,(x * d(y)) 
-. dis both i & dn. Hence d isa d©™nve 


Converse 

d®™we isa d,"® > NVBy,,,(d(0)) = NVBy,,,(0) > NVBmy,,(d(x *x)) = NVBy,_, (0) 
=> NVBuyyp (d(x) * x) = NVBy,,,(0) > d(x) = x [By proposition 3.11 (ii)] 

= d is the identity map on U 


Remark 7.7 


Let Myyg be a NVB G- subalgebra with structure Gy,,, = (U°™nve, +, 0). A NVB G - derivation on 

Mnvsp is a mapping d: U — U such that NVBaiyyp( (x * y)) = NVBmyyp (d(x) * y) = NVBaiyyp (X * 

d(y)), V x, yé U. Set of all neutrosophic vague binary G -derivations on Myyg is denoted as 
Sm 

ra NVB 


8. Neutrosophic vague binary G — Coset 


General properties that are true for abstract algebra and G — algebra may not be true in the case of 
neutrosophic G — subalgebra/neutrosophic vague G — subalgebra/ neutrosophic vague binary G — 
subalgebra. In this section coset for neutrosophic vague binary G —- subalgebra is developed. 
Neutrosophic vague binary G — Coset is considered as a shifted (or translated) neutrosophic vague 
binary G — subalgebra. Existence of identity element and inverse element can’t be assured in every 
neutrosophic vague binary G — subalgebra. In generalization process, this will become a crisis. As a 
result, generalization is confined to a particular area. It will lead to the formation of different concepts 
like Lagrange neutrosophic vague binary G — subalgebra etc. 

Definition 8.1 (Neutrosophic Vague Binary G — Right Coset & Neutrosophic Vague Binary G - Left Coset) 
Let Myyvg be a neutrosophic vague binary set (in short, NVBS) with two universes U, and U;. 
and also let the considered Myyg is a NVBG - subalgebra of a G — algebra with algebraic structure 
Omnve = (U°Mnve, «, 0)where U°MNvB = (Ue Omnve): Also,T = [T~,T*];f = [I-,I*]; F = [F-, F*] 
and U = {U, UU} 


Case (i) (Neutrosophic Vague Binary G — Right Coset) 
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Let a € U, and b € U, be fixed elements. Then define, for every c € U, and for every dé U, 
a neutrosophic vague binary G - right coset of Myyg is denoted by Myyp(a, b) and defined by, 
(Myvp (a, b))(c,d) = NVB Myyp (ab) (C, 4) = {(NVBuyy,(c * (a)7*)| Vc € Ux) (NVBu,,,(d * (b)~4)| ¥ d € U;)} 

1.€., {Tavs @ >I ave @ (OF mys @CO|¥ ¢ € Ur)) (Tavs), I atuve (GD), F mtuve oy (G)| Vd € U2))} 

= (((Tanve(¢ * 7), IMave(¢ * (277), Fee (e * (7) ¥ © © Ui) (Tove (4 * (0), IMyye Cd * (0), Feinye (d * (b)*)| Vd € U2))} 

Then Myyg(a,b) is called a neutrosophic vague binary G -Right Coset (in short NVBG — Right 
Coset) determined by Myyg and (a,b). 


Case (ii) (Neutrosophic vague binary G — Left Coset) 


Let a € U, and b € U2 be fixed elements. Then define, for every c € U, and for every d€ U, 

a neutrosophic vague binary G — right coset of Myyg is denoted by (a, b) Myyg and defined by, 

((a, b) Myyp)(c,d) = NVBeap) Myyp (©) = {(NVBuyy,((a)7* *c) | Vc € Uz) (NVBy,y_((b)~* * d) |v d € U,)} 

= {((Te) Muve ©) Va) mvs © Ferme CO] ¥ © € Ur)) (Te) Myvs CD, 1b) muve (BD), Fo ymve (4) | Vd € U2))} 

= {((Triyyp (C@)-? * ©), Iotgys (C2 * 0, Payys C@~2 * | VE Ur) (Patyyrs CD)? * A), Fetus (OY“* * ), Peigys (()-2 + d)| Vd € U,))} 

Then (a,b) Myyp is called a neutrosophic vague binary left coset (in short NVB G - left coset) determined 
by Myyvp and (a,b). 


Remark 8.2 
NVB G - right coset isa NVBS. Similarly, a NVB G — left coset is a NVBS. 


Definition 8.3 (Neutrosophic Vague Binary G — Coset) 


Let the neutrosophic vague binary set Myyg be a neutrosophic vague binary G —- subalgebra of a 
G — algebra. If Myypg is both neutrosophic vague binary G —- right coset and neutrosophic vague 
binary G — left coset then Myyg is called as a Neutrosophic Vague Binary G — Coset 


Example 8.4 


Let U, = {0,u,,u3} and U, = {0,u,,u,,u.} be two universes. 


CECE ILA] [0.2,0.7][0.5,0.7][0.3,0.8] ioe, 0- 711 1,0:411030:41, 


0 : uy : U3 


ez les walle 108) [0.3,0.5][0.6,0.7][0.5,0.7] [0.2,0.8][0.4,0.7][0.2,0.8] ev olleso7iere4, 


0 : Uz : U4 . Us 


Let Mnvp= be a NVBS. 


Here, combined universe U = {0, uy, Uz, U3, U4,U5} & combined NVB membership grades are, 
[0.7, 0.9][0.1, 0.4][0.1, 0.3] ; s=0 


[0.2, 0.7][0.5, 0.7][0.3, 0.8] ; S=uU, 

| [0.3,0.5][0.6,0.7][0.5,0.7] ; s=uy 

NVBunve(S) = 419.6, 0.7][0.1,0.4][0.3,04] : s=us 
[0.2, 0.8][0.4, 0.7][0.2,0.8] ; s=uy 

[0.6, 0.9][0.3, 0.7][0.1,0.4) ; s=us 


Corresponding Cayley table is : 
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Obviously, Myyg isa NVBG —- subalgebra 
In every G — algebra 0 may not be the identity element. But in the present case it is clear that 0 acts 
as an identity element. Hence inverses got as : 


(0)-* =0; (u)7* = Wy ; (uy) = Uy ; (Ug)™* = Uy ; (Ug) = Uy ; (Us)™* = Us 
To construct a NVB G -right coset: 
Let u, = u, € U;, and Vu. € U, = {0,u,,u3} 


NVBayyp u, (0) = NVBuvyyp(0 * (u,71)) = NVBv,y,p(0 * ur) = NVBy,,,(1) = [0.2, 0.7][0.5, 0.7][0.3, 0.8] 
NVBoyye u, (U= NVBuyyp(ta * (u74)) = NVByyy, (ur * U1) = NVBy,,,(0) = [0.7, 0.9][0.1, 0.4][0.1, 0.3] 
NVBaiyye u, (U3)=NVBuyy_(U3 * (u,71)) = NVBy,,,(U3 * Uz) = NVBy,,_(us) = [0.2, 0.7][0.5, 0.7][0.3, 0.8] 


& 
Let up = uy € U, and V ug € Uz = {0, U5, Uy, us} 


NVBoyye us (0) = NVBayyp(0 * (u27*)) = NVBuyyp(0 * Uz) = NVBmy,,(U2) = [0.3, 0.5][0.6, 0.7][0.5, 0.7] 
NVBMyye us (U2)= NVBuyyp(U2 * (U2~1)) = NVBvyy_(U2 * Uz) = NVBy,y,(0) = [0.7, 0.9][0.1, 0.4][0.1, 0.3] 
NVBoyye us (U4)=NVBMyyp(U4 * (U2 4)) = NVBvvy_ (U4 * Uz) = NVBy,,,(U2) = [0.3, 0.5][0.6, 0.7][0.5, 0.7] 
NVBMyyp us (Us)=NVBMyyp(Us * (U2 4)) = NVBvvy_(Us * U2) = NVBy,,,(U2) = [0.3, 0.5][0.6, 0.7][0.5, 0.7] 


Myvsp Uy:U2 = 


f(eetzliese 7 Manel [0.7,0.9][0.1,0.4][0.1,0.3] Loz-0i7 0.970 2110308); 7103 02)10.607)10307 [0.7,0.9][0.1,0.4][0.1,0.3]  [0.3,0.5][0.6,0.7][0.5,0.7] ay 


0 ’ uy ‘ u3 0 ’ u2 ‘ U4 : Us 


To construct a NVB G - left coset: 
Let a= u, € U, and Vc € U, = {0,u,,u3} 


NVB u, Myyp (0) = NVBMyyg((ui*) * 0) = NVBvyy,(ur * 0) = NVBy,y, (ur) = [0.2, 0.7][0.5, 0.7][0.3, 0.8] 
NVB uy, Myyg (CU=NVBayyp(Ur * (U271))= NVBuyyp(Ur * U2) = NVBvyy_ (U2) = [0.3, 0.5][0.6, 0.7][0.5, 0.7] 
NVB u, Myyp (U3J=NVBoyy,(( ur +) * uz) = NVByy,,(ur * Uz) = NVBy,y_(u3) = [0.6, 0.7][0.1, 0.4][0.3, 0.4] 
Let up = up € U, and V ug € Up = {0, U5, Uy, us} 


NVB u, Myyg(OJ=NVBMyyp(( U2 4) * 0 ) = NVBvyy,(U2 * 0) = NVBu,,,(U2) = [0.3, 0.5][0.6, 0.7][0.5, 0.7] 

NVB u, Myyp (U2)=NVBuyyp(( 21) * U2)= NVBvyyp( U2 * Uz) = NVBy,,,(0) = [0.7, 0.9][0.1, 0.4][0.1, 0.3] 
NVB u, Myyg (U4=NVBoyyp(( U2?) * U4)=NVBvyyp( U2 * U4) = NVBy,,,(u4) = [0.2, 0.8][0.4, 0.7][0.2, 0.8] 
NVB u, Myyg (Us)=NVBuyyp((U2~*) * Us) = NVBvyy_(U2 * Us) = NVBy,y,(us) = [0.6, 0.9][0.3, 0.7][0.1, 0.4] 


Uy: Uz Myyp = 


J J 


{ (lo 20zlios.o7It03.0 [0.3,0.5][0.6,0.7][0.5,0.7] [0.6,0.71{0.1,0.4]10.3,0-4]) ([03,0.51l0-6,0.7110.5,0.7] [0.7,0.9][0.1,0.4][0.1,0.3] [0.2,0.8][0.4,0.7][0.2,0.8] 0.600.307 ]104.04))} 
0 uy U3 0 u2 U4 Us 


Remark 8.5 
(i) In example 8.4, Myyg Uy: Ug # Uy: U2 Myyp 


(ii) Constant 0 is not an identity element in G - algebra. For example, let X = {0, U4, Uz, U3, Uy, Us}. 
(X, *, 0) isa G-—algebra, with binary operation * is defined by the following Cayley table: 
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It is clear that X is a G — algebra without an identity element. And hence inverse does not exist. 
So neutrosophic vague binary G - cosets cannot construct in this case. This construction is possible, 
only for those cases where identity element exists in the basic G — algebraic structure. 
(ii) If the basic G — algebraic structure is formed using the following rules, then definitely there exist 
identity element and hence can construct a NVB G — right coset & NVB G - left coset. 


Rules in Cayley table: 
(i) Principal diagonal elements = 0 
(ii) Column occupied with constant 0 is a copy of column of operands 
(iii) Fill each of the remaining columns (except principal diagonal entries) with the element 


given in the column head (i.e., elements from row of operands) 
Definition 8.6 (Neutrosophic Vague G — Right Coset & Neutrosophic Vague G- Left Coset) 


Let Myy be a neutrosophic vague set (in short, NV Set) with a single universe U and also let Myy 
be a neutrosophic vague G — subalgebra (in short, NV G — subalgebra) of a G — algebra. Algebraic 
structure of Myy is given by Om, = (USMny, , 0) where U°™nv = (U, *, 0) . 
Also T = [T-,T*] ; 1 = [I-,I*] ; F = [F-, F*] 


Case (i) (Neutrosophic Vague G — Right coset) 


Let a € U bea fixed element. Then define, for every c € U aneutrosophic vague G — right coset of 
Myyv which is denoted by Myy a and defined by, 


(Myv(a))(C) = NVyy CO) = {NVayy(c * (a)“*) / Ve € US 
ie{ (Tey aC] My aC), Poy ae) / Vc € USL (Toiyy CC * 4), Ioy Cc * (2), Puy (c * @)-4)) / ve € U} 


Then Myy a is called a neutrosophic vague G -right coset (in short NV G — right coset) determined 
by Myy and a. 

Case (ii) (Neutrosophic Vague G -— Left Coset) 

Let a€ U bea fixed element. Then define, for every c € U a neutrosophic vague G -— right coset of 
Myy is denoted by a Myy and defined by, 

((a) Myv)(c) = NVamyy(o) = {(NVayy((a)* * | Vc € UD 

= {(Tamyy (dla muy)» Pawn) /¥ ce € U} 


= {(Tyayy (CA)? * 0), Tayy (CA)? # ©), Pray (Cad? #0) / Vc € U] 
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Then a Myy is called a neutrosophic vague left coset (in short NV G - left coset) determined by Myy and 
a. 


Definition 8.7 (Neutrosophic Vague G — Coset) 


Let the neutrosophic vague set Myy be a neutrosophic vague G — subalgebra of a G — algebra. If Myy 
is both neutrosophic vague G — Right Coset and neutrosophic vague G — Left Coset then Myy is called 
as a Neutrosophic Vague G — Coset 


Definition 8.8 (Neutrosophic G — Right Coset & Neutrosophic G — Left Coset) 


Let My be a neutrosophic set (in short, N set) with single universe U and also let My be a 
neutrosophic G — subalgebra (in short, N G — subalgebra) of a G — algebra. Algebraic structure of My 
is given by Gy, = (U°MN, *k, 0) where U°™N = (U, *, 0). 


Case (i) (Neutrosophic G — Right Coset) 

Let a € U be a fixed element. Then define, for every c € U a neutrosophic G — right coset of My 
which is denoted by My a and defined by, 

(My (a))(C) = Nay cay) = {Nay (c* (A) /VcE US} 

ie, {(Tuy aC), Ivy aC), F my a(c)) / vc € Ut 


= {(Tyay (C * (2), Iy (¢ # (2), Fay (¢ # (@)2)) / vc € U] 
Then Mya is called a neutrosophic G -right coset (in short N G - right coset) determined by 
My and a. 


Case (ii) (Neutrosophic G — Left Coset) 

Let a € U bea fixed element. Then define, for every c € U a neutrosophic G— right coset of My is 
denoted by aMy and defined by, 

((a)My)(c) = Namy (©) = {(Nmy((a)7* * ©] Vc € U)} 

= {(Ts My (C), lamy (©) Fa my (c)) EVE u} 


= { (Tuy, ((@)7? * C), Im, ((a)~* * ©), Fy ((a)~* x c)) /YWce u} 


Then aMy is called a neutrosophic left coset (in short N G - left coset) determined by My and a. 


Definition 8.9 (Neutrosophic G — Coset) 

Let the neutrosophic set My be a neutrosophic G — subalgebra of a G — algebra. If My is both 
neutrosophic G — Right Coset and neutrosophic G — Left Coset then My is called as a Neutrosophic 
G — Coset 


9. Neutrosophic Vague Binary G — homomorphism 


In this section homomorphism on NVB G - subalgebra is presented with some related theorems. 


Definition 9.1 

Let Guyvype = (UM nve, «, Omnve) and Gpy,, = (U°PNve, +’, Op,yvp) be two NVB G —subalgebras based 
on common universe {U,, U5}. 

A mapping WG; Omnve = (U°™nve x, OMarad) Oprvp = (U°Pnvs, ae Opyvp) is called a neutrosophic 
vague binary G - homomorphism if, ¥S(u, * uy) = PS(u,) *’ BS(u,), V uy, uy € U. 


Remark 9.2 

(i) The NVBG - homomorphism W® is said to be a neutrosophic vague binary G - monomorphism 
(resp., a neutrosophic vague binary G - epimorphism) if it is injective (resp., surjective). 
(ii) If the map ¥® is both injective and surjective then Gy,,, and Gp,,,, are said to be isomorphic, 
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written Gyyyg = Gpyyg - For any NVBG - homomorphism wo; Gwvnve > Oeyyg » the set 
{x € U/ B(x) = Op... } is called the kernel of © and denoted by Ker ¥% 


Theorem 9.3 
Let WC: Omyve = (USMnve, *, Omnve) 7 Opvve = (U°PNvs, +! Opa) be a neutrosophic vague binary 
G - homomorphism of NVB G - subalgebras, then: 

(i) Ones) = Opxvp 

(ii) Ker © is anormal neutrosophic vague binary G - subalgebra of U 

(iii) Im WS = {y € Gp, ./y = Y"%(x) for some x € Gy,,,} isa NVBG - subalgebra 


Proof 
(i) P°(Omnve) = pe (Omnve . OmMnve) - WE (Oven) % Po (Omnve) = OPnve = OpnvE OPnve 
(ii) Omyy,p € Ker YS > Ker BS #@ 
Let (x *y),(a*b) € Ker W° > W(x+*y) = 0p, = WS(a* b) 
=> W%(x) * Boy) = Op, = PE (a) * BS(b) > WS(x) = Woy) & BS(a) = BS(b) 
[By proposition 3.9(11)] 

=> WS((x*a) *(y*b)) = VS(x*a) * WS(y *b) 
= (WS (x) # WS(a)) « (PS(y) # BS) = (HSH) «” BS@)) * (HSK) HS(a)) = Op yy, 
[From definition of NVB G — subalgebra] 
=> W(x *a)*’ WS(x*a) = Op. [since B° isa NVBG - homomorphism] 
=> WS[(x *a) * (x *a)] = Op, [since ¥° isa NVB G —- homomorphism] 
=> (x *a) *(y*b) € Ker ¥° = Ker W® isa NNVB G-subalgebra of U 
(iii) Let y, z € Gp, > y = PS(a) & z = WS(b) forsome a, b € Gyyy, 

WS(a) *’ WS(b) = WS(a * b) = rmin {¥%(a), P"(b)}. Hence the proof. 


Theorem 9.4 
A neutrosophic vague binary G - homomorphism 7° : Gr,,, = (U°TNve, x, OT wvp) 7 Give = 
(UPLNVB,*", OL vp) is a neutrosophic vague binary G - monomorphism © ker(y°) = {0} 


Proof 


Let x € Ker (yv°) => y%(x) = Orewa He Ojices)! 

x® is aneutrosophic vague binary G — monomorphism, then it is clearly got that, Ker (v°) = {0}. 
Conversely, let ker (vy) = {0} and also let y°(x) = y“(y), V x, y € U 

=> x%(x) * x5(y) = OL, @ XK *Y) = OLyy,, Since ¥° isa NVBG —- homomorphism 

=> (x*y) € Ker (7°) = {Oryyve} => (x*y) = O7,,,- Hence, x = y > x® is aneutrosophic vague 
binary G - monomorphism. 


10. Conclusion 


In this paper, NVBG - subalgebraic structure is developed with its properties for NVBS’s. Some 
basic ideas as NVBG - normal set of a G - algebra, NVBG - normal subalgebra and 
0 — commutative NVBG - subalgebra are illustrated with examples and basic properties. Notions 
like G — part, p radical and p semi simple are defined in NVB G - subalgebra with characterizations. 
NVB G - minimal element, Derivations of NVBG —- subalgebra, Regular Derivation of a NVBG - 
subalgebra, NVB G — homomorphism are also explained. Formation of Cosets is a basic idea in any 
algebraic structure. Coset for neutrosophic vague binary G — subalgebra is also got developed. Based 
on this, present work can be extended to NVB vague binary G -groups, NVBG - rings, NVBG - 
product, NVBG - factor group, Lagrange NVB G - subalgebra etc. As a future scope neutrosophic 
vague binary models can be tried to use in hazard detection, especially in switching circuits. Another 
application can be given in geographical area. Development of a neutrosophic vague binary spatial 
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algebra could be more helpful in this area than the already existing crisp spatial algebraic concepts. 
Since the already existing pattern got failed to provide an accurate output when collected data 
becomes vague. 
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Abstract: Linguistic neutrosophic information and its extension have been long recognized as a 
useful tool in decision-making problems in many areas. This paper briefly describes the 
development process of linguistic neutrosophic information expressions, and gives in-depth 
studies on seven different concepts and tools. At the same time, a brief evaluation and summary of 
the decision-making methods of its various measures and aggregation operators are also made. A 
comparative analysis of different linguistic neutrosophic sets is made with examples to illustrate 
the effectiveness and practicability of decision making methods based on multiple aggregation 
operators and measures. Finally, according to the analysis of the current situation of linguistic 
neutrosophic information, the related trends of its future development are discussed. 


Keywords: linguistic; neutrosophic; decision making, aggregation operator, measures 


1. Introduction 


In a complex decision-making problem where humans are accustomed to use language to 
express their idea, decision makers may use linguistic variables (LVs) to qualitatively evaluate 
attributes. With this regard, Zadeh [1] first proposed the use of LVs to describe preference 
information and applied it to fuzzy reasoning, and attracted the attention of scholars at home and 
abroad. Since then, several studies have been carried out to solve problems in different application 
area [2-6]. However, previous studies [2-6] have reported that merely incomplete information can 
effectually expressed, while uncertain and conflicting information, are not. To fill the shortcomings 
mentioned above, Smarandache proposed the neutrosophic sets [7-8] and neutrosophic numbers 
(NNs) [7-9]. Since the concept of the neutrosophic set was established, some scholars focused on the 
combination of neutrosophic set and linguistic set to come up with their new concepts. 

Fang and Ye [10] first introduced a linguistic neutrosophic number (LNN) concept. LNN has 
three-part the truth linguistic probability, indeterminacy linguistic probability, and falsity linguistic 
probability and can express three kinds of linguistic information in this situation. And they also 
provided score and accuracy functions and some aggregation operators of LNNs. Fan et al. [11] 
presented an LNN normalized weighted Bonferroni mean operator and an LNN normalized 
weighted geometric Bonferroni mean operator and applied them to deal with decision-making(DM) 
problems in LNN environment. Shi and Ye [12] proposed two cosine measures based on the distance 
and cosine of the included angle between two vectors of LNNs for describing indeterminate 
linguistic information. Meanwhile, Shi and Ye [13] presented three correlation coefficients of LNNs 
and showed how they can apply on multiple attribute group decision-making (MAGDM) problems. 
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On the basis of combining LNNs and NLNs, Cui et al. [14] defined a linguistic neutrosophic 
uncertain number (LNUN) and the score and accuracy function of LNUNs and then developed 
related aggregation operators to tackle MAGDM problems. Cui and Ye [15] further introduced a 
hesitant linguistic neutrosophic number (HLNN) and put forward a MADM method based on 
similarity measures for DM problems in HLNN sets. On the other hand, Ye et al. [16] proposed a 
Q-linguistic neutrosophic variable set (Q-LNVs), which extended linguistic neutrosophic evaluation 
to two-dimensional universal sets (TDUSs). Then, Fan et al. [17] presented a linguistic neutrosophic 
multiset (LNM) and two Heronian mean operators to handle the multiplicity information under 
LNM environment. Besides, Ye [18] originally put forward the concept of a linguistic cubic variable 
(LCV), which consists both uncertain and certain LV synchronously, then he developed some 
operators to aggregate linguistic cubic information. Next, Lu and Ye [19] integrated Dombi operators 
with LCVs to better handle DM problems of linguistic cubic sets. Further, Ye and Cui [20] proposed 
a linguistic neutrosophic hesitant variable (LCHV), and applied aggregation operators to figure out 
DM problems with interval and hesitant linguistic information. Then, Lu and Ye [21] presented 
cosine similarity measures of LCHVs which is characterized by the least common multiple number 
extension method, and its applications in decision-making with LCHV information. Also, Ye and 
Cui [22] put forward single-valued linguistic neutrosophic interval linguistic numbers (SVLN-ILN) 
and correlative aggregation operators together with its decision-making approach. Meanwhile, Ye 
[23] first proposed a new linguistic neutrosophic notion, named linguistic neutrosophic cubic 
numbers (LNCNs), which is made up of an inconclusive linguistic neutrosophic number and an 
LNN. Fan and Ye [24] extended the Heronian mean operator to LNCNs and adopt this idea to solve 
decision-making problems. 

The main purpose of this paper is to carry out research on the decision-making methods under 
the linguistic neutrosophic environment. Firstly, it will be possible to describe some concepts of 
NLN, LNS, LNUN, HLNS, Q-LNS, LCS, and LNCS. Secondly, insight will be gained into the 
decision-making methods of using various measures and aggregation operators. Lastly, it gives 
conclusions and future study of this paper. These findings have significant implications for solving 
decision making problems in various field. 


2. Linguistic Neutrosophic Information Expressions 


2.1. Neutrosophic Linguistic numbers 


Smarandache [7-8] originally presented the conception of a neutrosophic number that can 
express incomplete, indeterminate, inconsonant information, represented by B=t+vI, where t stands 
for the determinate part and v! for the indeterminate part, and t,v © R (all real numbers), ] © [inf [, 
sup I] (indeterminacy). To better express uncertainty on linguistic information, Smarandache [25] 
introduced NNs into the LV and proposed a neutrosophic linguistic number (NLN) concept and 
described by I+: where t+vI is NN. 

It can be known that on the above method only a single neutrosophic linguistic number is used 
to evaluate the linguistic information. However, in a complicated DM environment, decision makers 
may enforce to give several linguistic term values from a linguistic term set (LTS) due to their 
hesitancy. It means that a single linguistic term value is not sufficient to express the results of the 
assessment. Hence, it is clearly that the existing NLN method [26] is not suitable for such case. In 
order to deal with this situation, Ye began to see hesitant neutrosophic linguistic numbers as key 
components in linguistic decision-making field. As a result, Ye [27] proposed hesitant neutrosophic 
linguistic numbers (HNLNSs) that consist of a series of NLNs, standing for the decision makers' 
different proposals respectively. Hence, HNLNs can easily be applied to hesitant decision-making 
problems involving the NLNs consist of partial determinacy and partial uncertainty. 
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Definition 2.1.1. [27] Let X = {x1, x2, ..., xn} be a universe of discourse and L = {lo, li, ..., le} be a finite and 
fully ordered set of discrete linguistic terms. An HNLN set Hi on X described mathematically as the 
following form: 


H, =}(x,.4(x,))]x, eX, (1) 
where /1i(xj) is the set of xj NLNs for xj © X and L, and x; is the number of NLNs with 7 =1, 2, ..., 1. 


Lt sok e Lik =1,2,.45;] for xj © X and j =1, 





J 


Therefore, (xj) can be denoted by h, (x /) = Hoa 


Desas ls 


2.2. Linguistic neutrosophic sets 


The existing NLN can provide useful tools to deal with incomplete, indeterminate, and 
inconsistent linguistic information. However, it cannot use for DM problems with information 
expressed with their truth, indeterminacy and false functions. An LNN proposed by Fang and Ye [10] 
can better address the drawback shown above since it is characterized by the truth, indeterminacy, 
and falsity LVs respectively rather than exact values. In fact, LNNs can also be considered as a new 
LV added to LIFN to indicate the degree of indeterminacy and the incomplete and inconsistent 
linguistic information. LNNs are a useful tool in depicting the indeterminate and inconsistent 
decision-making information by using three linguistic variables. 


Definition 2.2.1. [10] Let L = {lo, li, ..., 2} is a finitely linguistic term set. If g =<Ir, Ir, Ir> is defined as Ir, li, 
Ir © Land T, I, F © [0, 2t], where Ir, li and Ir use linguistic terms to show the truth, indeterminacy, 
and falsity degree, severally, then g is called an LNN. 


2.3. Linguistic neutrosophic uncertain numbers/sets 


Motivated by NLNs and LNNs, Cui et al. [14] defined a new notion of an LNUN constructed 
respectively by three uncertain linguistic variables representing linguistic truth, indeterminacy and 
falsity. In general, the LNUN is the expansion of LNN and NLN with partial linguistic certain and 
partial linguistic uncertain evaluations. It turns out that LNUNs can describe the different complex 
linguistic neutrosophic decision-making information under an LNUN environment. 


Definition 2.3.1. [14] Assume that L = {lo, li, ..., I2:/ is a finite and fully ordered set of linguistic term set. 


An LNUN in L is constructed as h = (1, Ae ly LU,D? en F, A) with three uncertain linguistic variables 


lr errr ly su,r, and U, ,~, vepresenting the truth, uncertainty, and falsity NLNs independently, 


where Tat+Toi, UctUni, FotFor © [0, 2t] and I © [inf I, sup J]. 


2.4. Hesitant linguistic neutrosophic sets 


It is obvious that much DM information in the real world is fuzzy rather than precise, in which 
decision-makers may be entangled in a certain decision. However, LNN cannot express the 
hesitation of decision-makers in the evaluation of linguistic alternatives. A HLNN introduced by Cui 
and Ye [15] can express much more information given by decision-makers since it is composed of 
several LNNs related to an objective thing. Essentially, HLNNs are combined form of HFSs and 
LNNs, which can simultaneously express both the hesitancy information and LNN information of 
decision-makers. 


Definition 2.4.1. [15] Set X = {x1, x2, ..., xn/ as a universe of discourse and a finite linguistic term set L = 
{lo, li, ..., lz, and then an HLNN set Ni on X can be given by 
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N, ={{x,,F, cai EX, ] =1,2,..1}, (2) 
Where Ei(xj) is a set of xj LNNs for xj © X and L, expressed by an HLNN 
B,(x,)={(p shy sly Ly Ld y ©Liley Lj My 2pong 


2.5. Q-linguistic neutrosophic set 





7 for © X,. 


A majority of linguistic concepts only process indeterminate, uncertain and incompatible data 
of the subject being evaluated in one-dimensional universal sets. This prompted researchers to 
amplify them to have the ability to depict linguistic arguments in TDUSs. Then, Ye et al. [16] first 
proposed a Q-LNVS to explain linguistic neutrosophic claims in DM problems of TDUSs. Therefore, 
Q-LNVS was primarily used to define its linguistic values of truth, indeterminacy and falsity 
corresponding to TDUSs, respectively. 


Definition 2.5.1. [16] Assume that X = {x1, x2, ..., xn} and Q = {q1, qz, . . ., gn} are two-dimensional 
universal sets and a finite linguistic term set L = {lo, li, ..., l2/, and then a Q-LNVS P on X and Q can be 
denoted by 


P= ((2154) 4 (2154) 4, (69, ) (21.4; ) bs € X54) €2) 3 
I (mod Jo (ings) lg, Elna Mag f= 1 2 cag | io 


where 1:(xi, gj), lu(xi, gi), lo(xi, gi) denoted the truth, indeterminacy, and falsity LVs, independently, in 
TDUSs for t, u,v © [0, 2¢]. 


Then, the basic element <(xi, qj), [(xi, gj), lixi, qi), b(xi, giJ> in L is simply expressed as 


l = ((x, 4, S90 Sy 2 Sy, ) , which is known as a Q-linguistic neutrosophic element (Q-LNE). 


Later on, based on the linguistic multiplicity evaluation in some real situations, Fan et al. [17] 
developed an LNM, which is extended from neutrosophic multiset. An LNM can use pure linguistic 
value to express and process the multiplicity information and can represent the truth, indeterminacy, 
and falsity through three values, severally. 


Definition 2.5.2. [17] Set a universe X = {x1, x2, ..., Xn} and L = {lo, li, ..., lt} be an LTS, and Z = {1, 2, 3,..., 
0 }, then LNM R represented with the following mathematical expression. 


(Farolan (2) Pog (2) ote, (2), 
R=4 x, (AAs (x),/,,, (x) len (x))).-. 
(Fons (ln, (x) 54, (x) sf, (x))} 


(x) EL, Up, Var Sp, & [0, 2t]. An LNM consists of the truth 





xEX >? (4) 


where Lin (x), Ly (x), l 


3 Crt 


degree membership function / es (x) , the indeterminacy degree membership function l,. (x) , and 
the falsity degree membership function / é, (x). Among them, / = (x) _ dL (x) jcanen ol ihe (x) E 
(Us5 ey a Co ee ee os ee 


VR VR2 Vry 


(x) © [01] and J, (x), de (x), de, (x) © [0,1], that is, 
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O</, (x)+d, (x)+l. (x)83 CS 2 US: Ze Ta: Bap. she Tp © Z, and 
Je oe mee 


The above expression for an LNM K can be simplified to the following form: 


R=4x,( Sars (lag (2) ory, (2) Zen (*))) fe eX} (5) 


fOr = 1 2 jong Y. 


2.6. Linguistic cubic sets 


In reality, some real decision-making problems may contain mixed evaluation information of 
uncertain and certain linguistic arguments simultaneously. To handle this, Ye [18] proposed an LCV 
by merging LVs and cubic set together and can be applied apply on can have consists of an uncertain 
LV and a specific LV. 


Definition 2.6.1. [18] Let L = {lo, li, ..., lz} is a finite LTS. An LCV V in L is denoted using V = (L, L, ), 


where L = [La, Lo] is a uncertain LV and L- is an LV forb = aand la, Li, Le € L.Ifa < b S co, V= 
({La, Lo], Le) is an internal LCV. Ifc ¢€ (a, b), V= ([{La, Lo], Lc) is an external LCV. 


However, due to uncertainty and hesitation on the part of decision-makers on the subject of 
evaluation, in some decision-making problems, information on decision-making is made up of an 
interval of LV and a hesitant linguistic set. To deal with such a situation, based on the concepts of an 
LCV and hesitant fuzzy sets, Ye and Cui [20] proposed an LCHV. The proposed LCHV reasonably 
express the combined information from uncertain and hesitant linguistic arguments and efficiently 
tackled LCHV problems. 


Definition 2.6.2. [20] Set a linguistic variable term set as L= {lj 17 © [0,2t/}. An LCHV z in L is built by z 


~ 


= ( b, ; L ), where l, =[la, lb] forb 2 aand la, lb © Lis an interval linguistic variable and is ={l A, 


| / A, EL, k=1,2,...j;/ 1s a set of j possible LVs (i.e., a hesitant LV is listing in an increasing order.) 


Furthermore, Ye and Cui [22] presented the idea of an SVLN-ILN, composed entirely of its 
uncertain / interval linguistic number and its single valued neutrosophic linguistic number. In the case 
of a DM problem, the SVLN-ILN represents both the linguistic judgment of the decision-maker and 
the affirmative linguistic judgment of the evaluated object. 


Definition 2.6.3 [22] Let a linguistic variable set be L = {Io, li, ..., laf. A SVWLN-ILN W in L is denoted by 
We=<[ln, lo]; Ir, li, le>, where [ln, lb] is the interval linguistic number part of W and Ia and lv are linguistic 
lower and upper limits of Jj for la < Jj < lb and Jj € L, and then <Ir, I, Ir> is the SVLNN part of W. 
Here, the truth linguistic function Tw(]j) of W can be constructed by 


T(t =p <1, i, ‘a 


l,, otherwise 


The indeterminacy linguistic function Iw(1j) of W can be constructed by 


nif <P a fs - 


lL, otherwise 


Z 
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The falsity linguistic function Fw/(1i) of W can be constructed by 


Fl )=ie any @) 


l , otherwise 


Z 


where lo < Ir S I, lo < |) S Landlo < Ir S kz. 


2.7. Linguistic neutrosophic cubic sets 


A new notion of linguistic neutrosophic cubic set, as presented by Ye, extending the concept of 
cubic sets to linguistic neutrosophic sets, called linguistic neutrosophic cubic sets. A proposed 
LNCN contains an uncertain LNN and a single-valued LNN at the same time as the linguistic 
variables of truth, indeterminacy and falsity [23]. In LNCN, the uncertain LNN expresses the truth, 
indeterminacy, and falsity values of uncertain LVs, and the single-valued LNN is composed of the 
truth, indeterminacy, and falsity LVs, which are used to describe their mixed information. 


Definition 2.7.1. [23] Let an LTS be L= {lj | 7 © [0,2t]}. An LNCN O in L is defined as O = (u, c), where 
u=<[Ita, Ite], [lm, lw], [lra, lrvJ> is an uncertain LNN with the truth linguistic variables [ltm, In], 
indeterminacy linguistic variables [li, lw], and falsity uncertain linguistic variables [Tra, Irv], for ta, It», lta, 
lv, lea, le» —& Land Ta < Tb,la < Ib, Fa < Fb; c=<lr, li, leis consisted of an LNN with /7, lrand Ir each 
on behalf of the truth, indeterminacy, and falsity LVs, respectively, where Ir, li, le © L. 


3. Decision making methods regarding various measures and aggregation operators 


Because of the inherent vagueness of human thinking and the complexity of the objective world, 
a clear description of decision information is the most crucial part in the real evaluation processes. 
Hence, to better describe the decision information, the forms of decision information need to be 
continuously expanded and enriched according to the specific situation. In the process of dealing 
with information that is incomplete, uncertain and inconsistent, the introduction of linguistic 
neutrosophic sets play an important role. Smarandache [25] firstly defined NLNs in symbolic 
neutrosophic theory. Later, to address the problems of neutrosophic linguistic number 
decision-making, Ye [26] further suggested basic operations and two weighted NLN aggregation 
operators, namely, the NLN weighted arithmetic average (NLNWAA) operator and the NLN 
weighted geometric average (NLNWGA) operator. Next, they have been widely used to make 
alternative manufacturing decisions in flexible manufacturing systems. Then, Ye [27] put forward 
the concept of HNLNs and the excepted value together with their similarity measure. HNLNs were 
further developed to use under hesitant and indeterminate linguistic environment. Apart from that, 
the application is illustrated by taking the problem of manufacturing scheme selection as an 
example. 

To express the truth, falsity, and indeterminacy linguistic information respectively, linguistic 
neutrosophic numbers containing three independently linguistic variables were presented. After 
that, some aggregation operators of LNNs, such as the LNN-weighted arithmetic averaging 
(LNNWAA) and the LNN-weighted geometric averaging (LNNWGA) operators [10], the LNN 
normalized weighted Bonferroni mean (LNNNWBM) and LNN normalized weighted geometric 
Bonferroni mean (LNNNWGBM) operators [11], a cosine similarity measure of LNNs [12] and 
correlation coefficients of LNNs [13] were proposed to tackle decision-making problems in linguistic 
neutrosophic sets. LNNWAA and LNNWGA operators, as two basic aggregation operators, are 
often used to select investment alternatives under LNN information. Bonferroni mean (BM), which 
is an effective aggregation operator that not only considers the importance weights of attributes, but 
also reflects the interrelationship between attribute values [28] and it is extended to fuzzy sets [29-34] 
and neutrosophic theory [35-36] to apply Bonferroni mean operators for DM. Motivated by the idea 
of LNN and Bonferroni mean (BM) operators, Fan proposed the LNNNWBM operator and the 
LNNNWGBM operator. At the same time, he took different parameter values of p and q to analyze 
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their impact on the decision results. Meanwhile, similarity measures have aroused widespread 
concerns, which is a vital tool in decision-making process [37-41]. The cosine measures between 
LNNs were proposed based on distance and the included cosine of the angle between LNNs in 
vector space that can sort the alternatives and choose the most ideal one(s) [12]. The similarity 
measure methods have a good application prospect in ideal investment alternatives under linguistic 
decision-making environments. Further, correlation coefficient is also an available tool for making 
decisions in complex problems [42-46]. Shi extended correlation coefficients to LNNs and put 
forward three new correlation coefficients between a substitution and the ideal substitution of LNNs 
and introduced an example of the investment substitution selection problem. 

Also, LNUNs with corresponding weighted aggregation operators were put forward to depict 
three uncertain linguistic variables for decision-making in the uncertain linguistic environment [14]. 
Some weighted operators, such as a LNUNWAA operator and a LNUNWGA operator, are raised to 
ageregate LNUN information and exploited to demonstrate the effectiveness of an investment 
company decisions. 

In fact, the degree of similarity or difference between the research objects plays a decisive role in 
the DM results. The similarity measures of HLNNs were put forward under the hesitant 
neutrosophic environment. Cui and Ye [15] presented similarity measures and generalized distance 
of HLNNs. Then he utilized similarity measures of HLNNs regarding least common multiple 
cardinality to satisfy the demand of hesitant decision-making and showed their application in 
investment alternatives. 

In vector space, in particular, the Jaccard, Dice, and cosine similarity measures are usually used 
in diversified fields [41, 47-50]. Applying the Jaccard, Dice, and cosine similarity measures thus 
improve the decision-making process and produce better results. In this way, a Q-LNVS, which can 
depict linguistic neutrosophic arguments to two-dimensional universal sets, was presented [16]. 
And the vector similarity measures that contain Jaccard, Dice, and cosine measures were used for 
settling linguistic neutrosophic decision-making problems regarding TDUSs. Thereafter, the LNM 
and its two Heronian mean operators were raised to handle multiplicity information under 
linguistic neutrosophic multiplicity number environment [17]. 

On the basis of LCVs, a LCVWAA operator and a LCVWGA operator are presented to 
ageregate linguistic cubic information [18]. Next, Lu and Ye [19] extended the Dombi operators to 
LCV, which contain variable operational parameters and more flexible representation of decision 
information and developed a LCVDWAA operator and a LCVDWGA operator to aggregate 
linguistic cubic information. These two methods are well applied in the optimal selective problems. 
Hereafter, a target expansion method of LCHVs using least common multiple/cardinality, and the 
WAA and WGA operators of LCHVs to reasonably aggregate LCHV information, were proposed 
[20]. Next, the similarity measures were developed to measure the degree of similarity between 
LCHVs and an example of engineering selection was used to solve practical problems [21]. Utilizing 
the mixed information of interval linguistic number and single-valued LNN, SVLN-ILNs and 
corresponding weighted aggregation operators were given to provide a comprehensively 
description of interval linguistic parameters and confident linguistic parameters [22]. 

Meanwhile, by the combined form of uncertain linguistic and certain linguistic neutrosophic 
numbers, LNCNs and related aggregation operators, like two weighted aggregation and Heronian 
mean operators were introduced to work out linguistic decision-making problems [23-24]. The DM 
method based on a LNCNWAA operator and a LNCNWGA operator was constructed in machinal 
design schemes problems. All of the above methods assume that the set variables are independent of 
each other. However, because of the complexity of the real world, most of the information variables 
are related to each other. This correlation will directly affect the decision results. To overcome the 
shortcomings, Fan combined the Heronian mean operator with the LNCN to develop a MADM 
method of mechanical design schemes using the LNCNGWHM operator or LNCNTPWHM 
operator under LNCN setting. 

These various measures and aggregation operators are further shown in Table 1. 
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Table 1. Regarding Various Measures and Aggregation Operators. 


Authors Sets Tools and approaches 
Jun Ye NLNs NLNWAA and NLNWGA operators to aggregate NLN 
information 
Jun Ye NLNs the expected value and the similarity measure of HNLNs 
Tee Pas tan ve LNS LNNWAA and LNNWGA operators to aggregate LNN 
information 
; extend Bonferroni mean to LNN, and propose LNNNWBM 
Chanening Fan cyal Pe and LNNNWGBM operators 
Lilian Shi; Jun Ye LNS extend cosine similarity measures to LNNs 
Lilian Shi; Jun Ye LNS put forward three new correlation coefficients of LNNs 
AVsnuaCurekaL LNUNs LNUNWAA and LNUNWGA operators to aggregate LNUN 
information 
Wenhua Cui, Jun Ye HLNS present similarity measures of HLNNs based on LCMC 
Jun Ye et al. Q-LNS put forward vector similarity measures of Q-LNVSs 


extend Heronian mean to LNM, and propose LNMNGWHM 
and LNMNIGWHM operators 
LCVWAA and LCVWGA operators to aggregate linguistic 


Changxing Fan et al. Q-LNS 


Jun Ye LCS oe . 
cubic information 
Jun Ye; Wenhua Cui LCS WAA and WGA operators of LCHVs 
; SVLN-ILNWAA and SVLN-ILNWGA operators to 
yee Wenn =e ageregate SVLN-ILN information 
expand neutrosophic cubic sets to linguistic neutrosophic 
Jun Ye LNCS arguments, and propose LNCNWAA and LNCNWGA 


operators 
extend Heronian mean to LNCN, and propose LNCNGWHM 
and LNCNTPWHM operators 
Lilian Shi; Jun Ye LNS extend cosine similarity measures to LNNs 
Lilian Shi; Jun Ye LNS put forward three new correlation coefficients of LNNs 


Changxing Fan; Jun Ye LNCS 


Obviously, the main advantage of NLN is that it can express and process ubiquitous imprecise, 
incomplete, and indeterminate linguistic information under a linguistic DM environment, which is 
more suitable for practical scientific and engineering applications. However, in the event of complex 
DM problems due to the hesitation and uncertainty of the cognition of decision-makers, this method 
cannot accurately reflect the actual meaning of the decision makers. They may not put their 
evaluation of a certain attribute with a single NLN. In such a case, the hesitation and uncertain 
evaluation are expressed by a series of NLNs known as HNLN which is an effective method in a 
hesitant linguistic environment. Through a comparative analysis of the two MADM methods 
proposed under the HNLWN setting and the present MADM methods proposed in the NLN 
environment, it is found that the best choice is the same. But it can also be known that their ranking 
order is slightly different. This is because the MADM method in the HNLN and NLN environments 
differs in the information expression and algorithm, which explains that there may be differences in 
the sort order under HNLN and NLN environments. 

In fact, LNNs can express uncertain and inconsistent linguistic information corresponding to 
human's vague thinking on intricate problems, particularly the qualitative evaluation of some 
attributes, which solve the problem of uncertain and inconsistent linguistic information. After 
comparison, it is found that the two sorting orders and the ideal choice based on the LNNWAA and 
LNNWGA operators are the same, which is consistent with the result in the literature [51]. The 
LNNNWBM and LNNNWGBM operators take into account the influence of the parameters p and g 
on the decision results. By diverse values of the parameters p and g, we can know that the 
arrangement order of the study is the same. Therefore, these two parameters have little effect on this 
decision problem [11]. The ranking results of this example are consistent, but in contrast, the 
LNNNWBM operator and LNNNWGBM operator consider the correlation between attributes for 
MAGDM, making the information aggregation more objective and reliable. The cosine similarity 
measures of LNNs are simpler than the LNNWGA operator and LNNWAA operator. In addition, 
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the correlation coefficients of LNN are compared with LNNWGA and LNNWAA operators, and it 
can be seen from the literature [13] that the sort order based on these three new correlation 
coefficients is consistent with the results proposed in the literature [10]. What counts is that the 
correlation coefficients of LNNs are relatively simple and can even further avoid some unreasonable 
phenomena existing in LNNWGA and LNNWAA operators. 

Similarity measures of HLNNs based on the LCMC extension method can reflect the 
indecisiveness of decision-makers under a HLNN environment. The similarity measures not just 
process the HLNN, but also the LNN as LNN is just a special case of the HLNN without 
decision-makers hesitation. LNUNWAA and LNUNWGA operators are two types of LNUN 
information aggregation operators, in which the indeterminacy range of I will lead to different order 
of the schemes. Therefore, with the MAGDM method based on LNUN information, decision makers 
can pick disparate indeterminacy ranges according to their own preferences or actual needs, making 
the actual decision-making problem more flexible. It is worth noting that if the indeterminacy I is not 
considered (i.e., [= 0), LNN is just a special case of LNUN. 

Compared with the LNNs decision-making method [10], LNCNs contain more information 
which can simultaneously express uncertain LNNs and certain LNNs under linguistic DM 
environment. The aggregation of linguistic neutrosophic cubic information can performed by the 
LNCNWAA operator and LNCNWGA operator. Therefore, decision-makers have two choices of 
LNCNs weighted set operators to settle the linguistic neutrosophic cubic decision problem depend 
on their own preferences and actual needs. The MADM method based on a LNCNGWHM operator 
and a LNCNTPWHM operator combine the LNCN with Heronian mean operator which can reflect 
the interaction between attributes. The literature [24] analyzed the possibility that the various 
parameters p, g, r may could affect decision results differently. Therefore, sort the operation results 
by adjusting the values of the three parameters. The results show that the parameters in the 
LNCNGWHM or LNCNTPWHM operator have little effect on the decision of this example. 
Compared with the results of LNCNWAA and LNCNWGA [23], their sort order is the same. 
However, LNCNGWHM and LNCNTPWHM operators reflect the interactions between attributes, 
and take into account different p, g, and r values, making the outcome more convincing and 
comprehensive than those of LNCNWAA and LNCNWGA. 

A linguistic neutrosophic MADM method based on Q-LNVs includes the Jaccard, Dice, and 
cosine similarity measures. Then LNV is a particular case of Q-LNVS for a general set. 

The LNMNGWHM and LNMNIGWHM operators represent and deal with the problem of 
multiplicity, and can obtain more complicated results by considering the interrelationship between 
attributes, which make the results more realistic. The ranking results are analyzed by different 
values of d and f that show no matter how these two values are taken, the sort orders are consistent, 
so d and f have tiny effect on the ranking results of the study. Compared with the proposed 
operators in the literature [10], it is found that their results are coincident, but the operators of LNM 
have the advantage of expressing and handling the multiplicity problems. Therefore, this method 
can make the decision result more reliable and has certain practicability in practical application. 


4. Conclusions 


Linguistic neutrosophic information has been extended to various types and these extensions 
have been used in many areas of decision making. This review paper mainly focused on the 
overview of the development process of linguistic neutrosophic information expressions from seven 
aspects (NLNs, LNS, LNUNs, HLNS, Q-LNS, LCS, LNCS), and makes in-depth research on its 
application in decision-making. Analysis shows that they can be combined with commonly used 
mathematical tools, such as aggregation operators, measures, etc. These methods are being 
employed increasingly for the evaluation of alternatives and comparative analysis in different 
decision problems. Despite their advantage of getting a better result, the currently proposed 
linguistic neutrosophic information hasn't widely used outside MADM problems. 
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As a result, in the future study, we will further combine with other fuzzy theories (such as 
rough sets, etc.) to develop new linguistic sets and expand its application to other domains, such as 
fault diagnosis, medical diagnosis, picture analysis, and pattern recognition. 
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